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Abstract

This thesis develops several topics in harmonic analysis, with weighted Poincaré—Sobolev inequalities
as its main theme. The first part of the thesis studies generalized Poincaré inequalities formulated
through local oscillation estimates controlled by functionals on cubes. We use a geometric summability
condition, called the SD7,(w) condition, to derive generalized Poincaré-Sobolev type estimates. We
then study several applications and extensions of this abstract result.

Another central part focuses on sharp quantitative weighted Poincaré—Sobolev inequalities obtained
via representation formulas and weighted estimates for Riesz potentials. This approach yields sharp
dependence on Muckenhoupt constants and allows us to identify the optimal weighted Sobolev
exponent associated with a fixed weight. We also investigate quantitative embeddings of A into A,
for flat weights and derive corresponding Poincaré—Sobolev inequalities for A, weights with small
Fujii—-Wilson constant.

In addition to these main topics, the thesis contains some related contributions. We prove quantitative
BMO-BLO estimates for the Hardy—Littlewood maximal operator, including weighted exponential
estimates and a characterization of A, through the mapping M : BMO — BLO,,. We establish a
pointwise Bourgain—Brezis—Mironescu formula for Riesz potentials involving a nonlinear fractional
differential operator. Finally, we study harmonic analysis with respect to Hausdorff content, proving
capacitary Fefferman—Stein and Muckenhoupt—Wheeden inequalities and characterizing BMOP through

commutators of fractional integrals.
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Resumen

Esta tesis desarrolla varios temas dentro del andlisis arménico, teniendo como tema principal las
desigualdades de Poincaré—Sobolev con pesos. En la primera parte de la tesis estudiamos desigualdades
de Poincaré generalizadas formuladas mediante estimaciones de oscilacién local controladas por
un funcional definido sobre cubos. Utilizamos una condicién geométrica de sumabilidad, llamada
condicién SD},(w), para obtener desigualdades generalizadas de tipo Poincaré-Sobolev. Después
estudiamos varias aplicaciones y extensiones de este resultado abstracto.

Otra parte central de la tesis trata sobre desigualdades de Poincaré—Sobolev con pesos y dependencia
cuantitativa 6ptima, obtenidas mediante férmulas de representacion y estimaciones con pesos para
el potencial de Riesz. Este enfoque proporciona dependencia éptima respecto de las constantes de
Muckenhoupt y nos permite identificar el exponente de Sobolev 6ptimo asociado a un peso fijo. También
estudiamos la inclusion cuantitativa de A, en A, para pesos planos y obtenemos las correspondientes
desigualdades de Poincaré—Sobolev para pesos A con constante de Fujii—Wilson pequeiia.

Ademads de estos temas principales, la tesis contiene algunas contribuciones relacionadas. Probamos
estimaciones cuantitativas BMO-BLO para el operador maximal de Hardy—Littlewood, incluyendo
estimaciones exponenciales con pesos y una caracterizacion de A, mediante la acotacion M : BMO —
BLO,,. Establecemos una férmula puntual de Bourgain—Brezis—Mironescu para potenciales de Riesz
que involucra un operador diferencial fraccionario no lineal. Finalmente, estudiamos andlisis armoénico
respecto del contenido de Hausdorff, probando desigualdades capacitarias de Fefferman—Stein y

Muckenhoupt—Wheeden, y caracterizando BMO? mediante conmutadores de integrales fraccionarias.
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Notation

Symbol

Meaning

Sets and geometry

QO #® O N Z

7n
R”

|x]

dist(x, A)
supp
B(x,r)

0

Q(x,r)

Q
t(Q)

the set of natural numbers

the set of integers

the set of rational numbers

the set of real numbers

the set of complex numbers

the n-fold product of Z

the n-dimensional Euclidean space

1/x% +---4+x2whenx = (x1,...,x,) €R"
the distance from the point x to the set A
the support

the Euclidean ball of center x with radius
a cube in R" with sides parallel to the coordinate axes

the cube centered at x with side length r and sides parallel to the

coordinate axes
the set of all cubes in R" with sides parallel to the coordinate axes

the side length of the cube Q

Measure and basic functions

dx,dy,dz, dt
|A|
u

w

HB

integration with respect to Lebesgue measure
the Lebesgue measure of a set A C R"

a measure

a weight

the B-dimensional Hausdorff measure
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Meaning
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Capy,
XA
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fQ,ﬂ
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sup
essinf
ess sup
log
log*
f*
#-
Lx]

Function spaces

the S-dimensional Hausdorff content

the dyadic S-dimensional Hausdorff content associated with the cube Qy

the Riesz (a, p)-capacity
the characteristic function of aset A ¢ R"

the integral average of f over Q, namely ﬁ [ 0 fdx

the integral average of f over Q with respect to the measure u, namely

o7 Jo I du

the infimum

the supremum

the essential infimum

the essential supremum

the natural logarithm

the function max{log, 0}

the positive part of the function f, namely max{f,0}

the negative part of the function f, namely max{-f, 0}

the integer part of x, namely the greatest integer less than or equal to x

Lip(R™)
Ck(R")
C®(R")
CZ(R")
S(RM)
WP (RY)
WP (R)
LP(X, p)
LP9(X, p)
LP=(X, p)
ENED
BMO
BLO
BMO,,
BLO,,
BMO#

AB(RM)

XViil

the space of Lipschitz functions

the space of k-times continuously differentiable functions
the space of smooth functions

the space of smooth functions with compact support

the Schwartz class

the Sobolev space

the fractional Sobolev space

the Lebesgue space over the measure space (X, u)

the Lorentz space over the measure space (X, u)

the weak-Lebesgue space over the measure space (X, u)
the space of locally integrable functions in R”

the space of functions of bounded mean oscillation

the space of functions of bounded lower oscillation

the weighted BMO space

the weighted BLO space

the space of functions of bounded S-dimensional mean oscillation

the Morrey space
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Meaning
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m
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p

Differential operators

the norm of f in the space L (X, u)

the norm of f in the Lorentz space LP-9(X, u)

the quasi-norm of f in the space LP>*°(X, u)

the seminorm of f in the BMO space

the norm of f in the Sobolev space W7 (R™)

the norm of f in the fractional Sobolev space W -7 (R")
the Morrey norm of the measure u

a polynomial approximation of f on Q of degree at most m

the conjugate exponent of p € [1, o0]

the partial derivative with respect to the j-th variable
the gradient

the divergence

the Laplacian

the nonlinear fractional differential operator of order «

the local nonlinear fractional differential operator of order o associated
with the cube Q
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Maximal and integral operators

M the Hardy-Littlewood maximal operator

M€ the centered Hardy—Littlewood maximal operator
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Mo, the local dyadic Hardy-Littlewood maximal operator with respect to Qg
M, the fractional maximal operator of order &

M the Fefferman—Stein sharp maximal operator

MZO the local dyadic Fefferman—Stein sharp maximal operator

P the Riesz potential of order a

[b,T] the commutator, defined by [b,T](-) = bT(:) — T(b-)

f the Fourier transform of f

Weights
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Introduction

In this thesis, I present the research that I have carried out during my four years as a PhD student, from
September 2022 to July 2026, under the supervision of Carlos Pérez. The main topic of this thesis is the
study of weighted Poincaré—Sobolev inequalities, with particular emphasis on quantitative estimates,
self-improving phenomena, and Muckenhoupt weights. However, during these years I have also worked
on some related, and sometimes less related, problems in harmonic analysis. This thesis aims to be
reasonably self-contained: Chapter 1 collects the notation, definitions, and preliminary results that
will be used repeatedly throughout the thesis, while each of the subsequent chapters contains its own
introduction and motivation. In the remainder of this introduction, we briefly describe the main topics

of the thesis chapter by chapter.

Chapter 2 is devoted to self-improving properties of generalized Poincaré inequalities. This line of
research goes back to the seminal work of Franchi, Pérez, and Wheeden [FPW98]. The starting point

of our approach is a generalized Poincaré inequality of the form

1

o /Q £(0) — fol dx < a(Q).

for every cube Q, where fp = ﬁ i) 0 f(y) dy and a is a functional defined on cubes. This formulation
models several different types of inequalities. For instance, if f € BMO, then we may simply take

a(Q) = ||fllsmo for every cube Q. It also includes the classical local (1, p) Poincaré inequality,

1 1 3
@/Q|f(x)—fgldx§cn€(Q) (@/QIVf(x)Ide) .

Similarly, higher-order Poincaré inequalities are also covered by this framework, after replacing the

average fo with an appropriate polynomial approximation P’é‘ /s

L x)=P2f(x)|dx <c mi mxpx%
|Q|/Q|f() P ()| dx < e £(Q) (|Q|/Q|v @l d) |

The same point of view also covers fractional Poincaré inequalities. For 0 < § < 1,

L - _5)re(0)° [ ) = FOIP
|Q|/Q|f(x) foldx < cy(1-06)7£(Q) (|Q|/Q o br—olmer dydx) )

<=

XX1



where the factor (1 — 5)117 is the extra gain coming from the Bourgain—Brezis—Mironescu phenomenon
[BBMO1].

The common feature behind these examples is that the corresponding functional satisfies a geometric
summability condition. As we shall see in this chapter, this condition is precisely what implies the
self-improving phenomenon. More concretely, we will use the SD7,(w) condition, introduced by Pérez
and Rela [PR19]. Given a weight w in R", s > 0, and 0 < p < oo, we say that the functional a satisfies
the SDY,(w) condition if there exists a constant C > 0 such that, for every cube Q and every family
{Q;}; of pairwise disjoint subcubes of Q, one has

U, 0]

Za(Qj)pW(Qj) <cr —) a(Q)’w(Q).

J

10|

Under this condition, and assuming that w € A,., we prove that the initial estimate self-improves in the

subcritical range p < rs. More precisely, if p; ; is defined by

1 1 1

P Prs T8
then we obtain the following generalized Poincaré—Sobolev inequality

1
”f - fQ||Lpi’S’M(Q,W()(C)Q‘§x) < Cn pt,s [W]Aoo [W];‘ér ”aHSDz(W) a(Q),

for every cube Q, where ||al[sps (w) is the best constant in the SD7,(w) condition. We also treat
the endpoint and supercritical regimes p > rs, where the corresponding self-improvement gives
exponential integrability instead of an LPr.s** estimate.

The second part of Chapter 2 contains applications and extensions of this abstract result. We first
present three extensions of the general self-improving theorem: to oscillation estimates involving
polynomial projections, to vector-valued functions, and to the setting of rectangles. The remaining
sections focus on applications to weighted Poincaré—Sobolev inequalities, fractional Poincaré—Sobolev
inequalities, including two-weight versions, endpoint exponential estimates, and Poincaré—Sobolev
inequalities involving Lorentz norms of the gradient. Finally, by means of a completely different
method, we study Poincaré—Sobolev inequalities in which weak norms appear on both sides of the

estimate.

In Chapter 3, we study weighted Poincaré—Sobolev inequalities via fractional integration. This
chapter follows a different approach from the self-improving method developed in Chapter 2. The
abstract framework studied in Chapter 2 allows one to treat many Poincaré-type inequalities in a unified
way, but it does not generally provide sharp dependence on the corresponding weight constants. In
Chapter 3, instead of starting from an abstract oscillation inequality and improving it through a discrete
summability condition, we use representation formulas and weighted estimates for Riesz potentials.
The underlying idea is classical: one controls the oscillation of a Sobolev function by a fractional
integral of its gradient, and then applies weighted bounds for the corresponding potential operator.
This approach, combined with the truncation method, allows us to obtain weighted Poincaré—Sobolev

inequalities with sharp quantitative dependence on the Muckenhoupt constants.

XXii



More specifically, letn > 2,1 < p <n,and letw € A, forsome 1 <r < p. If r > 1, we consider

the exponent g, defined by
1 1 1 Talo]as

];_q_r_;l+r(‘rn[0']Aw—l)

>

where oo = w'™"’, while in the case r = 1 we set | = p* = —p . We prove that there exists ¢, > 0
such that
1 ' 1
qr L
1709 = foltw(s) )" = eup’ w1} 00) (i [ oo s
( Q) / ¢ A Q)

for every cube Q. Moreover, the power % on the A, constant is sharp. In particular, in the case r = 1,
this gives a positive answer to a conjecture proposed by Pérez and Rela in [PR19] concerning the
optimal power of the A; constant in this inequality.

After establishing the sharp dependence on the A, constant, we study the optimal exponent that can
appear on the left-hand side of the preceding weighted Poincaré—Sobolev inequality for a fixed weight
w € A,. We refer to this quantity as the optimal weighted Sobolev exponent associated with w, and

denote it by p},. More precisely, we prove that it is given by

where
by :=inf{r>1: weA,}.

Thus, for a given weight w € A, estimating {,, becomes a natural problem. This motivates the
quantitative study of the classical embedding of A, into A, for some p > 1, to which the final part
of the chapter is devoted. In particular, we prove an asymptotically sharp embedding result for flat
weights. As a consequence, we obtain a new Poincaré—Sobolev inequality for A., weights whose

Fujii—Wilson constant is small.

Chapter 4 is devoted to quantitative BMO-BLO estimates for the Hardy-Littlewood maximal
function. The starting point is the classical result of Bennett, DeVore, and Sharpley [BDS81], which
states that the maximal operator M is bounded on BMO. This was later sharpened by Bennett [Ben82],
who proved the stronger mapping property M : BMO — BLO, where BLO is strictly contained in
BMO. Our aim in this chapter is to study this boundedness quantitatively and in the weighted setting.
One of the main motivations comes from Karagulyan’s extension of the John—Nirenberg inequality
[Kar02], where the oscillation of an arbitrary nonconstant locally integrable function is normalized by
its sharp maximal function. In the same spirit, we obtain exponential estimates for the lower oscillation
of M f, normalized by M* f. More precisely, if f is a nonconstant locally integrable function such that

M f is not identically infinite and w € A, then we prove that for every cube Q and every 1 < p < oo,

M (x) —essinfo Mf\P »
ot (2L te 2 ) o

The linear growth in p on the right-hand side is equivalent to exponential decay for the weighted

measure of the corresponding level sets.
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In the second part of the chapter, we address the converse question: whether the condition w € Ay
is also necessary for this type of estimate. We show that this is indeed the case. More precisely, we

prove a new quantitative characterization of the class A, in terms of the mapping property
M : BMO — BLO,,.

Namely, the above mapping property holds if and only if w € A,. This characterization further shows
that the dependence on the weight constant in the previous estimate is optimal: in general, one cannot

replace the linear dependence on [w] 4., by a better dependence.

In Chapter 5 we prove a pointwise Bourgain—Brezis—Mironescu (BBM) formula for Riesz potentials.
Motivated by recent subrepresentation formulas established in [HMP25a], we study the limiting
behavior, as @ — 17, of the operator

(1 - a)lrz(Daf)’

where D is the nonlinear fractional differential operator introduced by Spector [Spe20], defined by

D = [ LSO

. =y dy, O<ac<l.
This operator can be viewed as a nonlocal fractional gradient of order «, and the factor (1 — @) is the
natural BBM normalization [BBMO1]. The main result of the chapter shows that, for f € C2°(R") and
n>?2,

Jim (1 -a)o(Df)(x) = Knl1 (IVFD (),
for every x € R", where K, is the same geometric constant appearing in the classical BBM formula. We
then extend this result to functions in W!-!(R") by a density argument: given any sequence ax — 17,

we obtain almost everywhere convergence along a subsequence.

Chapter 6 moves in a direction that is less directly connected to the preceding chapters of the thesis.
In this chapter, we study harmonic analysis with respect to Hausdorff content, replacing Lebesgue

measure by a capacity, namely the non-additive set function ‘Hf, defined by

HE(E) :=inf{ Y wpr? - E | Byt
j=1 j=1

where wg is a normalization constant. This point of view is natural in the study of questions involving
traces, lower-dimensional phenomena, and endpoint Sobolev embeddings. In this setting, a natural
replacement for the classical space BMO is given by the spaces BMOP, introduced by Chen and
Spector [CS24], where the oscillation is measured with respect to 7-(5,. More precisely, for 0 < 8 < n,

one defines

1
= inf
”f”BMoﬁ Sgp cHel]R 2(0)F

where the supremum is taken over all cubes Q c R”, and the integral is understood in the sense of

/ 1 = e dHE,
o

Choquet. When 8 = n, this definition recovers the classical BMO space up to equivalent seminorms,

while for 8 < n the spaces BMOP are strictly smaller.
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The first part of the chapter is devoted to the S-dimensional sharp maximal function. Motivated
by the spaces BMO? introduced in [CS24], we define the operator M;; as the natural sharp maximal
function associated with Hausdorff content. We then prove a capacitary Fefferman—Stein inequality.
The proof is based on a good-lambda inequality adapted to this setting, since the non-additivity of
7‘{({3 prevents a direct use of the classical argument. We also obtain a capacitary analogue of the
Muckenhoupt—Wheeden inequality for Riesz potentials. More precisely, for 8 € (n — a, n], we prove
that the LP (7—(5,) norms of the Riesz potential /,u and the fractional maximal function M,u are
comparable.

We conclude the chapter with the study of commutators of fractional integrals. In the classical
Lebesgue setting, Chanillo’s theorem [Cha82] shows that the boundedness of the Riesz commutator
[b,1,] := b1y —1,4(b-)isequivalent to the condition b € BMO. More precisely, Chanillo proved that,
for 1 < p < 2 and g defined by % - é = <, the commutator [b, /] is bounded from L? (R") to L4 (R")
if and only if b € BMO(R"), with equivalence between the operator norm of the commutator and the
BMO norm of the symbol. We prove an analogue of this characterization in the Hausdorff content
setting, replacing BMO by BMO’ and the classical Lebesgue spaces by the corresponding capacitary
spaces. We also prove an endpoint modular weak-type estimate for this commutator, extending the

result of Cruz-Uribe and Fiorenza [CF03] to the framework of Hausdorff content.
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Introduccion

En esta tesis presento la investigacion que he llevado a cabo durante mis cuatro afios como estudiante
de doctorado, desde septiembre de 2022 hasta julio de 2026, bajo la direccién de Carlos Pérez. El tema
principal de esta tesis es el estudio de desigualdades de Poincaré—Sobolev con pesos, con especial énfasis
en estimaciones cuantitativas, el fenémeno de automejora y pesos de Muckenhoupt. Sin embargo,
durante estos afios también he trabajado en algunos problemas relacionados, y otros menos relacionados,
dentro del andlisis armoénico. Esta tesis pretende ser razonablemente autocontenida: el Capitulo 1
recoge la notacion, las definiciones y los resultados conocidos que se utilizaran repetidamente a lo largo
de este trabajo, mientras que cada uno de los capitulos posteriores contiene su propia introduccién y
motivacién. En lo que resta de esta introduccién, describimos brevemente los temas principales de la

tesis capitulo por capitulo.

El Capitulo 2 estd dedicado a propiedades de automejora de las desigualdades de Poincaré
generalizadas. Esta linea de investigacion tiene su origen en el trabajo de Franchi, Pérez y Wheeden
[FPW98]. El punto de partida de este método es una desigualdad de Poincaré generalizada de la forma

1
10l

para todo cubo Q, donde fp = ”@ fQ f(y)dy y a es un funcional definido sobre cubos. Esta

/ £(0) — fol dx < a(Q).
o

formulacién modeliza varios tipos de desigualdades. Por ejemplo, si f € BMO, basta tomar

a(Q) = ||fllsmo para cada cubo Q. También incluye la cldsica desigualdad local de Poincaré (1, p),

1 1 1
o L sl =0 (i [ oo ar)”

De manera similar, las desigualdades de Poincaré de orden superior también quedan cubiertas por este

tipo de desigualdades, tras reemplazar el promedio fp por una aproximacion polinémica adecuada
Pg /s
1
1 / 1 P
o 1@ = Parlas < cone@r (g [ nsor a)”
101 Jo © - 101 Jo

El mismo punto de vista también incluye desigualdades fraccionarias de Poincaré. Para0 < § < 1,

L - _5)re(0)° [ ) = FOIP
|Q|/Q|f(x) foldx < cy(1-06)7£(Q) (|Q|/Q o br—olmer dydx) )

<=
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donde el factor (1 — 5)% es la ganancia extra procedente del fenémeno de Bourgain—Brezis—Mironescu
[BBMO1].

La caracteristica comtin detrds de estos ejemplos es que el funcional correspondiente satisface una
condicion geométrica de sumabilidad. Como veremos en este capitulo, esta condicion es precisamente
la que implica el fendmeno de automejora. Mds concretamente, utilizaremos la condicion SD7,(w),
introducida por Pérez y Rela [PR19]. Dado un pesow en R", s > 0y 0 < p < oo, decimos que el
funcional a satisface la condicién SD7, (w) si existe una constante C > 0 tal que, para todo cubo Q' y

toda familia {Q;}; de subcubos disjuntos de Q, se tiene

> a@)rw(e) < c” % a(Q)Pw(Q).

J

Bajo esta condicion, y suponiendo w € A,., probamos que la desigualdad inicial se automejora en el

rango subcritico p < rs. Mds precisamente, si p;. ¢ se define mediante la relacion

1 1 1

- *
P Prs rs

entonces obtenemos la siguiente desigualdad de Poincaré—Sobolev generalizada
1
|f - fQ”Lpi,s,w(Q w<»(c>c;x) <cnprg[Wlag Wl llallsps o) a(Q),
o

para todo cubo Q, donde ||allspsw) es la mejor constante en la condicion SD7,(w). También
estudiamos el caso critico y supercritico p > rs, donde la automejora correspondiente da integrabilidad
exponencial en lugar de una estimacién LPr.s>*,

La segunda parte del Capitulo 2 contiene aplicaciones y extensiones de este resultado abstracto.
Primero presentamos tres extensiones del teorema general de automejora: a oscilaciones con respecto
a proyecciones polinémicas, a funciones vectoriales y al contexto de los rectdngulos. Las secciones
restantes se centran en aplicaciones a desigualdades de Poincaré—Sobolev con pesos, desigualdades
fraccionarias de Poincaré—Sobolev, incluyendo versiones con dos pesos, estimaciones exponenciales y
desigualdades de Poincaré—Sobolev con normas de Lorentz del gradiente. Finalmente, mediante un
método completamente diferente, estudiamos desigualdades de Poincaré—Sobolev en las que aparecen

normas débiles en ambos lados de la desigualdad.

En el Capitulo 3, estudiamos desigualdades de Poincaré—Sobolev con pesos mediante integracion
fraccionaria. Este capitulo sigue un enfoque diferente del método de automejora estudiado en el Capitulo
2. Aunque dicho marco abstracto permite tratar muchas desigualdades de tipo Poincaré de manera
unificada, en general no proporciona dependencia 6ptima respecto de las constantes caracteristicas de
los pesos. En el Capitulo 3, en lugar de partir de una desigualdad de Poincaré generalizada y mejorarla
mediante una condicién discreta de sumabilidad, utilizamos férmulas de representacion y estimaciones
con pesos para el potencial de Riesz. La idea es cldsica: se controla la oscilaciéon de una funcién
mediante el potencial de Riesz de su gradiente, y después se aplican estimaciones con pesos para el

correspondiente operador potencial. Este enfoque, combinado con el método del truncamiento, nos
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permite obtener desigualdades de Poincaré—Sobolev con pesos y con dependencia 6ptima respecto de
la constante de Muckenhoupt.
Mas especificamente, seann > 2,1 < p <n,yseaw € A, paraalgin 1l <r < p. Sir > 1,

consideramos el exponente g, definido por

11 1 Talo]ay
P qr nl+r(mlo]a,-1)

>

* n

’ . .
1=r" 'mientras que en el caso 7 = 1 tomamos ¢ = p* = pp. Probamos que existe ¢, > 0

donde oo = w

n—

tal que

1

(W(IQ)/Qlf(X)—fQ|‘1rw(X) sl gcnp*[w]i{,(Q) (@/lef(x)l”w(x) A

para cada cubo Q. Ademads, la potencia % en la constante A, es Optima. En particular, enel casor = 1,
esto da una respuesta positiva a una conjetura propuesta por Pérez y Rela en [PR19] sobre la potencia
optima de la constante A; en esta desigualdad.

También estudiamos el exponente optimo que puede aparecer en el lado izquierdo de la desigualdad
de Poincaré-Sobolev con pesos anterior para un peso fijo w € A,. Nos referimos a esta cantidad
como el exponente de Sobolev dptimo asociado al peso w, y lo denotamos por p;,. Mds precisamente,

probamos que viene dado por la expresién

donde
by :=inf{r>=1: weA,}.

Por tanto, dado un peso w € A, estimar ¢,, se convierte en un problema natural. Esto motiva el
estudio cuantitativo de la inclusion de A, en A, para algin p > 1, al que estéd dedicada la parte final
del capitulo. En particular, probamos un resultado de inmersién asintéticamente 6ptimo para pesos
planos. Como consecuencia, obtenemos una nueva desigualdad de Poincaré—Sobolev para pesos A

cuya constante de Fujii—-Wilson es pequeiia.

El Capitulo 4 estd dedicado a estimaciones cuantitativas BMO-BLO para el operador maximal de
Hardy-Littlewood. EI punto de partida es el resultado cldsico de Bennett, DeVore y Sharpley [BDS81],
donde se prueba que el operador maximal M estd acotado en BMO. Esto fue posteriormente mejorado
por Bennett [Ben82], que prob6 una propiedad de acotacién mas fuerte, M : BMO — BLO, donde
BLO estd estrictamente contenido en BMO. Nuestro objetivo en este capitulo es estudiar esta acotacién
cuantitativamente y en el contexto con pesos. Una de las motivaciones principales proviene de la
extension de Karagulyan de la desigualdad de John—Nirenberg [Kar02], donde la oscilacién de una
funcién localmente integrable no constante arbitraria se normaliza dividiendo por su funcién maximal
sharp. Siguiendo esta idea, obtenemos estimaciones exponenciales para la oscilacién inferior de M f,

normalizada por M*f. Concretamente, si f es una funcién localmente integrable no constante tal
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que M f no es idénticamente infinita y w € Ao, entonces probamos que para todo cubo Q y todo

Mf(x) —essinfo Mf\? »
(w(lg)/Q( f(X)M:;S(;I;Q f) w(x)dx) <cp[wlal p.

La dependencia lineal de p en el lado derecho es equivalente a decaimiento exponencial para la medida

1 <p<oo,

asociada al peso de los correspondientes conjuntos de nivel.
En la segunda parte del capitulo, estudiamos el reciproco, es decir, sila condicion w € Ay, es también
necesaria para este tipo de estimacion. Demostramos que, efectivamente, esto es asi. Especificamente,

probamos una nueva caracterizacién cuantitativa de la clase A, en términos de la acotacién
M : BMO — BLO,,,

que resulta ser vélida si 'y solo si w € A.. Esta caracterizacién cuantitativa muestra ademds que la

dependencia lineal en [w]4_ en la estimacion anterior es Optima.

En el Capitulo 5 probamos una férmula puntual de Bourgain—Brezis—Mironescu (BBM) para
potenciales de Riesz. Motivados por férmulas recientes de subrepresentacion establecidas en [HMP25a],

estudiamos el comportamiento limite, cuando @ — 17, del operador potencial
(1 =)o (D f),

donde D¢ es el operador diferencial fraccionario no lineal introducido por Spector [Spe20], definido

por
|f(x) = f)I

n |x_y|n+a

s = [

Este operador puede interpretarse como un gradiente fraccionario no local de orden «, y el factor

dy, O<a<l.

(1 — @) es la normalizacién natural de BBM [BBMO1]. El resultado principal del capitulo muestra
que, para f € CX(R") yn > 2,

Jim (1 -a)o(Df)(x) = Knl1 (IVFD (),

para todo x € R”, donde K, es la misma constante geométrica que aparece en la férmula clasica de
BBM. Posteriormente, extendemos este resultado a funciones en el espacio de Sobolev W!-!(R")
mediante un argumento de densidad: dada cualquier sucesion @y — 17, obtenemos convergencia en

casi todo punto mediante una subsucesion.

El Capitulo 6 se dedica a un tema diferente al de los capitulos anteriores. En este capitulo, estudiamos
andlisis armdnico respecto del contenido de Hausdorff, reemplazando la medida de Lebesgue por una

capacidad, concretamente por la funcién de conjuntos no aditiva ?{f, definida por
HE(E) := inf Zwlgrf E C UB(xj,rj) ,
j=1 j=1

donde wg es una constante de normalizacion. Este punto de vista es natural en el estudio de cuestiones

relacionadas con trazas, fenémenos de dimension inferior e inmersiones de Sobolev en el endpoint. En
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este contexto, un sustituto natural del espacio BMO viene dado por los espacios BMO?, introducidos
por Chen y Spector [CS24], donde la oscilacién se mide respecto de ‘Hf, Mi4s precisamente, para
0 < B < n, se define

1
1 laniop := sup inf —— / - el dHE,
BMOZ 2 P R €(Q)F o

donde el supremo se toma sobre todos los cubos QO C R", y la integral se entiende en el sentido de
Choquet. Cuando S = n, esta definicion recupera el espacio BMO salvo equivalencia de seminormas,
mientras que para 8 < n los espacios BMO” son estrictamente mas pequefios.

La primera parte del capitulo estd dedicada a la funciéon maximal sharp S-dimensional. Motivados
por los espacios BMO? introducidos en [CS24], definimos el operador Mz, como la funcién maximal
sharp natural asociada al contenido de Hausdorff. Después probamos una desigualdad capacitaria de
Fefferman—Stein. La demostracién se basa en una desigualdad de tipo good-lambda adaptada a este
contexto, ya que la no aditividad de 7-(5, impide utilizar el argumento cldsico. También obtenemos un
andlogo capacitario de la desigualdad de Muckenhoupt—-Wheeden. Concretamente, para 8 € (n — a, 1],
probamos que las normas LP (7—(5,) del potencial de Riesz I, u y de la funcién maximal fraccionaria
M it son comparables.

Concluimos el capitulo con el estudio de conmutadores de integrales fraccionarias. En el contexto
clasico con la medida de Lebesgue, el teorema de Chanillo [Cha82] muestra que la acotacién del
conmutador de Riesz [b, I,] := b 1,—1,(b -) es equivalente ala condicién b € BMO. Especificamente,
Chanillo prob6 que, para 1 < p < 2y g definido por zl? - é =+, el conmutador [b, I,] estd acotado
de LP(R") en L9(R"™) siy solo si b € BMO(R"), con equivalencia entre la norma de operador del
conmutador y la seminorma BMO del simbolo. Probamos un andlogo de esta caracterizacién en
el contexto del contenido de Hausdorff, reemplazando BMO por BMO? y los espacios clésicos de
Lebesgue por los correspondientes espacios capacitarios. También probamos en el endpoint una
estimacién modular débil para este conmutador, extendiendo el resultado de Cruz-Uribe y Fiorenza
[CF03] al marco del contenido de Hausdorff.

XXX1






Chapter 1

Preliminaries

In this chapter, we establish the notation, definitions, and background results that will be used throughout
the thesis. We begin by fixing the geometric and measure-theoretic conventions, and then recall
the main function spaces appearing in the sequel, including Lebesgue, Lorentz, Sobolev, fractional
Sobolev, and BMO spaces. We also review the Hardy-Littlewood maximal operator, Muckenhoupt
weights, fractional operators, and the quantitative properties of A, and A, weights that will be needed
later. Finally, we present the Poincaré and Poincaré—Sobolev inequalities, together with the truncation

methods used to upgrade weak-type estimates to stronger Lorentz-scale bounds.

1.1 Geometric and measure-theoretic conventions

Throughout this thesis, unless otherwise stated, we work in the Euclidean space R” with n > 1. A cube
Q is a subset of R" that admits an expression as a Cartesian product of » intervals of the same length,
meaning its sides are parallel to the coordinate axes. This common length is called the side length of
Q, denoted by £(Q). If these intervals are all open, then the cube is called open, and if they are all
closed, then the cube is called closed. We denote the collection of all such cubes by Q. For a constant
¢ > 0, we denote by cQ the cube concentric with Q whose side length is c¢£(Q). In particular, 2Q is
the cube with the same center as Q and double the side length.

We denote by D the standard dyadic lattice in R”, which consists of all cubes of the form
27510, )™ + m)

for k € Z and m € Z". More generally, given a cube Q, we denote by Dy the dyadic lattice generated
by Q, that is, the lattice obtained by translating and dilating the standard dyadic lattice so that Q is one
of its cubes. Furthermore, we denote by D (Q) the collection of dyadic subcubes of Q. This collection
consists of Q itself and all the subcubes obtained by repeatedly bisecting Q and its descendants into 2"
subcubes of half the side length.
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When more convenient, we will also work with Euclidean balls, denoting by B(x, r) the ball centered
at x with radius r. Similarly to cubes, for a constant ¢ > 0, ¢B denotes the ball concentric with B and

radius cr. For a point x € R” and a set A ¢ R", the Euclidean distance from x to A is defined as
dist(x, A) = inf |x — y|.
yeA

Regarding measure theory, let us recall some standard definitions. Let X be a set equipped with a

o-algebra X. A set function u : £ — [0, oo] is called a measure if it satisfies the following properties:
1. u(0) =0.

2. For any countable collection {E;}:?, of pairwise disjoint sets in X, we have

()

i=1 i=

[

H(E;).
i

If these conditions are satisfied, the triplet (X, 2, u) is called a measure space. Furthermore, when X
is a topological space (such as R"), the o-algebra generated by the open sets of X is called the Borel
o-algebra, denoted by B(X). A measure u defined on the measurable space (X, B(X)) is called a
Borel measure. In the particular case of R", a Borel measure u is called a Radon measure if it is finite
on compact sets. In the Euclidean setting, this condition implies the following regularity properties:
the measure of every Borel set can be approximated from inside by compact sets and from outside by
open sets (see [Tor88]).

Focusing on R", we denote the Lebesgue measure of a Lebesgue measurable set E C R” by |E].
Furthermore, when a set or a function is said to be measurable without explicit reference to a measure,
it is understood to be Lebesgue measurable. Similarly, the abbreviation “a.e.” (almost everywhere)
without specifying a measure refers to Lebesgue almost everywhere.

We say that a Borel measure u on R" is doubling if there exists a constant D, > 0 such that, for
every cube Q C R",

u(2Q) < D,u(Q).

The Lebesgue measure is a standard example of a doubling measure, since [2Q| = 2"|Q|, with doubling
constant 2",

We will frequently deal with integral averages. Let u be a Borel measure on R”, and let E ¢ R" be
a u-measurable set such that 0 < u(E) < co. For any function f that is integrable on E with respect to

4, we denote the integral average of f over E by

1
fon = m/Efdﬂ.

In the particular case where y is the Lebesgue measure, we omit the measure subscript and simply

1
fo = ]{5 P dr = /E F(x) d.

write
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Furthermore, for any subset £ C R", we denote its characteristic function (or indicator function) by
XE, which is defined as
1 ifxekE,

0 ifx¢E.

XE(X) =

As is standard in harmonic analysis, the letter C (or ¢) will denote various positive constants
whose exact values may change from line to line, even within the same string of estimates. When we

write C(a, f,...) or Cq g, ... (and similarly for c), we indicate that the constant depends only on the

yenn

parameters a, 3, . . ..

1.2 Function spaces

In this section, we review the basic definitions and properties of several function spaces that will be
used throughout the thesis. We first introduce the classical Lebesgue spaces and then the Lorentz
spaces. Although Lebesgue spaces are a particular case of the more general Lorentz scale, we present
them in separate subsections for the sake of clarity. We then briefly recall the definitions of Sobolev
and fractional Sobolev spaces, as well as the space of bounded mean oscillation BMO, which will play
an important role in several of the subsequent chapters.

Throughout this thesis, unless otherwise stated, functions are assumed to be defined on R" and take

real or complex values.

1.2.1 Lebesgue spaces

Let us begin by recalling the formal definition of the classical Lebesgue spaces over a general measure

space.

Definition 1.1. Let (X, X, 1) be a measure space and let 0 < p < co. The Lebesgue space L” (X, u) is
defined as the set of all measurable functions f : X — R (or C) for which the quantity || f|zr x ) is

finite, where

=

U llr o = ( /X If(X)I”du(X))

if 0 < p < o0, and for the endpoint p = oo,
I llLe(x,p0) 2= eS8 sup |f(x)| =inf{t > 0: u({x € X : [f(x)[ > 1}) = O}.
xe

As usual, we identify functions that are equal p-almost everywhere. To simplify the notation, when
the measure is the Lebesgue measure, we will write L”(X) and || f||z» (x). Furthermore, when the
underlying space is R", we will also write L” () and || f||» (,)- Thus, we will simply write L? instead
of LP(R", dx), and denote its corresponding norm by || f||.r.

We say that a measurable function f : Q — R (or C) on an open set Q C R” is locally integrable,
and we write f € LIIOC(Q), if f € L'(K) for every compact subset K ¢ Q. Following our previous

conventions, when the underlying space is R”, we will simply write LlloC instead of LlloC (R™).
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The structural properties of L (X, u) depend heavily on the parameter p. When 1 < p < oo, the
functional || - ||1» (x,,) is @ norm. In particular, it satisfies the triangle inequality, which in this context

is known as Minkowski’s inequality:

Wf+gllee ) < Nfllee ) + IglLe (x,p0)-

Equipped with this norm, L” (X, u) is a complete metric space, making it a Banach space.
A fundamental tool in harmonic analysis is Holder’s inequality. For any exponent 1 < p < co, we

define its conjugate exponent p’ € [1, o] by the algebraic relation

1 1
— + - = 1,

p P

under the standard conventions that 1’ = co and oo’ = 1. Holder’s inequality states that if f € L? (X, u)
and g € L”' (X, u), then their product fg belongs to L' (X, u), and

/X PO ) < 110 e gl e

Finally, we record the “layer cake” formula, which is an identity for computing the L? norm of
a function in terms of its distribution function. For any 0 < p < oo and any measurable function f,

Fubini’s theorem yields
J s dut =p [ e X 171> 1) ar

1.2.2 Lorentz spaces

We briefly recall the definition and some basic properties of Lorentz spaces. Following our conventions,
let (X, X, u) be a measure space. For ) < p < o0 and 0 < ¢ < oo, the Lorentz space L”9(X, u)

consists of all measurable functions f such that the quantity

0 g d qi
(p/ “u(fxeX: |f(x)|>t})PTt) , 0<g<oo,
I llLra (x ) = 0 | (1.1)
suIO)t,u({xGX: If (x)] >1})7, q = o0,
>

is finite. The functional || - || zr.a (x,,) is a norm if and only if either 1 < g < p or p = g = oo; otherwise

it is a quasi-norm. In any case, it satisfies the quasi-triangle inequality

Ilf+ g”LP"I(X,y) < Cp,q(”f“LI”‘I(X,,u) + ”gHLP"I(X,y))-

Moreover, if 1 < p < oo and 1 < g < oo (as well as in the endpoint cases p =g =1 and p = g = ),

the quasi-norm (1.1) is equivalent to a true norm (see [BS88]).

Remark 1.2. Note that we include the normalization factor p in the definition of the Lorentz quasi-norm
(1.1). While other equivalent normalizations sometimes appear in the literature, this specific choice

ensures that by the layer cake formula, we have || f||r.r (x,u) = | fllLr (x,u) for every 0 < p < oco.
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We will use the following form of Holder’s inequality in Lorentz spaces: if 1 < p < 00,1 < g < oo,
and f € LP9(X, ), g € LP4 (X, n), then

/X F g dux) < 1l xgo 18l Lo cx. - (12)

We also recall the nestedness of the scale with respect to the second index (see [BS88]): if 0 < p < oo
and 0 < g1 < g < o0, then
11
qi|a %
I fllra2 (x ) < (?) I flLrear (x,p)- (1.3)
Finally, we recall a standard embedding between Lorentz spaces on a probability space (see [Hun66]).

Let (X, v) be a measure space with v(X) = 1. If 0 < p; < pp < o and 0 < g < oo, then

pP1pP2

1

q

——————| I fllLra=(x,»)- (1.4)
L](Pz—Pl)) 7e)

1l <

An important and highly useful particular case of (1.4) arises when we set the second index to match
the first, ¢ = p;. By taking p; = r and p, = p, we recover the well-known Kolmogorov’s inequality for
probability spaces. Specifically, if 0 < r < p < oo, then for any f € LP-*(X,v), we have f € L" (X, v)

and 1

) | fllLr(x,v)- (1.5)

T (

We will need a geometric summation property that Lorentz quasi-norms satisfy, in the spirit of a
result from [CHKS82].

Lemma 1.3. Let (X, u) be a measure space. Let 1 < p,q < oo and a > max{p, q}, then we have
a a
2N a0y < W a0
J

for each pairwise disjoint family {E} ; of u-measurable sets.

Proof. Let {E;}; be a pairwise disjoint family of u-measurable sets. Since £ > 1 we can use

Q9

Minkowski’s integral inequality,

q

(Z ||f||(L’p,q(Ej’#)) = (Z (p/o tlu({x € Ej: |f(x)| > t})
J J

o0 a d
PA ﬂuﬁerjﬂf@N>tD”7%

’

o0 »dt
:p/o 14 {u({xEEj:lf(x)|>t})}j /8

Rl

dt)q

—_——~—
She
~|
S
S —

(N

MY

gp/o 11 {ﬂ({xEEjilf(x)|>f})

eq 1

<p [ ot tix e £ 15000 > ),

£l
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« 4 dt
:p/o tu ({x e UE;  |f(x)| > t})” "
- q
=1 0,y
where in the two inequalities above we have used that % >1and % > 1 respectively. |

1.2.3 Sobolev spaces

In this brief section, we recall the standard definitions of classical and fractional Sobolev spaces on an

open set £ C R". Firstly, we need the concept of weak derivatives.

Definition 1.4. Let Q c R” be an open set and let f € L! (Q). For an integer i € {1,...,n}, a

loc
function g; € LllOC (Q) is called the i-th weak partial derivative of f if it satisfies the integration by parts

formula

| e dx =~ | gipeo ax,
for all test functions ¢ € C°(Q). In this case, we write 0; f = g;.

When all first-order weak partial derivatives exist, they form the weak gradient of f, denoted by the

vector field
Vf=@f,...,0nf).

Higher-order weak derivatives are defined analogously by iterating this procedure. For a multi-index

a=(ay,...,ay) € (NU{0})" of order || = m > 1, we denote the corresponding weak derivative by
D f. We then set
Vi fl= > IDFl.
|a|=m

We can now define the classical Sobolev spaces, originally introduced by Sobolev in [Sob38]. For
1 < p < oo, the Sobolev space W!-7(Q) is defined as the space of all functions f € L?(Q) such that

its weak gradient V f exists and belongs to L (Q). It is a Banach space when equipped with the norm

I fllwrr ) = IfllLe@ + IV fllLe @)-

A fundamental property of Sobolev spaces is the density of smooth functions. By the classical
Meyers—Serrin theorem [MS64], the space C®(Q) N WP (Q) is dense in WP (Q) for 1 < p < c.
Furthermore, if we consider the whole space R, the space of smooth functions with compact support
C>(R™) is dense in WP (R™) (see for example [AF03; Brel1]). For a general open set Q, the closure
of C2°(Q) with respect to the W7 (Q) norm defines the subspace Wé’p (). On sufficiently regular
domains, this space can be interpreted as the class of Sobolev functions with zero trace on the boundary
0Q. For a more comprehensive treatment of classical Sobolev spaces, including embedding theorems
and trace operators, we refer to the monographs [Maz85; AH96; AF03; Leol7].

To quantify intermediate degrees of smoothness, we introduce the fractional Sobolev spaces. These

function spaces are often referred to as Aronszajn, Gagliardo, or Slobodeckij spaces, in recognition of
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their almost simultaneous introduction by these authors [Aro55; Gag58; Slo58]. For 0 < 6 < 1 and
1 < p < oo, the Gagliardo seminorm of a measurable function f : & — R (or C) is defined as
1
__ lf(x) - fIP g
[flwer(q) = (/Q 5 —|x —y[nror dxdy| .
The fractional Sobolev space W7 (Q) consists of all functions f € LP(Q) for which this seminorm is

finite. It is a Banach space when endowed with the norm

I fllws.r @) = IfllLr @) + [flwer(q)-
As in the first-order case, smooth functions are dense in fractional Sobolev spaces. Specifically,
C>(R") is dense in WP (R™) for any 1 < p < oo (see for instance [AF03]). For further details and an
extensive overview of the theory of fractional Sobolev spaces, including their extension properties and

fractional inequalities, we refer to the survey [DPV12] and to the recent monograph [Leo23].

1.2.4 Bounded Mean Oscillation space

To conclude our review of function spaces, we introduce the space of Bounded Mean Oscillation
(BMO). Originally introduced by John and Nirenberg in [JN61], this space plays an important role in
harmonic analysis, often serving as the natural substitute for L* in the theory of Calderén—Zygmund

operators.

Definition 1.5. A locally integrable function f is said to be of bounded mean oscillation, and we write
f € BMO(R"), if its BMO seminorm is finite,

1
Il fllBmoO := sup —/ |f(x) = fol dx < co.
0eQ 10| (0]

It is straightforward to check that || f|lsmo = O if and only if f is equal to a constant almost
everywhere. Therefore, BMO(R") becomes a Banach space when functions differing by a constant are
identified.

The average fp minimizes the L? oscillation up to a factor of 2, allowing us to easily bound the

oscillation by replacing fo with any convenient constant.

Proposition 1.6. Let 1 < p < oo and let Q C R" be a cube. For any f € LP(Q), we have the

equivalence

_clP r i _clP ’
1nf(|Q|/|f(x) c| dx) <(|Q|/|f(x) fol dx) <21nf(|Q|/Q|f(x) c| dx)

Proof. The first inequality holds trivially since fo € R. For the second inequality, let ¢ € R be arbitrary.

By Minkowski’s and Jensen’s inequalities, we have
1

1 Lo .
(@/Qlf(x)—fglpdx) s(@/ |f(x)_c|pdx) e fol
—c|P - _
(IQI/ A dx) +|Q|/ le = f)ldy

(|Q| / £ —c|f’dx)

IA

I/\
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Taking the infimum over all ¢ € R yields the upper bound, completing the proof. O

A fundamental property of BMO functions is the exponential decay of their distribution function, a
fact known as the John—Nirenberg theorem [JN61].

Theorem 1.7. There exist positive constants c| and c;, depending only on the dimension n, such that
for every f € BMO(R"), any cube Q c R", and any A > 0,

[{x € Q: 1f(x) = fol > A}| < c1lQlexp (— 2l )

Il fllBmO
A direct consequence of Theorem 1.7, which can be obtained by combining the exponential decay
with the layer cake representation, is that the L! average in the definition of BMO can be replaced by
any LP average, with a very precise control over the constants. Specifically, for any 1 < p < oo, we

have 1
1 P
I fllBMO < sup (—/ |f(x) = fol” dX) < Cup |l fllB™mO,
0eQ |Q| 0]

where C,, > 0 is a constant depending only on the dimension n. To the best of our knowledge, the
best currently known dimensional constant in the upper estimate is C,, = v/n, due to Wik [Wik90]. In
fact, the relationship between these two properties is bidirectional. The linear dependence on p in the
upper bound is not merely a consequence of the John—Nirenberg theorem, but it actually implies the

exponential decay (see Proposition 4.4).

1.3 Maximal operators and weights

In this section, we review two objects that will play a key role throughout this thesis: the Hardy—
Littlewood maximal operator and Muckenhoupt weights. After recalling the standard definitions of
the maximal operator, we introduce the Muckenhoupt weight classes, which precisely characterize its
boundedness on weighted Lebesgue spaces. Finally, we detail their core properties, including sharp

reverse Holder inequalities and the precise left-openness property.

1.3.1 Hardy-Littlewood maximal operators

For the remainder of this section, and indeed for most of the subsequent chapters, we will work

exclusively with the Lebesgue measure on R”, unless explicitly stated otherwise.

Definition 1.8. Given a locally integrable function f € LllOC (R™), the (uncentered) Hardy-Littlewood
maximal operator is defined by
1
M) = sup o [ 170l ay.
QO>5x |Q| Q
where the supremum is taken over all cubes O c R" with sides parallel to the coordinate axes such that
x € Q. The centered maximal operator is defined by
1
MEf(x) = sup ——— lf ) dy,
r>0 IQ(X, I")l O(x,r)

where Q(x, r) denotes the open cube centered at x with side length r.
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Remark 1.9. Since the Lebesgue measure is doubling, M and M€ are pointwise comparable.

Specifically, there exists a dimensional constant ¢,, > 1 such that

MEf(x) S Mf(x) < enMEf(x),

for every x € R" and every locally integrable function f. Consequently, any boundedness estimate
for one operator implies the corresponding estimate for the other, up to dimensional constants. This
pointwise equivalence relies on the doubling condition: if the underlying measure is a general non-
doubling Borel measure, M and M€ are no longer pointwise equivalent, and their mapping properties
may be different (see [Sjo83]).

An immediate consequence of the Lebesgue differentiation theorem is that these maximal operators

control the size of the function pointwise. Specifically, for any locally integrable function f, we have

lf ()l < MEf(x) < Mf(x),

for almost every x € R".

The Hardy-Littlewood maximal operators can also be defined by taking the supremum over
Euclidean balls instead of cubes. In the case of the Lebesgue measure on R”, these definitions are
pointwise equivalent, with constants depending only on the dimension. Therefore, any mapping
property proved for one of these variants immediately yields the corresponding property for the other,
up to dimensional constants.

By the classical Hardy—Littlewood maximal theorem, M (and thus M) satisfies a weak type
(1, 1) estimate, meaning that M : L'(R") — L'*(R") is bounded. Interpolating this with the
trivial L* — L bound yields that M is of strong type (p, p) for all 1 < p < oo, meaning that
M LP(R") — LP(R") is bounded.

A standard way to simplify the analysis of maximal operators is to restrict the supremum to dyadic
cubes. This leads to dyadic variants of the Hardy—Littlewood maximal operator, which are technically

more manageable and retain the essential features of the original operator.

Definition 1.10. The standard dyadic maximal operator is defined by

1
Maf(x) = ng%@/Qlf(y)ldy,
O>x

where D is the standard dyadic lattice in R”. Furthermore, given a fixed cube Q¢ € Q, we define the
local dyadic maximal operator with respect to Q, for any x € Qy, as

1
Mo = swp o [ 17lay,
oen(oy 191 /o
O>5x
It is clear that My f(x) < M f(x) pointwise. The reverse inequality does not hold pointwise, but
M can be controlled by a finite sum of shifted dyadic maximal operators. The classical “3"-lattice
theorem” states that any cube in R” is contained in a dyadic cube from one of 3" translated dyadic

grids, with a side length comparable to the original cube. This geometric covering property implies
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that M is pointwise bounded by the sum of 3" dyadic maximal operators. The exact historical origin
of this result is somewhat unclear. According to the historical discussion in [Crul6], credit should be
given to Okikiolu [Oki92], while a weaker form had already appeared in the work of Chang, Wilson,
and Wolff [CWWS8S]. Later, Conde [Con13, Theorem A] proved that the number of required dyadic
lattices can be reduced to just n + 1, and he showed that this number is sharp. We will utilize a refined
version of this result (we refer to [Can21, Lemma 4.34] for the proof of this specific statement).

Lemma 1.11. Let Q € R" be a cube. There exist n+ 1 dyadic grids { Dy }}_, and n+1 cubes Qx € Dy

satisfying the following conditions:

1. Given any cube R C R", there exists k € {0,...,n} and P € Dy such that R C P and
£(P) < 3¢(R). Consequently,

n

MF() = Y MP (), (1.6)

k=0
where Mc(lk) denotes the dyadic maximal function with respect to the grid Dy.

2. Q €Ny Qk and £(Q) = £(Qx) for all k.

A related operator is the sharp maximal operator. Given a locally integrable function f € LlloC (R™),

the sharp maximal function is defined by

1
# — —
M7 f(x) = Z‘;I))C 0] /Q |f(¥) = foldy,

where the supremum is taken over all cubes Q c R” with sides parallel to the coordinate axes and
containing the point x.

The sharp maximal function is related to BMO. In fact, a function f belongs to BMO if and only if
M* f is bounded, and the BMO seminorm is precisely given by the L norm of the sharp maximal
function: || fllsmo = [IM* fll Lo rn)-

Furthermore, by a simple application of the triangle inequality, it is easy to see that the sharp
maximal function is pointwise controlled by the standard Hardy—Littlewood maximal function. Indeed,

for any cube Q with x € O, we have

1 1

2
10|
which yields the pointwise bound M* f(x) < 2Mf(x) for all x € R”. While the reverse inequality
trivially fails pointwise (for instance, if f is a non-zero constant, M*f = 0 but Mf = |f| > 0),
Fefferman and Stein demonstrated in their celebrated work [FS71] that these two operators are

equivalent in norm. Specifically, for any 1 < p < oo and any f € L? (R"), we have

IMSllLe @y < cnplIM* FllLe @ny - (1.7)
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1.3.2 Muckenhoupt weights

We now recall the Muckenhoupt classes, which characterize the weighted boundedness of the Hardy—
Littlewood maximal operator. By a weight w, we mean a non-negative locally integrable function on
R™ that is strictly positive and finite almost everywhere. Given a measurable set £ C R", we denote its
w-measure by w(E) = [, w(x) dx.

A weight w is said to belong to the Muckenhoupt class A, for 1 < p < oo if the quantity

p-1
[w]a, = 51:122(@' / w(x) dx) (IQI / w(x) =P dx)

is finite. For the endpoint p = 1, we write w € Ay if

[w]a, := sup ( ! / w(x) dx) ess sup w(x) ™!
Qe |Q| xeQ

is finite. Equivalently, the A; condition can be restated pointwise as
Mw(x) < [w]a, w(x) fora.e. x € R".

We will frequently use the following two elementary properties of the A, classes, both of which
are direct consequences of the definition and Jensen’s inequality (see [GF85]). First, the A, classes
are nested, and their constants are monotonically decreasing with respect to p. Specifically, if
I<p<g<oo,thenA, C A; and

Second, for 1 < p < oo, the A;, condition possesses a symmetry with respect to the dual exponent p’.
A weight w belongs to A, if and only if its associated dual weight, defined as o = w!=P" belongs to

Ap. Moreover, their constants are precisely related by the identity

[Wla, = [0} ).

We will frequently use the following property of A, weights: a weight w belongs to the class A, if

and only if for every measurable function f > 0, we have

IR []((@/fmwmw), (19)
for every cube Q. In particular, taking f = yg for a measurable set E C R", we obtain
El _ b (w(E)\"
— Pl—= . 1.9
o<1k (i) (49

We also define the limiting class

As = U Ap.

px1

The membership to A can also be characterized in terms of the finiteness of the so-called A, constant

defined as .
W]y = up(|Q|/w(x)dx)exp(|Q|/1ogw(x)—1dx) (1.10)
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that was originally introduced by Hrusc¢ev [Hru84] (see also [GF85]). In recent years, a new definition
was introduced that is more adequate to express quantitative norm inequalities for maximal and singular

operators, namely the one defined as

1
[w]a, = sup

ocQ W(Q) /QM(WXQ)(X) dx.

This is sometimes called the Fujii—Wilson constant, as it was implicitly introduced by Wilson a long
time ago (see [Wil87; Wil89; Wil08]) with a different notation, and was also implicitly introduced by

Fujii [Fuj78]. Its explicit formulation appears in [HP13]. This constant is more relevant since it is

’

A
[w] A, is much smaller than [w]’, (interesting examples can be found in [HP13], where it was shown

known that [w]’, < coifand only if [w]a,, < co, but there are examples of weights w € Ao so that

that [w]’Aoo can be exponentially larger than [w] 4_ ).
Muckenhoupt [Muc72] characterized the weights for which M is bounded on weighted Lebesgue

spaces: for 1 < p < oo, the weak-type estimate
M LP(w) — LP*(w)
holds if and only if w € A,; and for 1 < p < oo, the strong-type bound
M LP(w) — LP(w)

holds if and only if w € A),.
These operator bounds can be quantified in terms of the A}, constants. For the weak-type inequality,

it is known that for p > 1,
1

||M”L”(w)——>L”v°°(w) =n [W]Z;p (1.11)
For the strong-type inequality with p > 1, Buckley [Buc93] proved the quantitative estimate

IMIlLe (w)y—Lr(w) < Cnp'[w]g:- (1.12)

Moreover, the exponent ﬁ is sharp, meaning that it cannot be replaced by any smaller power of
[wla,,-
Using the Marcinkiewicz interpolation theorem (see [Gral4, Theorem 1.3.2] for example) with the

trivial L*°(w) strong estimate and the weak-type inequality (1.11), we obtain the following lemma.

Lemma 1.12. Let 1 <7 < p < oo, and let w € A,. Then there exists a dimensional constant c,, > 0
such that

1

IMf o) < e (p%) wIZ 1Al (1.13)

In [HP13], Hytonen and Pérez prove that the quantitative bound (1.12) can be improved in terms of
amixed A, — A constant.

Theorem 1.13. Let 1 < p < oo, let w € A, and denote o = wl=P". Then there is a dimensional

constant c,, > 0 such that

N E

IMIlzr o) 2o e < eap” (W14, 1014
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We recall the property that [w]a,, < cu[w]a, forall p > 1. Applying this inequality to the dual
weight o € A/, we directly see that the mixed bound from Theorem 1.13 is an improvement of
Buckley’s estimate (1.12),

1 1

P (0wl [lan)” < cnp (Ila, 1ol )" = enp ([w]Ap [w] ;;;)” = e/ W17,

This demonstrates that the mixed bound is a strict improvement, as [0"] 4., can be much smaller than
[o]a, -

Another fundamental property of the A, classes is the reverse Holder inequality, which in turn
implies the left-openness property. We state the sharp reverse Holder inequality for A,, weights in the
Euclidean space obtained in [HPR12, Theorem 2.3].

Theorem 1.14. Let w € Aw. Then for each 0 < € < we have

1
P w1

1+&
é/QW(x)l+£dXS2(|EI|/QW(X)dx) ,

W is better than the one obtained in [HP13] and [HPR12] in the

context of spaces of homogeneous type. This better range produces an improved precise open property.

for every cube Q.

The range 0 < ¢ <

Since this specific quantitative bound is not explicitly proven in [HPR12], we include the proof here.

Corollary 1.15. Let 1 < p < coand letw € A,. We define the quantity
p-1

£= ———
Tolo] A '

where 7, = 2" and o = w'=P". Then, w € Ap_g and

[W]a,_. <27 [wla,.

Proof. Sincew € A,,theno € A, C Aw. Letr(o) =1+ . Then, using Theorem 1.14,

2n+1[ ]
we have

@ ou) i )( I
(|Q|/w(x)dx)(|Q|/0'(x) dx < |Q|/w(x)dx lQl/O'(x)dx .

We may choose & > 0 such that £~ 1) = p — & — 1, namely,

_p-1_ p—1 - p-1

TH0) T (4o 2ol

on+l [U]Am_

Note that £ > 0 and p — & > 1. This yields thatw € A,,_,. m|

In [PR18], a refined reverse Holder inequality is established with an even better range for . While
their original result provides a slightly larger admissible range, we state here an immediate consequence
where this range is slightly restricted. By doing so, we obtain a much cleaner, explicit constant 2[w] 4
on the right-hand side. A key point is that this restricted range remains sharp for flat weights, that is,

when the Fujii—Wilson constant [w] 4 tends to 1.
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1
Theorem 1.16. Let w € A. Then for each 0 < ¢ < T (wla=)’

L e L I+e
0] /Qw(x) dx <2[w]a, (|Q| /Qw(x) dx) ,

for every cube Q.

Let us mention that, in the case of A; weights, the first sharp reverse Holder inequality was proved by
Kinnunen [Kin94] in R with Lebesgue measure, and later extended to general measures in [LPR17].
As an immediate consequence of Theorem 1.16, and using standard techniques, we obtain the

following property concerning the weight measure of subsets.
Corollary 1.17. Let w € Aw. Then for each cube Q and each measurable subset E C Q, we have

w(Q) 10| '
Moreover, Theorem 1.16 yields another precise left-openness property. Compared with the result in
[HPR12], the value p — ¢ that is obtained here is slightly smaller, but on the other hand, the constant

2[w]a, (

is controlled by a mixed-type constant. Furthermore, this estimate captures the correct asymptotic

behavior for flat weights, as we have p —& — 1 when [o]4_ — 1.

Corollary 1.18. Let w € A, for some 1 < p < co. If we consider

p—1

= ,
2+ ([0 an — 1) + 1

(1.14)

thenw € A, _¢ with

Wla, . < 2le]a)?  [W]a,.

Remark 1.19. Observe that by raising the quantitative bound from Corollary 1.18 to the power of 1/p,

we obtain the following precise control:

1 | €

7

W% <27 [a]7 W] < calwl?

We next show that if a weight belongs to A, then the associated measure w dx is doubling, and we
provide an explicit estimate of the doubling constant in terms of the Fujii—-Wilson A, constant of w.
To the best of our knowledge, this type of quantitative result has not appeared in the literature before.
Related estimates have been obtained using Hrus¢ev’s exponential A, constant (see, for instance,
[Gral4]).

Theorem 1.20. Let w € A, then the measure w dx is doubling, i.e.,

w(20) < Dyw(Q),

for every cube Q, where
D,, <exp (K n(4[w]Am)1+2””([W]Aw—l)) ,

and « is a dimension-free constant.



1.3. MAXIMAL OPERATORS AND WEIGHTS 15

Remark 1.21. Using the same argument together with the reverse Holder inequality from [HPR12]
produces the bound D, < exp(exp(cn[w]a.)).

Proof. Let Q be a cube and let 4 > 1. Applying Corollary 1.17 to the cube AQ and the subset
E =10\ Q, we obtain

w(10\ Q) 110\ 0]\°
w(10) S2[W]A°"( 10| )
~ 101\’
=2¥la. (1 - @)

=2[w]a, (1-2)°,

where 0 = m € (0, 1) Hence,

w(1Q) =w(Q) + w(1Q \ Q)
<w(Q) +2[wla, (1 -2 w(2Q).

We now choose A > 1 such that
2wla, (1-2"m% <

’

N =

and consequently,

w(1Q) <2w(Q).
The previous inequality holds for any 1 < 4 < A¢, where

1

(1- (4[W]Am)‘3’)’l"

Ay =

Let m € N be the smallest integer such that 47" > 2. Then, we have

w(20) < w(AFQ) < 2"w(Q).

log2
log Ay’

We observe that m =~ S0 it remains to estimate log 4g. Since

1
log g = ——log(1 — ),
n

where s = (4[w]a_)"? € (0, }T], we can use the elementary inequality

sS—log(l—s)S%SZs,
-

which gives log 1o ~ &. Therefore,

Jog2 log2 n+l -
D,, <2 ~QMbedy ~ exp( o E) = exp (Kn (4[w]Am)l+2 (w14 1)) .
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Remark 1.22. In the case of constant weights ([w]4_ = 1), the doubling constant obtained above
depends exponentially on the dimension, which is expected. Moreover, we observe that not only for

constant weights, but also for flat weights of the form [w]a_ = 1+ 6 with § — 0, we observe the

correct asymptotic behavior D, ~ e“".

We will also consider the class of pairs of A, weights.
Definition 1.23. Let (u,v) be a pair of weights.

1. For 1 < p < oo we say that (u,v) € A, if

p-1
= 1-p’ 00,
[u,v]a, = 51;%(@' / u(x)dx) (|Q| / v(x) dx) <

2. We say that (u,v) € Ay if
[u,v]a, = sup ( / u(x) a’x) ess sup (v(x)‘l) < 0o,
Qe |Q| xeQ

or equivalently, if Mu(x) < [u,v]a,v(x) fora.e. x € R"™.

The relevance of the two-weight class A, lies in the fact that it characterizes the weak-type
boundedness of the maximal operator: M maps L?(v) into LP*(u) if and only if (u,v) € A,.
In contrast with the one-weight setting, this condition is, in general, not sufficient for strong-type
boundedness from L?(v) to L?(u). The corresponding characterization was obtained by Sawyer
[Saw82].

Finally, we will use a weight class naturally adapted to Lorentz norms, introduced by Chung, Hunt,
and Kurtz in [CHKS2].

Definition 1.24. Let 1 < p <coandlet 1 < g < co. We denote by A, , the class of weights w such

that
[m%ﬂ=$%@m/wu))”

Using (1.2), we can check that w € A, , implies the following weighted estimate analogous to

< 00.
Lp'.a’ Q 7“’("8"1)‘)

(1.8): for every measurable f > 0 we have

1

BT 70 01 1 i (1.15)
for every cube Q. In particular, for I < p <coand 1 < g < co we have A, , = A, (see [CHKS82,
Theorem 4]). At the endpoint ¢ = 1, the class A, ; strictly contains A, and is sometimes referred to
in the literature as the restricted A, class, denoted by Aqu.

In our weighted setting, we will use the following notation for the weighted Lorentz average over a

cube Q: |
([ g (wUx e If@I > )P dr)*

whenever g < oo, and

(MMeQwﬂMbﬂui
w(Q) '

AN, o (xdx) = SUp f
Lp ( Wf@x) >0
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1.4 Fractional operators

In this section, we introduce the fractional maximal operator and the Riesz potential. These operators
are fundamental tools in harmonic analysis and play an important role in the study of Poincaré—Sobolev

inequalities and related potential estimates.

1.4.1 Fractional maximal operator

Let 0 < a < n. The uncentered fractional maximal operator M, is defined for any locally integrable

function f on R" by

o)
Maf () = sp S0 /Q F )] dy.

where the supremum is taken over all cubes Q C R containing x. We observe that for @ = 0, this
recovers the standard Hardy-Littlewood maximal function M.

The mapping properties of M, are described in terms of exponents p and g satisfying

1

(04
q n

< |-

At the lower endpoint p = 1, the operator satisfies the weak-type estimate
Mg : L'(R") — Lia™(R").
For 1 < p < %, it satisfies the strong-type bound
Mg @ LP(R") — L9(R").

These mapping properties can be extended to the weighted setting by utilizing the weight classes
A 4 introduced by Muckenhoupt and Wheeden in [MW74]. It is important to emphasize that their
fractional weight class is distinct from the Lorentz-adapted A, , classes of Chung, Hunt, and Kurtz
that we introduced in Section 1.3.2, despite the overlapping notation. Specifically, for 1 < p < 2 and
1_1

il <, the weighted strong-type inequality

( / (Mo f(x)w(x)) dx)" < c( / (F @ Iw)? dx|”
Rn R"

holds if and only if w satisfies the Muckenhoupt-Wheeden A, , condition. Similarly, the corresponding
weak-type inequality at the endpoint p = 1 holds if and only if w satisfies their fractional A; , condition.

We refer also to [LMPT10] and the references therein for a modern approach.

1.4.2 Riesz potential

The Riesz potential of order @, with 0 < @ < n, is defined as the convolution operator

f(y) J

n|x =yl

B

Iaf () = Yna /R
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where the normalizing constant y, . is given in terms of the Gamma function by

r(*3%)

This precise constant is chosen so that /,, acts as a Fourier multiplier operator. Specifically, it ensures

that the Fourier transform of the Riesz potential satisfies the relation

I.f(¢) = 2rleD ™ f(&),

where the Fourier transform is normalized as
o= [ rwea
Rn

Unlike the maximal operator, which is well-defined for every locally integrable function, the integral
defining I, f(x) does not necessarily converge absolutely. A standard sufficient condition ensuring
that 7,(|f])(x) < co for almost every x € R" is that f € LlloC (R™) and

IS ()]

———— dy < o0,
re (1+[y)"=@
see for instance [Lan72, p. 61].
The fractional maximal operator and the Riesz potential are closely related. Pointwise, the definition

of the integral easily yields that the fractional maximal operator is controlled by the Riesz potential:

Ma f(x) < Crala(1f]) (%) (1.16)

for some constant C,, , > 0. The reverse inequality does not hold pointwise; however, the Riesz
potential can be controlled by a combination of the maximal operator and the L? norm of the function,

thanks to a classical argument due to Hedberg [Hed72].

Theorem 1.25. Let 0 < a <nand 1 < p < . There exists a constant C > 0, depending only on n, a,
and p, such that for every f € LP (R"™) and every x € R",

Lo f )] < CMFEN' ™ IF1 -

Hedberg’s inequality gives a direct and simple proof of the classical Hardy-Littlewood—Sobolev

theorem for the Riesz potential. Specifically, for exponents p and ¢ satisfying the relation é = % -

we have the strong-type mapping
Iy : LP(R") — L9(R"),

whenever 1 < p < #.. For the endpoint p = 1, the strong-type estimate fails, but the operator satisfies
the weak-type mapping
Io: L"(R") — L#-a®(R").

It is a remarkable fact that the Riesz potential and the fractional maximal operator are comparable
in L (w) norm, even though they are not comparable pointwise. The non-trivial direction, controlling
the norm of the Riesz potential by the norm of the fractional maximal operator, is quantified by the
Muckenhoupt—Wheeden inequality, originally established in [MW74] using good-lambda methods.
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Theorem 1.26. Let 0 < @« <nand 0 < p < oo. Ifw € A, then there exists a constant C > 0,

depending only on n, a, and p, such that

IafllLrow) < ClwlaIMafllLe ow)-

Remark 1.27. The explicit linear dependence on the Fujii—Wilson constant [w] 4_, stated in Theorem
1.26 is not present in the original work of Muckenhoupt and Wheeden [MW74]. However, this precise
quantitative bound can be deduced from the good-lambda inequality with exponential decay established

by Honzik and Jaye [HJ12], although it is not explicitly stated in their paper.

Combining this theorem with the trivial pointwise bound (1.16), it formally follows that the L? (w)
norms of the Riesz potential and the fractional maximal operator are equivalent in norm whenever the

underlying weight w belongs to the A, class.

1.5 Poincaré-type inequalities

In this section, we establish Poincaré and Poincaré—Sobolev inequalities, which allow us to control the
oscillation of a function in terms of its gradient. We first present pointwise subrepresentation formulas
in terms of the Riesz potential to derive Poincaré—Sobolev inequalities. Finally, we introduce the

truncation method to upgrade these estimates from weak norms to strong norms.

1.5.1 Subrepresentation formulas

A starting point in Sobolev theory is the following subrepresentation formula, which pointwise bounds

the oscillation of a sufficiently smooth function by the first-order Riesz potential of its gradient.

Theorem 1.28. Let n > 2. There exists a dimensional constant ¢,, > 0 such that for every f € C'(R™),

If(x) = fol < cali(IVflxo)(x),
for every x € Q.

Proof. Fix x € Q. By the triangle inequality and the Fundamental Theorem of Calculus along the

segment joining x and y, we can bound the oscillation as

1 1 1
If(X)—fQIS@/Qlf(X)—f(y)ldyS@/Q/o 197G+ 10y = x)] b — ] di dy.

By Tonelli’s theorem, we can interchange the order of integration. For each fixed ¢ € (0, 1], we apply
the affine change of variables z = x + t(y — x) to the inner integral over Q. This transformation

yields dy = ™" dz and |x — y| = t~!|x — z|. Furthermore, the geometric constraint y € Q ensures that
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|x — y| < diam(Q), which gives us the lower bound ¢ > |x — z|/diam(Q). Extending the upper limit of

the z-integral to infinity to obtain a clean upper bound, we estimate

1 0 1
If(x) = fol < @/lef(Z)l Ix — 2| (/dim) prvs dt) dz
_ diam(Q)" IVf(2)l
A

n|Q| v — |1

e [ VG
. /Q 2

|x — z|n-1

dz

= cni (IVfx0) (%),
which completes the proof. O

Remark 1.29. If we additionally assume that f has compact support (or decays sufficiently fast at
infinity), we can deduce a global representation formula. By taking an expanding sequence of cubes
{Q;} T R" containing x, the averages fo, tend to zero. Passing to the limit in Theorem 1.28, we obtain

the global subrepresentation formula
|f (O] < endi (IV£]) (x),
for every x € R".
This pointwise estimate provides a direct proof of the classical (1, 1)-Poincaré inequality.

Proposition 1.30. There exists a dimensional constant c,, > 0 such that for every f € C'(R™), we have
1

1
@/Q 1709~ folds = cat(@ 57 |

IVf(x)dx,
for every cube Q.

Proof. Integrating the pointwise estimate from Theorem 1.28 over Q and using the self-adjointness of

the Riesz potential (via Fubini’s theorem), we obtain

/ F() — foldx < e / VD)1 (o) (y) dy.
[0} o

For any y € Q, we can uniformly bound /;(xo)(y) by enlarging the domain of integration to the
bounding ball B(y, Vnt(Q)):

I (xo)(y) S/ N
B(y.~mt(Q)) 1y =2/

This concludes the proof. O

dz = cal(Q).

As we have just seen, the subrepresentation formula implies a local Poincaré inequality. This
implication can be reversed: assuming a local Poincaré-type condition on cubes is sufficient to deduce
a subrepresentation formula.

We will need the following generalized version of this principle. The result can be found in [FLW96]
for the case » = 1 and in [FHOO0] for > 1; however, we will use the precise quantitative version from
[HMPV23], which carefully tracks the dependence on the parameters.
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Lemma 1.31. Let Q¢ C R" be a cube. Assume that 0 < @ < nand 1 < r < co. Suppose that there

exist a constant k > 0, a function f € L'(Qy), and a non-negative measurable function g such that

I NIRRT
@/Qlf(x)—fgldeKf(Q) (|Q|/Qg(x> dx) ,

for every cube Q C Qq. Then, there exists a dimensional constant C,, > 0 such that

1£(x) = fol < Ca—r— -£(00) 7 (La(8 x00) ()" .
Viat? (n- @)

for every Lebesgue point x € Qg of f.

Remark 1.32. By setting r = 1, @ = 1, and g = |V f|, the conjugate exponent is 7’ = co, which makes
the geometric factor ¢ (QO)TI’ = 1. In this case, Lemma 1.31 shows that the local (1, 1)-Poincaré
inequality implies the subrepresentation formula in Theorem 1.28. Combined with the converse
implication proved above, this shows that the local (1, 1)-Poincaré inequality and the subrepresentation

formula are equivalent, up to dimensional constants.

Proof. Let E C Qg be the complement of the set of Lebesgue points of f, so that |[E| = 0. Fix
x € Qo \ E. We choose a nested chain {Q};"_, € D(Qo) of dyadic subcubes such that Q1 = Q,

Qi1 C Ok, |Qk+1] = 27"[Qk|, x € Oy for every k, and (> Ok = {x}.
Since x is a Lebesgue point, fp, — f(x) as k — oo. Telescoping the sequence of averages we have,

1£() = fool < )" 1 fou — foul

k=1

~ fo.ld

r

n N a L r
<2 K;f(gk) (lel/ng(y) dy)

L
’

1
Assume first 1 < r < oo. Factoring the term outside the integral as (£(Qx)®) ™ (€(Qx)*™")", we
apply the Holder inequality to obtain

|f(x>—fQO|s2"K(Zf<Qk>“) (Zf(Qk)“-" / g(y)’dy)
k=1 k=1 Ok

The first series is a standard geometric sum since £(Qy) = 2~ =D ¢(Qy). Using the bound 1 —2-¢ >

7

cpa, we get
1

T
k=1

ar’

For the second series, we use Fubini’s theorem to interchange the sum and the integral

;agk) - /Q 0g<y> Yo, () dy = /Q 0g<y> (;agk) - ka@))dy.
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Fix y € Qo \ {x}. The indicator function y¢, (y) is non-zero only if both x, y € Qx, which implies
|x — y| < v/nt(Qy). Thus, the sum is restricted to indices k < ko(y), where ko(y) is the largest integer
such that £(Qy) > |x — y|/+/n. Since @ < n, the series is geometric with ratio 2"~% > 1, meaning it is
dominated by its final term. Using that 1 —2~("~®) > ¢, (n — @) and the definition of k((y), we bound

the inner sum pointwise by

ko(y) _
g a—n
PO e S IR

P 1-— 2—(n—(x) |x

Inserting these bounds back into our initial Holder estimate yields

1
K a x =yl "
nT ” (/ gy )r—dy
ar’ Qo -a

=C, £ ~£(00)7 (La(8"x0y) (X)) -

1 N 1
7n "’ (n - a’)

|f(x) = fo, <

N =

Finally, in the endpoint case r = 1, the exact same argument applies by simply omitting the Holder
step. The first block £(Q0)®/"" equals 1, the parameter a vanishes from the denominator since 1/’ = 0,
and the telescoping sum directly yields the fractional integral bound, completing the proof. |

1.5.2 Poincaré—Sobolev inequalities

We say that a function f satisfies a local (1, p)-Poincaré inequality on cubes, where 1 < p < oo, if

there exists a constant c¢,, > 0 such that

1 _ b\’
|Q|/Q|f(x) fQ|decnf<Q>(|Q|/ 9700 dx) ,

for every cube Q. A remarkable feature of this inequality is its self-improving property: for any
1 < p < oo, the local (1, p)-Poincaré inequality implies the stronger (p, p)-Poincaré inequality. That

is, there exists a constant C > 0 such that

(ﬁ /Q |f<x>—fQ|de)"sce<Q>(|Q| / IVf(x)I"dX) ,

for every cube Q. The first self-improving results of this type go back to Saloff-Coste [Sal92]; see

<=

also Hajtasz and Koskela [HKO0O0] for the extension to metric spaces with a doubling measure. This
phenomenon will be studied in more detail in Chapter 2. Furthermore, when the L' (or L?) average on

the left-hand side is replaced by an L¢ average with g > p, namely,

q a4 p
(|Q|/ £ G) = fol dx) <C£’(Q)(|Q|/ V7)) dx) ,

for every cube O, we say that the function satisfies a Poincaré—Sobolev inequality. If n > 2 and
1 < p < n, the optimal exponent g for which this integrability gain holds is the classical Sobolev

exponent p*, originally defined in [Sob63]. This critical exponent is defined by the relation

———=-, (1.17)
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which yields the explicit expression
x np
P’ = :
n—p

Using the subrepresentation formula stated in Theorem 1.28 and the mapping properties of the

Riesz potential, we can directly inherit the integrability gains of the fractional integral by taking the
appropriate norms on both sides. If 1 < p < n, applying the strong-type Hardy—Littlewood—Sobolev
bound for I yields the Poincaré-Sobolev inequality. That is, there exists a constant ¢, , > 0 such that

for every cube Q, we have

(/ |f(x)_fQ|p*dx)P* < Cnp (/ IVf(x)lpdx)p.
o o

We now make two remarks concerning this estimate. First, the integral on the right-hand side is
restricted to the cube Q precisely because the gradient in the subrepresentation formula is multiplied by
the characteristic function y . Second, we can normalize this inequality by dividing both sides by their
corresponding powers of the measure of Q. Using the relation (1.17) and the fact that |Q |% =£(Q),
we obtain

1 _ AP " 1 » );17
(i1 [ 170 =rol” as] " < w0 (g [ iwrer )"

However, this fractional integral approach does not allow us to establish the strong-type estimate
at the lower endpoint p = 1, which is nevertheless known to be true in the classical Sobolev setting.
Instead, by relying on the weak-type mapping properties of /1, we can deduce a weak-type Poincaré—
Sobolev inequality that is valid for the full range 1 < p < n. Namely, there exists a constant ¢, , > 0

such that the following weak-type estimate holds

1
1 = oll (g i) = €n.r0(@) (@ll /Q V£ dx) "
for every cube Q.

As we have seen, the fractional integral approach yields a weak-type Poincaré—Sobolev inequality. A
remarkable feature of having a first-order gradient on the right-hand side is that it allows the estimate to
self-improve from a weak-type norm to a stronger Lorentz norm. The truncation method is a classical
technique for upgrading these weak-type Poincaré—Sobolev inequalities to stronger results along the
Lorentz scale. In the first-order setting, this idea already appears in the early work of Maz’ya [Maz85,
p. 110] (see also [Haj01] for a detailed discussion).

First, we will need the following lemma.

Lemma 1.33. Let u be a measure on a set X such that u(X) < oo. Letv : X — [0, o) be a measurable

function satisfying

p{xeX:v(x)=0}) > ,u(2X)

Then, for every t > 0,

,u({xeX:v(x)>t})§2ci_r€1£,u({xeX:|v(x)—c|>%}).
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Proof. Fixt > 0and ¢c € R. If ¢ < t/2, then {v > t} C {|v —c| > t/2}, and the estimate is

immediate. If ¢ > /2, then for every x € {v = 0} we have |v(x) —c| = [c| = ¢ > 4,

{v =0} C {|]v—c| > t/2}. Therefore,

and hence

/J(X)

u({v=cl>2f) 2 uttv=on =22

Since {v >t} C X, it follows that

t
(v > 1h) <u0 <2u({lv-cl> ).
Thus the estimate holds for every ¢ € R. Taking the infimum over ¢ completes the proof. O

Given a function v and 0 < t; < 1, < oo, we define the truncated function

-1, if v(x) > 1o,
Vzl 2(x) =v(x) =11, ift; <v(x) <ty

0, if v(x) < 1.

We will use two variants of the truncation argument: one for gradients in Lorentz spaces, which we

state now, and one for fractional seminorms that will be introduced in the next section.

Theorem 1.34. Let 1 < g < o and 1 < p < q, let Q € R" be a cube, and let u and v be Borel
measures on R", with u(Q) = 1. Assume 1 < r < p. If there exists a constant C > 0 such that for
every f € Lip(Q),

“f fQﬂ”Lq""(Q,u) C”Vf”LPV(Q V)

then there exists c, > 0 such that for every f € Lip(Q) we have

”f - fQ,.UHLq,n(Q,#) < cqgClIVllLrr (o) -

The proof of this theorem follows the general strategy outlined in [KOO03]. The main idea is that by
truncating the function at different height levels, the gradients of the resulting truncated functions are
supported on pairwise disjoint sets. This disjointness of the supports is the key ingredient that allows
us to sum the localized estimates. In this step, we use the summability property of Lorentz quasi-norms
(formally established in Lemma 1.3), and this is also the point where the restriction 1 < r < p is

required.
Proof. Fix f € Lip(Q). Let b € R be a median of f over Q with respect to u, that is

/l(Q) ,U(Q)

p({xeQ: f(x) 2b}) 2 —— and u({xeQ:f(x)<bh})2——

We split f — b into its positive and negative parts, setting v, = max{f —b,0} and v_ = —min{f - b, 0}.

In the sequel, let v denote either v, or v_. Without loss of generality, we may assume that
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0<v(x) <ocoforallx € Q. Let 0 < t; < t, < oo. Observe that, due to our choice of the median,

u{xeQ: v;f (x)=0}) = @ Applying Lemma 1.33 to v;f, we get, for every ¢ > 0,

1
. b q Ly t
tu ({x €0 v (x)> t}) <24 éréFR||vt1 - a”qu""(Q,/J)

1
<2g*! ||v2 - (VZ)Q,MHLW’(Q#)

1
<2atlc ”V"z”LP’V(Q,V) ’

where we invoked the hypothesis of the theorem, valid since truncations of Lipschitz functions remain
Lipschitz. Evaluating this estimate at dyadic levels ¢ = 2k=1 "¢ =2k and t, = 2%*! and observing that

|Vv2k+l

Sk | = |[Vv|xa, almost everywhere on the sets Ax = {x € Q : 2% < v(x) < 2¥*!}, we obtain

P
Zka,u ({x €Q: v%iﬂ(x) > 2k_1})q <2a*2rcp Z |||Vv|)(AkH€,,,,(Q’V) )
keZ keZ

Since the level sets Ay are pairwise disjoint, applying Lemma 1.3, we have

QT

Lyop P
< 24 CP ||VV”Lp,r(Q’V) >

Z 2kP ({x €Q: vgzﬂ(x) > 2k_1})

keZ

for 1 < r < p. To relate this discrete sum to the actual Lorentz norm of v, we use the inclusion
(reQiv(x)>28 c {re Qv (x) > 282

2k+l

4 p—] . P
V1L gy < pk%/2 P({x € 0 v(x) > 1) di
€

< > (@ - @Y ) u((x e @ vin) > 24

keZ

<27 =127 Y 2 pu({x e @ vy (x) > 2K ha
keZ

3p+2 p

< (2P -12PTacP ”VV”LW(Q,V) .

We have proved the estimate for both v, and v_. Since f — b = v, —v_ and |Vv.| < |V f| almost
everywhere, we have

inf || f = cllzaro.u) < If = bllLar 0.
ceR

< (Ivellzar @) + Iv-llar@.4m)

1
<2"aC (IVvillLrr i) + IVv-llLrro.0)
<6AC|VfliLrr(0,v)-

Finally, by Proposition 1.6, applied with p = 1, together with (1.4), we get

1f = foullar g <24 IEIf = cllLar o

< 128¢'ClIVfllLrr(0.v)-

This completes the proof. m|
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We will also use a non-standard version of this argument, based on a trick from [FPW98], which
allows us to keep the unweighted average fp on the left-hand side. In order to do this, besides the

weak-type Poincaré—Sobolev inequality, we require an additional unweighted L' Poincaré inequality.

Theorem 1.35. Let 1 < p < g <oo, 1 <r < p, let Q C R" be a cube, and let u and v be Borel

measures on R" such that u(Q) = 1. Assume that there exists a constant C > 0 such that for every

f € Lip(Q),
I/ - fQHLq’“’(Q,u) < ClIVAllerron)

and

1
o /Q F) ~ foldx < ClIVfllrr gy, -

Then, for every f € Lip(Q), we have

”f - fQ |Lq,p(Q,#) < 10C ”Vf”LW(Q’V) .

The previous theorem can be proved by following the strategy in [FPW98, Theorem 3.1] and using
the summability property of Lorentz quasi-norms stated in Lemma 1.3 above, this is also the point

where the restriction 1 < r < p enters.

Proof. Fix f € Lip(Q) and setv := |f — fo| and A := |—é| fQ v(x)dx. If A =0, then v = 0 almost
everywhere with respect to Lebesgue measure. Since v is Lipschitz, it follows that v = 0 in Q, and the

result is trivial. Thus, we may assume that 4 > 0. For k > 0, let us define A := 2k,
Er:={xeQ:v(x)> A},

and, for k > 1,
A = Er  \Er={x€Q:Ax_1 <v(x) < Ax}.

By the definition of the Lorentz quasi-norm and the fact that u(Q) = 1, we have
» 3 0 ' p dt
g =» | Patle Qv > ¥ F

22 ©
dt kel e dt
SP/ l‘p7+P§ / fp/J(Ek)qT

k
< QP+ Y A u(Er)
k=2
p p z
<2PCPIVAINY s gy + D Aep(Er-1) 7,
k=2
where in the last inequality we use the L' Poincaré inequality. We now estimate the terms in the sum.

Fix k > 2. If x € E_y, then v(x) > Ax_1 = 24} _2, and therefore vﬁi:; (x) = Ag_2. On the other hand,

since 2v?! < v for every ¢ > 0, we have

1 1 A Ap-
A _ Ap— _ k-2
(Vi)e = @/Qvﬂk;(x) dx < 2100 /Q v(x)dx = 5< 5
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Hence, for every x € Ey_1,

/lk 1
Vi, (%)

i) - Dol + o

<[yt - 0o+ 252

&
T
[\S)

I

/lkz A2’ @

Therefore,

/lkz

Ek—1§{x€Q:| () - /lk1)| ﬂkz}

Applying the weak-type assumption to the Lipschitz function vl /1 , we obtain

1
1 Ak—2 Ak-2 |7
Akp(Er-1)a < 87# ({‘Vj: ,— :ll: ;)Q‘ 2 })

< 8C”VV,1 ||LP’(Q V).

Hence,
1
ZA u(Ex1)a <8PCPZ||W;; L[S,
k=2
Finally, for £ > 2 we have |Vv /l,,:;l = |Vv|xa, , almost everywhere in Q. Since the sets Ay are
pairwise disjoint, Lemma 1.3 yields
1
DUV o = DIV XA s o)
k=2 k=2

S ||VV||ZP’r(Q,V)
S ”Vf”ip,r(Q’V)?

where we use 1 < r < p. Combining the previous estimates, we conclude that

P _ P
”f_fQ”Lq,p(Q,ﬂ) - ”V”Lq,p(Q )

<2 CPIVIE gy + 87 CPIV I o)

S lopcp ||Vf||L1”r(Q,V) M
Taking p-th roots completes the proof. O

As an immediate application of the truncation method, we can strictly improve the weak-type
Poincaré—Sobolev inequality established via the fractional integral approach. This refinement in the
Lorentz scale was first observed by O’Neil [ONe63] and Peetre [Pee66a]. By setting g = p*andr = p

in Theorem 1.34, the normalized weak-type estimate upgrades to the L”"-” Lorentz norm.

Theorem 1.36. Let n > 2 and let 1 < p < n. There exists a constant ¢, ;, > 0 such that for every
fe Wllo’cp (R™), we have
1

||f—fQ||L,,*,,,(Q,3)Scn,pf(Q)(|Q| / IVf(x)I”dx) ,

for every cube Q.



28 CHAPTER 1. PRELIMINARIES

Remark 1.37. In the Lorentz scale, the target space LP P is optimal and cannot be replaced by L?"
for any s < p (see [EKP00]). In fact, L7 is the smallest possible target space for the Sobolev
embedding of WP, not only within the Lorentz scale but even among all rearrangement-invariant
spaces (e.g. Orlicz spaces, Lebesgue spaces, etc.). Furthermore, for a detailed study concerning the

optimal constant ¢, ,, in this inequality, we refer to [CRT13] and [Iok14].

1.5.3 Local and global inequalities

Up to this point, our analysis has focused on local inequalities formulated on cubes. A natural question
is how these local estimates relate to their global counterparts on the whole space R”, and subsequently,
to more general domains.

The passage from local inequalities on cubes to global inequalities on R" can be made rigorous by a
limiting argument on functions with sufficient decay. Consider a compactly supported smooth function
f € CZ(R™). We can choose an expanding sequence of cubes {Q;} T R". Since f is compactly
supported, its integral over Q; becomes constant for large j, and therefore the average fo, — 0 as the

measure |Q ;| — oo. Thus,
FCOIP = Timinf | £(x) = fo,1” xo, (),

for every x € R". By applying Fatou’s Lemma and the local Poincaré—Sobolev inequality on each cube

0, we obtain

(/ Lf(x)]P dx)”* <liminf (/ |f(x) —flep* dx)p
R7 J—e \Jo;

1
P
<Cn.p lijnl)icgf ( /Q V@I dx)

J

<enp ([ 195000 ax) "

In this way, the local estimate implies the classical global Sobolev inequality. Namely, for 1 < p < n,

there exists a constant Cy, ;, > 0 such that

If1lr* @y < CaplIVFllLe @),

for every f € C2°(R"), and by standard density arguments, for every f € W' (R"). The exact same
limiting procedure applies to Theorem 1.36, yielding the sharp global estimate

1F 1l gy < Corp IV Fll

Conversely, once the global inequality is established, we can deduce local inequalities for a wide
class of sets beyond cubes by utilizing the Sobolev extension theory. Suppose  C R" is a bounded
domain with a sufficiently regular boundary (such as a Lipschitz domain). Classical extension theory

provides a bounded linear extension operator E : WP (Q) — WP (R") satisfying E f = f almost
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everywhere in Q. In particular, the gradient of the extended function is controlled by the full Sobolev

norm of the original function,

IVEN e @y < Ce (IVfllr @) + 1 flliLr @) -

By evaluating the global Sobolev inequality on the extended function E f and restricting the integration

domain on the left-hand side to , we obtain

1£1lLr @) < NEfllos gy < CUVE e @y < C(IVfllLe @) + I fllLr @) -

To recover the Poincaré—Sobolev inequality, which bounds the oscillation of the function, we apply this

estimate to the zero-mean function g = f — fo. Since |Vg| = |V f], this yields

If = fallLor @) < C(IVAlLe @) + IIf = fallLr @) -

Finally, to bound the L” norm of the oscillation on the right-hand side, we use the standard (p, p)-
Poincaré inequality valid on Lipschitz domains, namely || f — follzr @) < ClIVfllLr(q)- This directly

absorbs the L? norm into the gradient term, yielding the desired local Poincaré—Sobolev estimate
If = fallLes @) < CIIVfllLe(@)-

1.5.4 Fractional Poincaré-type inequalities

In the previous section, we bounded the oscillation of a function by the L? norm of its gradient on the
right-hand side. A natural generalization is to study the fractional Sobolev seminorm, which integrates
finite differences over the domain.

Given p > 1 and a fractional parameter 0 < 6 < 1, we can readily establish a basic fractional
analogue of the (1, p)-Poincaré inequality. Namely, there exists a constant ¢, > 0 such that for every
f €Ll (R") and every cube Q,

loc

1£(x) = F()IP v
i |1 -rolar e (o [ [ LS g™,

This estimate follows directly from Jensen’s inequality and the geometric bound |x — y| < v/nf(Q) for
points in Q:

|Q|/|f( x) = foldx < |Q|2//|f( %) = F)ldy d

< (ﬁ/Q/Q £ = PGNP dy dx)"

S(u/ﬁf(Q))MP [ [ressor, dx)p
0J0

5 x = y|r+or

_cnf(Q) (|Q|/ deydx)p.

lx — y|r+op
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However, inequality (1.18) is not sharp in its dependence on the parameter 6. In [BBM02], Bourgain,

Brezis, and Mironescu proved a refined version of this inequality that includes a key extra gain

ol )~ fOIP \P
@ |1 -relarseii-obeor (g [ [ LOLOEwa)".

The appearance of the factor (1 — 6)% is not merely a technical artifact, it reflects the correct
asymptotic behavior of the fractional seminorm as 6 — 1~. In a seminal result, Bourgain, Brezis, and
Mironescu [BBMO01] demonstrated that this exact seminorm recovers the classical local gradient in the
limit for every f € WP (Q),

() = F)]P g I ’
11rn (L-6)r (|Q|/ Q—Ix—y|"+5p dydx) =(C (IQI/ |Vf(x)|1’dx)

In fact, the factor (1 — 6)71’ is strictly necessary, without it, the limit is infinite for any non-constant
function [Bre02, Corollary 1]. The extra gain factor (1 — 6)% has recently been called the BBM
phenomenon [HMPV23].

Moreover, it was also proved in [BBMO1] that the right-hand side of (1.19) satisfies the uniform
bound

1 1
lf () - fOD)IP P
(1- 6)1’€(Q) ( / ——————dydx| <c,t(Q) |Vf(x)|p dx| . (1.20)
10| o lx—ylmror " IQI
At the other endpoint of the fractional scale, Maz’ya and Shaposhnikova [MS02; MS03] showed
that introducing a factor of ¢ » allows the global fractional seminorm to recover the L” norm of the

function itself as § — 0*. Specifically, there exists a constant C, = C,(n, p) such that

P ¥ 5
i [ 5 <[ o

These fractional estimates also satisfy a self-improving property. For any p > 1, the L' oscillation
on the left-hand side of (1.19) can be upgraded to an L” norm. Namely, there exists a constant ¢, ,, > 0

such that for every cube Q,

v £ () = FO)IP ’
(|Q|/|f(x) fQ|de) < cnp(1-6)70(0)° (IQI/ QWdydx) .

Furthermore, in the range 1 < p < %, this self-improving technique shows that (1.19) actually

implies the following weak fractional Poincaré—Sobolev inequality,

p 1
I = foll (g, gg) < Enn (1= 07 €(0)° (|Q|/ Q%dydx) L aan

> 1]

where the fractional Sobolev exponent p’; is defined by the relation
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which yields the explicit expression
« ._ NP
Ds: n—op’

Furthermore, we can also reach the optimal Lorentz space L”s°”, mirroring the sharpest results for
the gradient, stated in Theorem 1.36. As shown in [DLV23], the truncation method is also applicable
to fractional seminorms. We will rely on the following version, which merges the ideas from [DLV23]

with the weak-implies-strong argument of [KOO03] to improve it up to the Lorentz norm L?-P.

Theorem 1.38. Let 1 < g < coand 1 < p < g, let u be a Borel measure on R" with u(Q) = 1, let
O C R" be a cube, and let K : R™ X R" — [0, 00) be a nonnegative measurable function. Assume that

there exists a constant C > 0 such that for every f € Lip(Q),

If = foull oo, < € (/Q /Q 1F ) = fF(2)IPK(y.2) dy dz) .

Then there exists a constant ¢, 4 > 0 such that for every f € Lip(Q),

IF = folanigm = naC | [ [ 1o rorke.s o a .

Proof. Fix f € Lip(Q). Let b € R be a median of f over Q with respect to u, that is

uttreo: 0 zon 2 2 amd pxeo: fospp 2.
We split f — b into its positive and negative parts, setting v, = max{f—5b,0} and v_ = —min{f - b, 0}.

In the sequel, let v denote either v, or v_. Since f is Lipschitz on Q, so are v, and v_, and in particular
0 <v(x) <ooforevery x € Q. Let 0 < f; <t < co. Observe that, due to our choice of the median,

u{xeQ: vif (x)=0}) > @ Applying Lemma 1.33 to vZ we get, for every ¢ > 0,

. L Lyt t
tu({x € Q v (x) > t})a <24 Llrellf&”vtf =l a0

< il v - (vg)Q,.UHL‘I*“(Q"“)

<outle VE(y) = v2(2)PK (v, 2) dy dz|
< o Jp i) y.2) dy ,

where we invoked the hypothesis of the theorem, valid since truncations of Lipschitz functions remain

Lipschitz. Hence,
e i@ > s e [ [ i SE@IKe a0

We now estimate the L4-? (Q, u) quasi-norm of v,

© r
||v“€q,p(Q’#) = pA tp_I/J({x € Q . V()C) > t}) a dt
r 2k
< Z#({x €0 :v(x)>2K1a / ptP~Vdt
2k—l

kezZ

=27 - 1) Y 2Pu({x € @ v(x) > 24},

keZ
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Since {x € Q : v(x) > 2%} c {xe 0: 2

Sket (x) > 2k_2}, we can apply (1.22) with r = 2K=2, ¢ = 2k~1
and t, = 2%. Hence

P
2P u(fx € 0 :v(x) > 27 < ¢, 2Py ({x €Q: vgi_l(x) > 2"‘2})"
p 2k _ 2k P
< ¢pqC /Q/Q Vi1 () = V5 (DI K (y, 2) dy dz.

Summing over k € Z, we get

L gy S €paC” D / / VL0 L @I K dyde. (123)

keZ
It remains to control the sum on the right-hand side. For k € Z, set
Er={xeQ: v(x)>2"}, Ag = E-1 \ Ex,
and also
Ao={x€eQ: v(x)=0}.
Since v is finite, we have the disjoint decomposition
0=A_U U Ay
i€Z

2k

2k-1
Therefore, using the preceding dyadic decomposition, we obtain

Z/ / |V§Z-1()’) - V%:—I(Z)V)K(y,Z) dy dz
kezZ
Z/ / |v2k () - 2k I(Z)IPK(y,Z) dy dz

keZ —co<i<k j>k

+ZZ Z //|V2k1(y) 2kl(z)lf”K(y,z)dydz (1.24)

keZizk —o<j<k

For each k € Z, the truncation v is constant on the regions where v < 2X~! and where v > 2k,

We estimate the first term. Let y € A; and z € Aj, with —co <i <k < j. If j — 1> i, then
V() = v(@)] = (@)= (=27 =27 > 2772,

and,
Vet () = vy ()] < 267 < 2K,
Consequently,
V3t () =3 (A < 4- 25T () = v(2).
On the other hand, the estimate

V2 () = V3L (D] < v (y) = v(2)].

holds for every k € Z. Therefore,

V2 () = v (@] < 42T u(y) = v(2), (1.25)
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whenever —co < i < k < jand (y,z) € A; X A;. Using (1.25), we get

Z Z Z /A,- /A, lvii—l (y) - vg;_l (D)IPK(y,2) dydz

k€Z —co<i<k jzk

S4PZ Z Zzp(k—j) /A-/A-|v(y)—v(z)|pK(y,Z)dde.

ke€Z —oco<i<k j>k

Changing the order of summation and using Zizi 2rk=J) < 2re0 2-prt = we obtain

1
27>

Z Z Z/Ai /Aj |V§IZ-1(Y)—V§I;_1(Z)|pK(y, z)dydz

keZ —co<i<k j>k

= 1—4127—p Z /A_/A_|V()’)—V(z)|pK(y,z)dydz

—00<i<j

/ / v () = v(2)PK(y. 2) dy dz.
0JQO

4P
1-2-»r

<

The second term in the right-hand side of (1.24) is estimated in the same way, with the roles of the

variables interchanged. Combining the two estimates, we conclude that

3 /Q /Q V2L () VL @IPK (2 dy dz < ¢, /Q /Q v(y) ~v(@)IPK(y, ) dydz,  (1.26)

keZ

where ¢, = 2%. Combining (1.23) with (1.26), we obtain

||v||€q,,,(Q’ﬂ) <cpqgCP / / v(y) = v(2)|PK(y,z) dy dz. (1.27)
QJ0
We now apply (1.27) to v4 and v_. Since

ve(y) —ve (| < [f() = f(DI, v,z €0,

and since | f — b| = v4 + v_ with disjoint supports, we obtain

p p P
1 =51 o < V0 + 1020

<cpaC” [ [ 1£0) - FQIPK (2 dy .
0JQ
Finally, since u(Q) = 1 and g > 1, by (1.4) we have
ou=b1< [ 17 =bldn < cpyllf =blisoiom.
Using the quasi-triangle inequality and the fact that || xol|za.r (0,.) = 1, we conclude

If = foullLar.u < cp.q (If = bllLaro.u + | fo.u = bl)
< cpqllf = bllLar(o.u

<cpgC ( /Q /Q 1fO) = FRIPK (y.2) dydz )| .
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We also use the following version using ideas of [FPW98, Theorem 3.1] in order to keep the
unweighted average fo on the left-hand side. We refer to [LW26, Proposition A.2] for an explicit
proof of a related result.

Theorem 1.39. Let 1 < p < g < oo, let Q C R" be a cube, let u be a Borel measure on R" such that
u(Q) =1, andlet K : R" X R" — [0, o) be a nonnegative measurable function. Assume that there
exists C > 0 such that for every f € Lip(Q),

I = ollamigu =€ ([, [ 110 - sk ).

and

=

p
g e -selassc([ [ 1701 roree.oa ]
Then, for every f € Lip(Q), we have

1f = Foll o, < 130C ( /Q /Q () = FRIPK(y.2) dy dz) '

Proof. Following the definitions and notation introduced in the proof of Theorem 1.35, we obtain

*® p dt
g =p | Patlre v > ¥
24 o Ak
dt kel r dt
Sp/ t”—+p2/ 1P (E)s =
f k=17 !
< )7 + Zak+1u<Ek>q

- P
<o [ 1 - F@PKG. 2 dydz+ Y (BT,
0JO k=1
On the other hand, exactly as in the proof of Theorem 1.35, we have
A
Ekc{er ‘vlk (x) - (v 1)Q‘ k- 1} k1.

Therefore, applying the weak-type assumption to vﬁ’f_] , we obtain

ZakHu(Ek)q <8PCPZ / / % () v QIPK(y,2) dy de.

Finally, the remaining sum on the right-hand side is estimated exactly as in the proof of Theorem

1.38. More precisely, applying (1.26), we obtain

Z / / v () v QIPK () dydz < ¢ / / FO) = FIPK (3, 2) dy dz,

where we observe that ¢;, < 16”. Combining the previous estimates, we conclude that

1 = follzariom < 130C ( /Q /Q FO) = FRIPK (y.2) dy dz) ’
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Combining the weak-type fractional Poincaré—Sobolev inequality (1.21) with the fractional truncation

method, we obtain the following result.

Theorem 1.40. Let 0 < 6 < 1 andlet 1 < p < 5. Then there exists a constant ¢, > 0 such that, for

every cube Q C R" and every f € WP (Q), we have

1

17 = foll (g 1) < enr (1 =00 000)° (15 |

lf(x) = f)IP dy dx F'
101 Jo Jo

|x _ y|n+5p






Chapter 2

Self-improving generalized Poincaré
inequalities to Poincaré—Sobolev
inequalities and applications

In this chapter, we present the results of the following work, with some detailed proofs.

[CPZ26] CLAROS, A., PErREz, C. AND ZHENG, L. From Generalized Poincaré to Poincaré-Sobolev

inequalities via self-improving methods, arXiv preprint arXiv:2606.08556 (2026).

The results developed here study the self-improving phenomena for generalized Poincaré-type
inequalities mentioned in Chapter 1. More precisely, we show how a discrete summability condition
on the functional controlling the local oscillation leads to quantitative generalized Poincaré—Sobolev
estimates. The later sections apply this principle to weighted first-order and fractional Poincaré—Sobolev
inequalities, Lorentz refinements of the gradient term, polynomial and vector-valued oscillations, and

extensions to rectangles.

2.1 Introduction

The classical local (1, 1) Poincaré inequality asserts that there exists a dimensional constant ¢;,, > 0
such that for every f € Wllo’: (R™) we have

1

1 1
4 |

/Q 700 = foldr < e ((Q) 1 /Q 19/ ()] dox. @.1)

for every cube Q c R".
This inequality enjoys a self-improving property that has been the focus of recent studies. Notably,

this phenomenon does not stem from the presence of the gradient on the right-hand side of (2.1), but

37
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rather is a consequence of a discrete summation condition inherent to the functional therein. Motivated
by this, we consider inequalities of the form
1
0|

valid for every cube Q, where a is a functional defined on the family of all cubes in R" with sides parallel

/Q 1£() — fol dx < a(Q). 2.2)

to the coordinate axes. Inequalities of this type, featuring a local oscillation term on the left-hand side
and a functional a(Q) on the right, will be referred to as generalized Poincaré inequalities.

Generalized Poincaré inequalities and their self-improving properties were first studied in a general
framework by Franchi, Pérez, and Wheeden [FPW98] (see also [MP98; LP05] for further refinements).
In this setting, the functional a is required to satisfy a suitable geometric discrete summation condition.
This approach provides a way to obtain weighted Poincaré—Sobolev inequalities without relying on
classical representation formulas. For a recent overview of this approach and its connections with
harmonic analysis, including Poincaré—Sobolev, Trudinger, and John—Nirenberg type inequalities, we
refer to [Pér26].

A major motivation for studying weighted Poincaré—Sobolev inequalities comes from the regularity
theory of degenerate elliptic equations. In their seminal work, Fabes, Kenig, and Serapioni [FKS82]
used such inequalities as part of the Moser iteration scheme to prove local Holder regularity for weak
solutions of degenerate elliptic equations whose ellipticity is controlled by an A, weight (see also
[HKMO06]).

While the self-improving results in these earlier works hold in the more general setting of spaces
of homogeneous type, the specific geometry of cubes in R” (with sides parallel to the axes) allows
for a more delicate analysis. In the present chapter, we exploit this framework to obtain more precise
estimates than those treated in [FPW98] or [MP98]. Within this context, the discrete summation

condition introduced in [FPW98] can be stated as follows.

Definition 2.1. Let w be any weight in R”. We say that the functional a satisfies the weighted D ,,(w)
condition for 0 < p < oo if there is a constant C such that, for any cube Q and any family {Q,}; of
pairwise disjoint subcubes of Q, the following inequality holds:

D a(0)Pw(Q;)) < CPa(Q)"w(Q).

J

The best possible constant C above is denoted by ||a|| D, (w)» and in this case we write a € D, (w).

In [FPW98] it was proved that if w € A, and @ € D, (w), then the starting point inequality (2.2)
implies a weighted weak L? generalized Poincaré inequality. More recently, the dependence of the
constants in the main result was improved in [CP21], in the context of cubes as a consequence of an
extension of the John—Nirenberg theorem. For completeness, we state the latest version of this result

below.

Theorem 2.2. Let w € A and let 1 < p < oo. Consider a functional a satisfying the D ,,(w) condition

with constant ||al| D, (w)- Let f be alocally integrable function such that

1
o /Q £(0) — foldx < a(Q).
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for every cube Q. Then, for every cube Q,
17 = Foll . (g, ) < enplwlas Nlallp, ) a(Q). (2.3)

As a consequence of the so-called Kolmogorov inequality, (2.3) yields the following strong estimate:

1 d 2
(W(Q) /Q |f(X) - leqW(x) dX) <cp (ppfq) p[W]Am ”a”D,,(w) a(Q)’

for all 0 < g < p. Thus, the D, (w) condition implies that (2.2) improves to a weighted L9 inequality
for every 0 < g < p, although in general it is not known whether it yields the strong norm L? bound.

In the case of functionals for which the truncation method (or a weak-implies-strong argument)
is applicable, (2.3) does indeed imply the L? estimate (see [KOO03]). More recently, the condition
introduced in Definition 2.1 was sharpened in [PR19]. This more refined formulation is satisfied by
the fundamental examples and was specifically designed to yield direct strong-type L? estimates, in
contrast to the weak-type L? bounds obtained under the original D, condition. The new condition,
denoted by SD7,(w), is stronger than D ,(w), yet it is satisfied by a broad class of functionals (see
[PR19; CMPR23; HMPV23] for examples in a variety of settings).

The precise definition is the following.

Definition 2.3. Let w be any weight in R”, and let s > 0. We say that the functional a satisfies the
weighted SD7,(w) condition for 0 < p < oo if there is a constant C such that, for any cube Q and any

family {Q} of pairwise disjoint subcubes of Q, the following inequality holds:

U, 0]

3 a(@)Pw(g)) < c? —) a(Q)"w(Q).

J

10|

The best possible constant C above is denoted by ||a||g D3 (w)> and in this case we write a € SD},(w).

The constants ||a[|p,, (w) and ||a]| sD3 (w) are always greater than or equal to 1; we shall omit the
subscript when there is no ambiguity; moreover, when working with Lebesgue measure (i.e. w = 1)
we will also drop the dependence on w and simply write ||al|p, and ||a|[sp;. This condition may
be viewed as a strengthened version of the D ,(w) condition, incorporating an additional smallness

preservation factor on the right-hand side. A typical example of a functional satisfying this condition is

v(Q) )5
w())

where v is a locally finite measure and «@,p > 0. It was shown in [PR19, Lemma 3.2] that
a e SDY(w).
The main self-improving result of [PR19] states thatif w € A and a € SD7, (w), then the inequality

a(Q) =5(Q)“(

(2.2) implies a weighted L? generalized Poincaré inequality. In that paper, Pérez and Rela conjectured
that the A, assumption could be removed. A partial step in this direction was later obtained by
Martinez-Perales [Mar21]. More recently, the conjecture was fully resolved by Lerner, Lorist, and

Ombrosi [LLO22]. Their approach relies on sparse domination to derive a pointwise estimate and,
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moreover, yields an improved dependence on s in the resulting constant. One may ask if the assumption
w € A in the D ,-type self-improving result, Theorem 2.2, can also be removed; the answer is no. We
construct a counterexample in Proposition 2.10 to illustrate this phenomenon.

We now state the self-improving result proved in [LLO22].

Theorem 2.4. Let 1 < p < oo. Consider a functional a satisfying the SDY,(w) condition with s > 0

and constant ||a||. Let f be a locally integrable function such that

1
o /Q F(0) — foldx < a(Q),

for every cube Q. Then there exists a dimensional constant c,, such that, for any cube Q,

2

1 :
(W(Q) /Q |f(x) = lepw(x)dx) <cn(1+59)|lalla(Q). (2.4)

The SD7,(w) condition is notably flexible and has found applications in several contexts, including
the multi-parameter setting of rectangles [CMPR23] and fractional Poincaré—Sobolev inequalities
[HMPV23].

2.2 Main self-improving result

The purpose of this section is to establish the main self-improving theorem of the chapter. We work
under the assumption that the functional a satisfies an SD},(w) condition and that the weight belongs
to A, for some 1 < r < co. The resulting gain depends on the “dimensional” parameter rs: below
this threshold we obtain a weak-type Sobolev improvement, while in the borderline and supercritical
regime the conclusion is of exponential type. We shall also show later that the exponent obtained in the

weak-type range is sharp for a wide range of values of r.

Theorem 2.5. Let 1 < p <00, 1 <r < o0, 1 <s < oo, and let a be a functional over cubes. Let

w € A, and let f be a locally integrable function satisfying
1
o [ e = fold < a(@),
[
for every cube Q.

® Assume that a € SD,(w) and p < rs. Then there exists a dimensional constant ¢, > 0 such

that, for every cube Q,
1
If - fg!ILp;,s,m(Q,ww%c;x) < cnply Wl wly llalla(Q), 2.5)

where p;. ¢ is defined by the relation
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® Assume that a € SD7,(w) and p > rs. Then there exists a constant ¢y, > 0 such that, for every
cube Q,

1
_ P
I = foll g (g, st ) < €np [, IW15, llala(@), 2.6)
Here || - ||exp (x, ) denotes the Luxemburg norm associated with the Young function ®(r) = e’ — 1,

namely

”f”expL(X,,u) = inf {/l >0: /X(I)(UCSC”) du(x) < 1} .

Estimate (2.5) reflects the compatibility between the D), and the SDj, conditions. Indeed, by

Holder’s inequality, if 1 < p < s and

py ="
s—p
then
Dp: CSD3 C SDY’:‘)',
with
lallg e < llallspy < lallp,;.

Thus, in the case r = 1, Theorem 2.5 shows that the SD7, assumption already yields the sharp weak-LPs
generalized Poincaré inequality associated with the D+ condition. In this sense, (2.5) improves the
estimates obtained in [PR19; LLO22] when w is an A, weight.

Estimate (2.6) extends [PR19, Corollary 1.9] in two directions: no monotonicity assumption on
the functional a is required, and the argument works in the weighted setting under the more general

condition a € SD7,(w).

Remark 2.6. Consider the unweighted setting w = 1. Then w € Ay, and therefore we may take r = 1

in Theorem 2.5. In the classical Poincaré inequality,

1 _ 1 o\
|Q|/Q|f(x) fQIdstnf(Q)(lQl/QlVf(X)l dx) ,

the corresponding functional belongs to SD’,. Thus s = n is the natural dimensional parameter in

this model case. If 1 < p < n, the exponent p] , in (2.5) is precisely the classical Sobolev exponent
pr= n”_pp. On the other hand, in the borderline and supercritical regime p > n, equivalently p > rs

with r = 1 and s = n, Theorem 2.5 yields the exponential endpoint (2.6), in agreement with the

classical Trudinger-type behavior.

Remark 2.7. The exponent p; ¢ in (2.5) is sharp in the range 1 < r < p and s > n. Indeed, in
Propositions 2.11 and 2.12 we construct weights w € A, and smooth test functions for which the

conclusion of (2.5) fails if p; ; is replaced by any larger exponent.

In Section 2.7, we extend Theorem 2.5 to higher-order oscillations by replacing the average fo,
in both the hypothesis and the conclusion, with an appropriate polynomial Pg f. This polynomial
denotes the projection of f onto the space of polynomials of degree m in n variables over Q, leading to

corollaries of Poincaré-type inequalities involving higher-order derivatives. In Section 2.8, we extend
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it to vector-valued generalized Poincaré inequalities. Specifically, we consider functions f : R" — £,
where the oscillation in both the hypothesis and the conclusion is measured with respect to the £;-norm,
appearing as || f- fQH t Furthermore, in Section 2.9, it is also extended to the case of rectangles in
R™.

Before proving Theorem 2.5, we record a simple extrapolation lemma from weak-L? estimates with
linear growth in p to exponential integrability. This will be used only in the endpoint and supercritical
regime p > rs, where the weak-type conclusion obtained from the subcritical argument is converted
into the exponential estimate (2.6). The following proposition is a refinement of [CP21, Proposition
2.3].

Proposition 2.8. Let (X, ) be a probability space and let f > 0 be measurable. Assume that there

exist constants y > 0 and po > 1 such that for every p > po,

lfllzr=(x,u) <Y P- (2.7)

Then, [ € exp L(X, u), in the sense that
t
a({x e X : f(x) > 1)) < ePexp ( - —),
ey
for every t > 0. Moreover, there exists an absolute constant C > 0 such that

I fllexpz(x,) < C PoY-

Proof. Fix t > eypg. Choose p = p(t) := j > po, so that yp/t = e~'. Applying (2.7) with this

choice of p gives
1\p() t
ureX:fo>ms(-) =exn(-=),
e
for every t > eypo. If 0 < t < eypo, then u({x € X : f(x) > t}) <1 and hence
t
p({x e X : f(x) > 1)) < ePexp ( - —),
ey

since exp(—t/(ey)) = e~ 0 in the range 0 < t < eypy. Therefore, for every ¢ > 0,

u{xeX: f(x)>1t}) Se”oexp(—é).

O

We shall also use the following local good-lambda type inequality from [CP21, Corollary 1.4].
The version below, formulated in terms of the localized dyadic sharp maximal function, follows from
[CP21, Remark 3.1].

Proposition 2.9. Let f be a locally integrable function and let w € A. Then there exist dimensional
constants cq, ¢y > 0 such that

C2

yIwla.

w(freo: Mo(f - fo) ) > 4, M £ () < vaf) < crexp (— )w(Q),

for every A,y > 0 and every cube Q, where

Myf@i= sup o [ 170) = fal dy.

X€ER
ReD(Q)
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With Propositions 2.8 and 2.9 in hand, we now turn to the proof of Theorem 2.5.

Proof of Theorem 2.5. We first show that estimate (2.6) follows directly from estimate (2.5) and
Proposition 2.8. Suppose that a € SD7,(w) with p > rs. Then, for every 59 > s,

Z a(Q)Pw(Q)) < llallgps ()

J

(ij Q|

0] ) a(Q)Pw(Q)

ok
< llallg s ) (%) a(Q)"w(Q),

for any family {Q}; of pairwise disjoint subcubes of the cube Q. Hence ||a||SDso(W) < llallspg (w)-
p

For each p < g, we choose sg to be the constant satisfying the relation

Since p < rsgp, applying estimate (2.5) gives

1
I/ - fQIILq,w(Q’W%X) < caglwlanIwl} llallspsw) a(Q),

for every ¢ > p > 1. We can apply Proposition 2.8 with

1
y = ealwlas vl llallspy o) a(Q).

and we obtain the desired result (2.6).

We now prove the estimate (2.5). Fix a cube Q, our goal is to show that for every ¢ > 0,

tPrsw({x € Q1 |f(x) = fol > 1}) < llallPm=(ca P} [w]Am[w];ﬁa(Q))P?s w(@).  (28)

Denote M, as the dyadic maximal operator localized in Q. Since

|f(x) = fol < Mo (f = fo) (%),

we can estimate the larger set

Q ={x€Q: Mo(f - fo)(x)>1}.

Let {Q;}; be the maximal dyadic cubes forming Q. Then, either {Q;}; = {Q} or the cubes Q satisfy

the condition :
t<—/ |f — fol <2"t (2.9)
19;1 Jo,

and for almost every x € Q \ U;Q;, we have |f(x) — fo| < t. Let k = 2" + 1. We claim that

w( Q) < ) w(Eg)),

J

where

EQ,- ={xe Qj : MQj(f—fQj)(x) >t}
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When {Q;}; = {Q}, this claim holds trivially. In the other case, since « > 1, it is not difficult to show

that, except for a set of null measure,
Qu c | Jfre Q) Mo, (f - fo)(x) > 1}
J

For every integer j, by (2.9), we have | fg,; — fol < 2"t. Now letx € Q,, N Q;. Since k > 1 and Q; is
maximal in the Calder6n—Zygmund decomposition of €;, the supremum defining Mo (f — fo)(x)
may be restricted to dyadic subcubes of Q ;. Hence

kt < Mo (f - fo)(x)
= Mo, (f = fo)(x)
< Mo, (f = fo,)(x) +1fg; = fol
< Mo, (f = fo,)(x) +2"t.
Since k = 2" + 1, it follows that
Mo, (f = fo,)(x) > 1,

and this completes the proof of the claim. Note that for every y > 0,

Eg, S{x € Qj: Mo, (f - fo,)(x) > 1, M{f(x) Sy} U{x € Q; : M{,f(x) > yi}
I:Aj U B]

Thus, we have

J J

W( Q) < > w(Eg,) < > w(Aj) + Y w(B)).
J

For the sets A ;, we use Proposition 2.9,
T __©
D WAy <cie T 3 w(Q)) = cre” M w(Qy),
J J
where ¢y, ¢ > 0 are dimensional constants. On the other hand, for B; we can argue as follows. We

have
B ctreo: Myf) >y = R,
J i

where R; are the maximal dyadic subcubes of Q such that

1

yt < —
|R;|

/ £ () = fr,ldx.
R;
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By the initial hypothesis of the theorem, we know that yr < a(R;). Now, we will be using the condition

that a satisfies, namely a € SD;,(W). Then,

ZW(B]') <w({xeQ: Mgf(x) > yt})
ZZW(Ri)

J
p
<[] Do

; 1)P(|UiRl-|
sllal (yt 0]

altoiy (1) (M) eorwio.

)S a(Q)"w(Q) (2.10)

T

This implies that
WU RO\ e (1)
( o) ) < wly (;) lall?a(Q)".

and hence

WU R) _ Phs (1P
S <l (;) lal|P"sa(Q)P+-s.

Combining these results, it follows that,
— 2 p;ii,s 1 p:,s . .
W( Q) < cre” AT (@) + [w] ) (%) lall?*+a(@)P+w(Q)
and then
Pr.s

. 2 . Prs [ \Prs X .
(k)Prsw(Qpr) < cre Maey (kt)Prow(Qy) + [w] )7 (;) lall”r=a(Q)Prsw(Q).

We define

@(N) = sup tPrsw(Q,),
0<t<N

since this function is increasing, we have
Lo Prs (g \Prs i} .
¢(N) < ¢(Nk) < cixPrse MasYo(N) + [w] [ (;) lallPr=a(Q)Pr=w(Q).

Since the parameter y remains free throughout the derivation, we may set it such that

P S
cikPrse Mg = =

2 b
then

<c¢n [W]Ampi,s'

-

This yields the estimate

p(N) < el w12 [w] 7 (pr )Prs[lallPisa(Q) P w(Q).

Passing to the limit N — oo in the above inequality yields (2.8), concluding the proof of the theorem. O
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Before addressing the sharpness of Theorem 2.5, we present a consequence of Proposition 2.8.
Specifically, the following result shows that the condition w € Ay is necessary for the D ,-type
self-improving property (Theorem 2.2) to hold. More precisely, if the conclusion of Theorem 2.2 holds

for every functional a € D, (w), then w must belong to A, with quantitative control of [w] 4

"

Proposition 2.10. The assumption w € A in Theorem 2.2 is necessary. More precisely, let w be
a weight and assume that there exists a constant C,, < oo such that, for every 1 < p < oo, every

functional a € D, (w), and every locally integrable function f satisfying

1
o [ e = foldx < a(@),
101 Jo
for every cube Q, we have
|If - fQIILp,m(Q,W%X) < Cwp llallp, () a(Q). @.11)

Jor every cube Q. Then w € A with [w]a_, < cnCy,.

Proof. Assume that (2.11) holds for a weight w. Let f € BMO and define a(Q) := || f|lsmo for every
cube Q. Then,

1
o /Q F(0) — fol dx < a(Q).

for every cube Q. Moreover, a € D, (w) forevery 1 < p < oo and |lallp,w) = 1. Applying (2.11),

we obtain, for every cube Q and every 1 < p < oo,
Ilf - fQ||Lp,DO(Q’W‘/E;(()Qz§x) < Cypl flB™mO-
By Proposition 2.8, it follows that
— < .
Ilf fQ||expL(Q,va)(c>Qz§x) <CCy |IfllBmMO

Hence f € BMO,, and
I fllBmo,, < C Cy |l flIBMO- (2.12)

Thus we have proved Id : BMO — BMO,,. However, by the characterization proved in [OPRR20),
Theorem 1.2], the embedding Id : BMO — BMO,, holds if and only if w € A, therefore w € A.
Moreover, taking the supremum in (2.12) over all f € BMO with || f|lsmo = 1, and using again
[OPRR20, Theorem 1.2], we obtain [w]s_ < ¢;,Cyy. m]

2.2.1 Sharpness of the exponent

We next show that the exponent p;. ¢ in (2.5) is optimal, in the sense that it cannot in general be replaced
by any larger exponent. The examples below cover the range s > n, 1 <r < p,and p < rs.

We start with the case s =nand 1 <r < p <nr. Since A, C A, the weighted Poincaré inequality
obtained from (2.1) and (1.8) applies to every w € A,.. Thus

1

! / [VF(x)|[Pw(x)dx ’ = a(Q). (2.13)
Q

! :
@i 170 = folas < culwl} 00 5
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Moreover, from [PR19, Lemma 3.2], we know that a € SD', (w). Then, applying Theorem 2.5, we
obtain

17 = Sell g, minsas) < enp ¥l Lo, [W];,]’;f(Q)( / o o)

Q)

L - nir The next proposition shows that this exponent cannot be

for every cube Q, where F = %
improved.

For the sake of simplicity, in the following two propositions, we use the notation A < B to indicate
that there exists a constant C, depending on n, p, ¢ and [w]4,, and on any fixed auxiliary cut-off

function chosen in the proof, such that A < CB.

Proposition 2.11. Suppose 1 <r < pand 0 < é < % - % Let Q = [—1,1]". Then there exists a
weight w € A, such that
1
P
- o0 w(x)dx) ~ |V (x)lp W(X) dx (214)
¥4 fQHLq, (0 %) ( 0 / f

cannot hold for every f € C2(R").

Proof. Suppose (2.14) holds for every f € CZ(R"). Let B = B(0,1). Since A, weights satisfy the
doubling condition and B ¢ Q C B(0, v/n), applying (2.1) and (2.13), for every f € C(R™), we have

—_ ) S —_ s dx + —
s fBlqu,m(B’xT%) I/ fQIIU,,M(B,%) /8 = fol

1
SUF = follpumo ) * o, F = Fol

( (Q)/ |Vf|pwdx) . (2.15)

Let w(x) = |x|°" with 0 < § < nr, it is well-known that w is an A, weight. Let ¢ be a smooth
function supported in B(0,2) and equal to 1 on B(0,1). For 0 < & < zlv we define fq(x) = ¢(3).
Since f, vanishes on E = B(0, 1)\B(0, %), applying (2.15),

llf‘g”Lq""’(B,X(‘g) <|fe- (fs)B”Lq,w(B,x(,g; +|(fe)sl

< |Ife - (fs)B”Lqm<

)
) + Ife = (fs)B”Lqm(E )
)

*w(E)
S ||f€ - (fS)BHL‘/’m(B w(dx)
*w(B

1 I
_ Vis|Pwd , 2.16
s(W(Q)/QIflwx) 2.16)

where we used that f. = 0 on E, and hence

(o)l < e = (bl g,

w(E

<

together with the fact that w(B(0, 1)) = % ~ w(E). Notethat f, = 1on B(0, &) and |V f¢| < lEXB(()Jg).
Therefore,

’

(w(B(o, 8))):, - ool

el o (s, 2ax) 2 | 50 B)

w(B)
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and 1 1
1 | B(0,2 P
(—/ |Vf8|”wdx) < - (M) ~ go/p-l, (2.17)
w(Q) Jo e\ w(Q)
Applying estimate (2.16), we have
PP (2.18)
: L_ 1 1 :
Since 7" 7 < mr Wecan choose ¢ sufficiently close to nr so that
1 1
o(3-a) <1
q P
Then the exponent in (2.18) is negative, so the left-hand side tends to infinity as &€ — 0, contradicting
(2.18). O

Now, we construct the corresponding counterexample for the case s >nand 1 <r < p <rs. As

before, since A, C A, applying the fractional Poincaré inequality (1.19) and (1.8), for 0 < @ < I and

weEA,,
p r _
o1 [\ ~ el e < @) 5 g |2 ) = a0
e ) -1
07 = [

is the local fractional derivative of order @. From [PR19, Lemma 3.2], we know that a € SD7,(w)

with s = 2 > n. Then, applying Theorem 2.5, we obtain

I = Soll (g, 0x) < €0@)° ( / |@Qf<x>|Pw<x>dx) :

(Q)
1 1_ 1 . o S . .
where TP T The following proposition proves the sharpness of (2.5) in this fractional regime.
Proposition 2.12. Suppose 1 <r < p and 0 < é < % o= Let Q = [=1,1]". Then there exists a

weight w € A, such that

I = follumo,me dx)w( /Q I@gf(X)l”W(X)dX)p (2.19)

cannot hold for every f € CZ(R").

Q)

Proof. The strategy of the proof is similar to that of Proposition 2.11; the only difference appears in
the estimate (2.17). We use the same weight

w(x) = [x]°7",

with 0 < ¢ < nr, and the same test functions f.(x) = ¢(%). We decompose

/ DL, Ful? |6 dx < / D2, ol e]O" d
B(0,4¢)

Llogy (1/£) ]
+ / | D% folP x| 2" dx.
) B(0,251£)\B(0,2k &)



2.2. MAIN SELF-IMPROVING RESULT 49

For x € B(0,4¢),

D10 = [ D= L0,

3 X —y[re

[ lewoso, o) = £
B(x,4¢) |X - y|n+a 2B\B(x,4¢) |X - y|n+a

1 lx —y| 1
< LIvell e / N gl e e _
£ =) B(x,s) [X = Y|+ =) RA\B(x,4g) X — Y[
1 o o
< L1vell e / 1 dy o+ [l Lo / Y1 dy
& B(0,4g) R™\B(0,4¢)
< e 2.

~

For x € B(0,2K*1£)\B(0,2%¢) with k > 2, we have f.(x) = 0 and |x — y| = |x| ~ 2X& whenever
y € supp fe. Thus,

Dipfe(x) = / VWl dy < l@llLe@ny (256) " (2e)" < (2F) e,

B(02¢s) [X — y[M*e

Combining everything together,
1

( 1 /ID“fI”I |5-"d)”
_ =P |x X
w(2B) )5 B

1
Llogy(1/¢)] P

1
< 6p e P / [x|°~" dx + =P Z (2k)_”p_"p / x|~ dx
B(0,4¢) = B(0,25+1)\B(0,2% ¢)
1

Llogil/s)] P

< @ 86 +86 (2k)—np—ap+6
k=2

< gd/r-a, (2.20)

On the other hand, as in the proof of Proposition 2.11,

w(B(O,8)\7
||fs||Lq,m(Bm)z(—w(B) ) < ool

Hence, if (2.19) were true, then (2.20) would imply

gbla < gﬁ/p—(t’

or equivalently
1 1
86(5_;)+(Z < 1.

Since + — 1 < —& we can choose ¢ sufficiently close to nr such that

1
q p nr’
i3]
o|l———| < —-a.
q9 P

Then the last estimate fails as & — 0, and we arrive at a contradiction. O
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2.3 Self-improving results to L1+ generalized Poincaré-type
inequalities

For the A, class of weights, we refine Theorems 2.2 and 2.4 by obtaining a stronger self-improving
conclusion. More precisely, we show that, under the condition SD3,(w), the corresponding Poincaré-

. . . . 1) oo . .
type estimate improves to an estimate in L”(1+3)-* with respect to the normalized weighted measure.

Theorem 2.13. Let w € A, let 1 < p < oo and let a be a functional over cubes. Let f : R — R be

a locally integrable function such that

1
o /Q £ () — foldx < a(Q). 2.21)

for every cube Q. Ifa € SDj,(w)for s > 0, then for every cube Q,

1 =
1 = fell 1oy (o sty = nP (1 + ;) [Wla. llall=T a(Q).

w

Remark 2.14. In the limiting case s = co, the condition SD%,(w) formally reduces to D, (w). Thus
Theorem 2.13 recovers Theorem 2.2, with the same dependence on the constants.

Comparing with the estimate (2.5), Theorem 2.13 provides a better result under the assumption

r>p (1 + %), in the sense that the norm on the left-hand side is larger.

Proof of Theorem 2.13. The proof strategy is similar to that of Theorem 2.5; we will only highlight

the differences. Starting from (2.10), using the triangle inequality and the definition of the averages,

we obtain
yi<— /lf—fR.|s ! /|f—fQ|+|fQ—fR.|sz 1 /If—fgl-
|Ri| JR, © TR R, ' |R:| /R,
Hence,
‘UR,- - VIRi< Y [ Ur-sol < 2 [ 17 fol < ac@lel
; 7 Yt = JR; Yt Jo vt
Then,

P 5
Yotk slalr () (Za@) w0y

b [ 1 P
=|lal|P2s (—a(Q)) w(Q).
Yt

We proceed as before, combining everything together. Let k = 2" + 1. Then

)2
C

-2 p (1 prs
w(Qyr) < cre Ma"w(Qy) + lal|P2s (%a(Q)) w(Q),

and then
)2

> __% pry
(KPS W( Q) < cre” TTAST (k)P w(Q)) + [|al|? (;) 25w(Q)a(Q)"*s .
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Defining

o(N) = sup t"*Sw(Q,)
0<t<N

and choosing y satisfying

P
C]Kp+?e YWlaew — -,

we obtain that . »
P P Pt J2
(V) < e w3 (p(1+ ) llallPw(@)a(@)P* s

Letting N tend to oo, we obtain the desired result. |
We also provide a self-improving result for general weights.

Theorem 2.15. Let 0 < p < oo and let w be any weight. Consider a functional a satisfying the

SD7,(w) condition with s > 0 and constant ||a||. Let f be a locally integrable function such that

1
o /Q F() — foldx < a(Q) (2.22)

and

”f - fQ||LP’°°(Q,Wv£’(‘>Q‘1)X) < Ka(Q), (2.23)

for every cube Q, where K is a constant independent of Q. Then, there exists a dimensional constant

cn > 0 such that for any cube Q,

1 = Follo2) (g wtssar) = € max {1, (K llal) 77} a(Q).

o)

Condition (2.23) is fairly mild and holds for a wide range of practical cases. Indeed, there are at
least two standard ways to verify it. First, if w € A, one may invoke Theorem 2.2 to obtain a weighted
weak-L? estimate. This yields a conclusion of the same qualitative nature as Theorem 2.13, albeit with
a better dependence on [w] 4 (and, in contrast, a worse dependence on ||a||). Second, for completely
general weights, one may appeal to Theorem 2.4, which provides a weighted strong L” generalized
Poincaré inequality. This immediately implies (2.23) with K = ¢, (1 + s)]|a||. Therefore, Theorem
2.15 applies under very mild additional input, and as an immediate corollary, we recover and sharpen
the main result of [PR19] and its recent refinement in [LLO22].

Now, we turn to the proof of Theorem 2.15, which covers the case of general weights.

Proof of Theorem 2.15. Let 0 < p < oo. Fix a cube Q and let t > a(Q). Observe that by (2.22) we

have,

1
o /Q 1£00) = foldx < a(Q) <.

We consider the local Calder6n—Zygmund decomposition of the function |f — fo| relative to the
cube Q at height 7. Then, there is a family of dyadic pairwise disjoint subcubes {Q ;}; with respect to
0, which satisfy the following properties. For each j,

1

< —/ |f(x) = foldx <2"t, (2.24)
|Q]| Q;
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and for almost every x € 0 \ U; Oy,

|f(x) - fol <t
From the first initial hypothesis (2.22) and (2.24),
U, _ 1 / a(Q)
< — - dx < . 2.25
oF Siigl J, !/ ~leld=—, (2.25)

Let x = 2" + 1. Since (2.24) implies that | fo, — fol| < 2"f, we have,

w({er:|f(x)—fQ|>Kz})sZw({erj:|f(x)—fQj|+|fQj—fQ|>Kz})

J
SZW({XEQ]' : |f(x)—fQ‘,»|>t})-
J

We can estimate the sum using the second hypothesis (2.23) at each cube Q; and then the fact that the

functional a satisfies SD7,(w) condition,

w({xeQ: If@) - fol > «t}) szw({erJ : |f(x)—fQj|>t})
J

<KPrP Y a(Q,)Pw(Q))

J

<KPt7P |lal|l” (%) S a(Q)’w(Q)

<KP [al|? (Q)p

w(Q),

where in the last inequality, we used (2.25). Combining these estimates, we have proved
1

tw ({x €eQ:|f(x) - fol > Kl})’”% < (K ||Cl||)ﬁ w(Q)"*5 a(Q),

for all # > a(Q). This is equivalent to saying that

1

t>csn1§Q) t (W(IQ)W (fxeQ:If(x)- fol > t}))“g < ¢ (K ||lal) 5 a(Q). (2.26)

On the other hand,

1

(e @317t - fol = ) < cuat)

1
sup ¢ (W(Q)

t<cpa(Q)
Hence,

“f_fQ”LP’r%,OO(Q’WM(j(C)Qd)X) _iggt (W(Q)w ({)C € Q . |f(x) _le > t}))

t<cpa(Q) t>cpa(Q)
<max {¢,a(Q), ¢y (K llal) ¥ a(0)}
=c, max {1, (K lal) ¥ | a(Q).

This concludes the proof. |



2.4. APPLICATIONS TO WEIGHTED POINCARE—SOBOLEV INEQUALITIES 53

As an immediate consequence of the argument, we also obtain a self-improvement along the Lorentz

scale, using (1.4) and the previous result we have the following corollary.

Corollary 2.16. Let 0 < p < oo and let w be any weight. Consider a functional a satisfying the
8D}, (w) condition with s > 0 and constant ||a|. Let f be a locally integrable function such that

|Q|/ F(0) — fol dx < a(Q)

and

”f fQ| LP- oo( w )E)Qa;x) < Ka(Q)

for every cube Q, where K is a constant independent of Q. Then there exists a dimensional constant

cn > 0 such that, for every cube Q and every 1 < g < oo,

I - fQ||Lp,q(Q,WWQL;x) <en (g)q max {1, (K||a||)ﬁ} (1+5)7 a(Q). (2.27)

Remark 2.17. In particular, within this framework, the weak estimate (2.23) is, up to quantitative
constants, equivalent to the family of strong Lorentz estimates (2.27). This is noteworthy since the

endpoint ¢ = 1 is a priori much stronger than the weak endpoint g = co.

2.4 Applications to weighted Poincaré—Sobolev inequalities

In this section we apply the self-improving results proved in the previous sections to prove weighted

Poincaré—Sobolev inequalities.

2.4.1 Weak and strong Poincaré—Sobolev inequalities

As a first application of Theorem 2.5, we recover the following weighted weak Poincaré—Sobolev

estimate.

Theorem 2.18. Letw € A, with1 <r < pand1 < p < nr. Let p;. be defined by

11 11
L (2.28)
p pr nr

Then there exists a dimensional constant c,, > 0 such that, for every cube Q,

17 = foll e mis) < eniwlas DI, Wl f(Q)( / |Vf<x>|Pw(x>dx) (2.29)

Q)
Proof. Since 1 <r < p, we have A, C A,. By using (2.1) and (1.8), we obtain

1 _ ; ) b
3 /Q £ fQ|decn[w]A/<Q>( / V) w(x)dx) - 2(0).

Q)

Moreover, from [PR19, Lemma 3.2], we know that a € SD7,(w). Applying Theorem 2.5 with s = n,
we obtain (2.29). O
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Remark 2.19. The exponent p; in (2.29) is sharp within the class A,. We have proved this in

Proposition 2.11 (see also Proposition 3.25 for a related sharpness result).

The weak estimate (2.29) can be upgraded to a strong Lorentz estimate by means of the truncation

argument.

Theorem 2.20. Letw € A, with 1 <r < p, 1 < p < nr and consider p} defined in (2.28). Then, there

exists a dimensional constant c,, > 0 such that, for every cube Q,

l

/ VP w dr|” . (230

1

17 = Joll .0 g ) < ot W D91, 91 000 (s

(Q)

Q)

Proof. The proof follows by applying the truncation argument stated in Theorem 1.35. m|

Remark 2.21. The second Lorentz index p in the target space LP7*? in (2.30) is natural from the
viewpoint of Sobolev-Lorentz embeddings. Already in the unweighted case w = 1 (hence r = 1 and
p: = p*), the endpoint embedding W'-» < LP"P is optimal along the Lorentz scale (and, more
generally, within rearrangement-invariant spaces), in the sense that W? ¢ LP"-4 for any ¢ < p (see
[EKP00]). Consequently, we should not expect a general improvement of (2.30) with L?~9, g < p,
even in the simplest situation.

1 1 1,1

Remark 2.22. We remark that we could bound [w] 4_, [w]g’ [w]j” by a multiple of [w], * ™.
P r r

As estimates (2.29) and (2.30) are derived from the self-improving argument under a very general
setting, they are not sharp in the A, constant. The optimal A, dependence in this scale was recently
identified in [Cla25a], where it is shown that the best possible exponent is [w]i‘/ rp . We will show this
sharp dependence in Chapter 3 by means of different techniques.

We have the following analogue of Theorem 2.20 for pairs of weights (see Definition 1.23).

Proposition 2.23. Let (u,v) € A, andu € A, with 1 <r < p. Let p; be defined in (2.28). Assume

that 1 < p < nr. Then there exists a dimensional constant ¢, > 0 such that,

1

17 = Foll . g, ) < Copila. a1 L, (Q)( = / VP v )

(Q)

for every cube Q.

2.4.2 Lorentz norms of the gradient

We now show that the same self-improving mechanism also applies when the strong L? norm of the
gradient is replaced by a Lorentz norm. The key point is to verify that the corresponding functional

satisfies the appropriate D, or SD, condition.

Lemma 2.24. Letw € A, with1 <r < p. For 1 < M < oo, we define p;, by the relation

11
p p’;w_nrM'
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We consider the following functional over cubes:
Cl(Q) = f(Q) ”g”Lqu (Q, w()(()Qc;x) 5
where q < p},. Then,

’ 1
1. IfM > 1, thena € SDZQ/’ (w) with ||a|| < [w]3™™.
M r

1
2. If M = 1, then p}, = py and a € D px(w) with ||a|| < [w]}"

Proof. Let Q be a cube and {Q;}; a pairwise disjoint family of subcubes of Q. We will use the
characterization of the A, condition given in (1.9),

> a(@) (@) = ZaQ»P& lgll”™ gy sisyan) (@)

] w(Q,)

_Pu

-Z|Qj|*||g||L,,q(Q W)

5

127

_ZIQJI( (QJ)) g IILM(Q )

I’*

ru 1Q517 M

_Z|Q1| ( (é )) I8 HLPq(Q W)
[

= ([W]A w(Q)) Z'Q’ L

< ([W]A, V'V%'Qr) ) o

UQJn Z“g”LP‘l(Q w)

By hypothesis we have g < pj,, and therefore we can use Lemma 1.3 with a = pj, to obtain

nM’

o\
||g||Lp q(Q W)

2, 4(Q))"w(Q)) < ([w]A,W( 5

J

|U]Q | "M, * Pi
— nrM f Py M
1 ( o @8I, sy ()

i (|U; 0
- ( ar

nM’
) a(Q)"Mw(Q).
This proves that a € SDZI*W (w) with
M
1
lall < [w]7™
when M > 1. If M = 1, then p), = p; and M’ = co. The same argument gives
* p—;k' *
D,a(@)Prw(Q)) < Wl a(Q)P w(Q),

J
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and hence a € D, (w) with
1
lall < [w].

O

Remark 2.25. The weighted Poincaré—Sobolev estimate (2.29) provides a convenient example to
compare the self-improvement phenomena associated with the conditions @ € D ,; (w) anda € SD’, (w).
Denote by a(Q) the right-hand side functional in (2.29), and for M > 1 consider p}, defined in
Lemma 2.24. We have proved that a € D ,;(w) with [|a|| < [w];/r(nr) and a € SDZQA;”(W) with

|a|l < [W]X("rM) for every M > 1. Consequently, whether one applies the self-improving result under

the D ,: (w) condition (Theorem 2.2) or the one under the SDZ{Y’ "(w) condition (Theorem 2.5), one
M

recovers the same conclusion, namely (2.29). This shows the compatibility between the D, (w) and

SDj,(w) conditions in this natural model example.
We can now prove the Lorentz refinement with a smaller norm of the gradient.

Theorem 2.26. Let w € A, with 1 <r < p, 1 < p < nr, and consider p; defined in (2.28). Then,

there exists a dimensional constant ¢, > 0 such that, for every cube Q,

Ilf - fQHLpr ( W()(()Qc;x) Cnpj[W]Am [W]ip’p [w ]rn K(Q)”Vf”LPPr( w(x)cjx) (2.31)

Proof. Since 1 < r < p and p; > 1, we have A, C A, = A, ,». Combining the (1, 1) Poincaré
inequality (2.1) with the characterization of the A, , condition given in (1.15), applied with g = [V f|,

we obtain 1

IQI/lf(x) foldx < enlwly f(Q)IIVfIIL,,,,,( )

for each cube Q. Now we consider the functional

L
= 4 v . .

a(Q) Cn[W]AP’P; (N I\ A (0,20
By Lemma 2.24 with M = 1, we have a € D, (w) and ||al| < [w]z/("r). Therefore, applying Theorem
2.2, we obtain (2.31). ]

Let us emphasize that the previous argument is specific to the Lorentz norm || - ||, , ,; on the
right-hand side. Indeed, in this setting we have p; = p;, when M = 1, and this endpoint case
corresponds to the condition D ,: (w) rather than to an SD7,(w)-type condition. For this reason, in
the proof of Theorem 2.26, we have used Theorem 2.2 instead of Theorem 2.5. By contrast, as we
discussed before the proof of Theorem 2.26, if we consider the self-improving result with the norm

|| - ||L» on the right-hand side, then Theorem 2.5 and Theorem 2.2 will lead to the same target exponent,

since (p*M)j,nM, = p;.

Remark 2.27. The truncation argument used to strengthen weak-type estimates into Lorentz space
bounds (as in Theorem 2.20) is intrinsically related to a summability condition on the right-hand side:
it is applicable provided that the Lorentz index satisfies g < p (see Theorem 1.35). This is consistent

with the L? norm of the gradient term in (2.29), but it does not apply to the smaller Lorentz norm
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IV £l p.p; in (2.31), since p; > p. Consequently, the same argument cannot strengthen (2.31) to an

LPrP estimate on the left-hand side.

Remark 2.28. We observe that if w € A, with 1 < r < p, then by combining the previous arguments
with the precise open property of the class A, (see [HPR12; PR18]) one can refine the estimates
above, in particular improving the target Sobolev exponent beyond pj, namely to pj_, for some

e =¢&(n,r,w) > 0, as in [Cla25a]. We do not pursue this direction here.

2.4.3 The exponential endpoint

In the critical and supercritical range p > rn, the Sobolev exponent p;. is no longer finite, so the L9

estimate must be replaced by an endpoint estimate of exponential type.

Theorem 2.29. Letw € A,, let 1 < p < oo, and assume that p > nr. Then, there exists a constant

Cn,p > 0 such that

1
If = foll (0, ) Scnplwlas wly Iwlg €(Q) ||Vf||L,,,L,(Q’WV<V)(c>Q(§x), (2.32)

exp L
for every cube Q and every 1 < g < co.

Proof. Fix 1 < g < co. Choose M > 1 so that p < nrM and g < p),, where p), is defined by

1 1 1
p py M’

Consider the cube functional

a(Q) = W1, L@ IVl i)
By Lemma 2.24, we have a € SD;I*W (w) with
M

1 M
lall < [w]/ 0.

Since p > nr, it follows that

Py =rnM’.

Therefore, the second part of Theorem 2.5 applies and yields (2.32), with a constant depending on n, p
and q. |

For pairs of weights, we can also obtain the corresponding counterpart of Proposition 2.23.

Proposition 2.30. Let (u,v) € A, andu € A, with 1 <r < p. Assume that p > nr. Then there exists

a constant ¢, > 0 such that, for every cube Q,

1

I = fll g g sty < Emplala, [l [u,v]f;,,f(@( 1 /Q V£ ()P v(x) dx|”

exp L(Q. 455 u(Q)
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2.5 Applications to weighted fractional Poincaré—Sobolev
inequalities
In this section, we establish weighted Poincaré—Sobolev inequalities whose right-hand side is given by

the local fractional Sobolev seminorm, also called the Gagliardo seminorm.

In order to consider two-weight A, conditions, we need the following result adapted from [MPW24].

Theorem 2.31. Let0 <6< 1,1 <p <o, f € LIIOC(R”), and let (u,v) € Ap,. Then there exists a

dimensional constant c,, > 0 such that

1 b eieond [ [ [ @ =ro” b
Eﬂlgf—ﬁﬂScdmﬂAgl J) KQ)(MQ%L o Fymor dyv(x)dx| , (2.33)

for every cube Q C R™.

Proof. Assume first that 0 < § < % By Holder’s inequality, we have

1 1
T ARCKE @/Q/Qv(x)—f(ywydx

( lf(x) = fODIP
4 o |x—y|or

< Culuvl} £Q)° (6 /Q ) % dyv(x) dx) ’

Since (1 — 6)% > 2_% in this range, this gives the claimed bound.

camé cﬂpw

It remains to consider the case % < 6 < 1. We follow the proof of the one-weight version in
[MPW24, Corollary 5.2]. Fix acube Q c R" and let 0 < & < §. By (1.19) applied with parameter
0 — &, we have

_ 5-e Lf ) = fOI
/|f<x> foldr < Ca(1 -6+ )£(Q) |Q|/

0 |x y|n+5 & ydx'

o]
If p = 1, the conclusion follows from this estimate with £ = 0 and the definition of the two-weight A,
condition. We may therefore assume that p > 1. For 0 < & < ¢, Holder’s inequality in the y variable
gives, for every x € Q,
1
lf () = fOI f(Q)g( lf () —fOIP dy)P
Qo

dy <C
0 |x_y|n+6—a Yy n 81’% |x_y|n+6p

Hence, applying Holder’s inequality again, we obtain

o+e 1 ( lf (x) = fFIP
0

1-
Cnt(0)°
/ ] E—

Scng(Q)fSl_é# (L/Qvl—p’)p,(é/Q deyv(x)dx)p

= \Io] o — ylror

scn[u,v]fl,pAQ)él_‘i”(M(Q)/ O dyvi )

o7 |x y|n+6p

d )1 dx
y

Choosing & = 1 —¢ yields 1=8*€ = 2(1 - )7 » . This proves the desired estimate also for 5<6<1l. O
sl'
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Remark 2.32. In fact, the previous result is a small improvement of [MPW24, Corollary 5.2], where
an extra factor 6~ '/P" appears on the right-hand side. The argument of considering the cases & € (0, %)
and 0 € [%, 1) separately to eliminate the factor §~'/?" can be found in the one-weight setting in
[Gar25, p. 71].

We will use the following result from [CMPR23, Lemma 6.2]. Although it is stated in the product

space setting, the argument for cubes is identical; therefore, we state it below in that form.

Lemma 2.33. Letw € A, with1 <r < p, let0 < § < 1 and let a be defined by

— 3 1 %
00 =0 (o5 [ [ stemyasas]”. 2349

Let 1 <M < oo andlet p; , s be defined by the condition

1 )
P Pims nrM

(2.35)

Then:

nM’

oM’ o
L IfM >1,thenaeSD > (w)with|al < [w]3™.
Pr s r

5
2. IfM =1, thena € Dp:lé(w) with |lal| < [w]}.

We now prove the subcritical fractional Poincaré—Sobolev estimate. The proof follows the same
pattern as in the first-order case: the weighted Poincaré inequality gives the starting estimate, the
previous lemma gives the SD condition, and the truncation method upgrades the weak inequality to the

corresponding Lorentz norm.
Theorem 2.34. Let0 <6 < 1. Letw € A, with1 <r < pand 1 < p < “s. We define the weighted

Jfractional Sobolev exponent p’; . by the relation

I B
p ps, nr

(2.36)

Then, there exists ¢, > 0 such that, for all cubes Q,

1

P

5
17 = foll (g i) Senps, LWl W14, w3 (1 = 0)7-

_ p »
-€(Q)6(@/Q Q%dyw(x)dx) . (237

Proof. We start with the weighted fractional Poincaré estimate (2.33). Since 1 < r < p, we have
A, C A, and hence (2.33) applies. Fix a cube Q and define

@ = FOI” dx)p

|x — y|n+op

R I Y
a(Q) =cn(1-0)7 [w]} £(Q) (W(Q)/Q 0

Then (2.33) gives
1

@/Qlf—fgldea(Q),
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for every cube Q. Since a(Q) has the form (2.34), Lemma 2.33 implies that, for each 1 < M < oo, the

functional a verifies

aeSDMQ?m with  [la]| < [w]}/"™).

For M = 1 it satisfies the corresponding D+ (w) condition with

o r
lall < [w]3/™".

Here the exponent p; ,,  is defined by (2.35). Applying Theorem 2.5, or equivalently Theorem 2.2 in

the case M = 1, we obtain

5
lf- fQIILpg,,,m(Q i) d ) <cenpswlanlwly' a(Q),

> w(Q)

for every cube Q. Finally, applying the truncation method for fractional seminorms, Theorem 1.39,

with g = Pts,r’ .
du(x) = Wvﬁ’g)@x
e Ko m) < L@ W)
P ZT00) Ty -
we obtain (2.37). O

Remark 2.35. In the subcritical range 1 < p < 2, the exponent p’ 5., 1s the natural fractional analogue
of the Sobolev exponent. This exponent is sharp in a certain range of p and r (see Proposition 2.12
above and Remark 2.37 below).

We next consider the critical and supercritical range. In this case the fractional Sobolev exponent is

no longer finite, and the conclusion is replaced by exponential integrability.

Theorem 2.36. Let0 <6 < 1. Letw € A, with 1 <r < p and p > “5. Then there exists cp,p > 0
such that, for every cube Q,

17~ fellgr o wwx)Scn,p[w]Am[w]z,,[w]fzu—6)37-
(Q)

51 £ () = FOIP ,
£(0) (W(Q)/Q 0 dyw(x)dx) . (2.38)

x — y|r+or

expL|Q

Proof. We use the same functional

1f @) = fWDIP

1
P
T y|n+6p dy w(x)dx) .

a(Q) = ¢s(1 - )P [wl} £(Q)° ( (Q)/

Again, (2.33) gives

IQI/ 1 — fol dr < a(Q).

for every cube Q. Taking M = oo in Lemma 2.33, we get

aeSD5(w).
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Since p > "¢, we are in the critical/supercritical regime of Theorem 2.5. Therefore, the second part of

Theorem 2.5 gives
1

(Q’wv(v)z)Qc;x) < Cnp (wlae [W]Xra(Q)-

I/ = foll

exp L

Finally, since p > ”—(Sr, we have % < %, and hence

This yields (2.38). o

Remark 2.37. Using the counterexample constructed in Proposition 2.12, we see that Theorem 2.34 is
optimal within the range satisfying both conditions 1 < r < p and % p<r<l+ % p. We omit the

details.
We conclude this section with the analogue of the previous results for pairs of weights.

Theorem 2.38. Let0 <6 <1, (u,v) € Ap, andu € A, with1 <r < p.

e Assume that 1 < p < "s. Then there exists c, > 0 such that, for every cube Q,

5 1
1 = Foll o g sy < enrs il L VI (1 - 5)7-

=

0 (g [ | B v vwas)

where the weighted fractional Sobolev exponent p’s | is defined in (2.36).

e Assume that p > “s. Then there exists cy,p > 0 such that, for every cube Q,

o L 1
< nr p 1 _ D.
(Q’u"(t)(()Qd)x) = Cn,p [M] A [Lt] A, [l/l, V]AP ( 6) p

If - foll

exp L

£(Q)° (@ /Q 0 —'ﬁffl;liffii"’ dy v(x)dx) .

Proof of Theorem 2.38. We start with the subcritical estimate (2.33). Fix a cube Q and define

lf(x) = fFOD)IP

1
P
x = y|or dyv(x) dx) .

= eu(l - P 1} 6@) [
a(Q) = cn(1 =6)7 [u,v]} €(Q) (u(Q)/Q 0
Then (2.33) gives
1
@/Q|f—fQ|dea(Q),

for every cube Q. Since a(Q) has the form (2.34), Lemma 2.33 implies that, for each 1 < M < oo, the

functional a verifies

r

aesSD™ )y with  lafl <[]/
Pr.m,s
For M = 1 it satisfies the corresponding D - | s (u) condition with

o
lall < [u] /.
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Here the exponent p; ,,  is defined by (2.35). Applying Theorem 2.5, or equivalently Theorem 2.2 in

the case M = 1, we obtain

5

If - fQ”LP;";»‘X’(Q,uL)(c)QLix) < CnDy s [u] A [M];‘: a(Q),

for every cube Q. Finally, applying the truncation method for fractional seminorms, Theorem 1.39,

with g = pj. s,

u(x) dx
u(Q)

du(x) =

" Ko = (@ v
PETTUQ) Iy -

we obtain the desired result.
The endpoint estimate (2.38) follows directly from Theorem 2.5 in the critical/supercritical regime,

together with the fact thata € SD n/o

p' "~ (u). This completes the proof. m|

2.6 Weak weighted Poincaré—Sobolev inequalities and applications
to A; weights

In this section, we investigate the weighted Poincaré—Sobolev inequality of type

If = follyy S € DIIVSflxg, YO CRY,

where X and Yy are Lorentz quasi-norms on Q induced by the measure va))E)chx We call this a

weighted X — Y Poincaré-Sobolev inequality. In Section 2.4, we first proved the weighted L? — LPr-*

Poincaré-Sobolev inequality (2.29) and then improved it to the weighted LP — LPr-P Poincaré-Sobolev
inequality (2.30) by means of a truncation argument. Here we improve (2.29) from another perspective,
replacing the right-hand side term with a smaller Lorentz norm. One result in this direction has already
been shown in Theorem 2.26. In the present section we show that, if w € Ay, the right-hand side
term can be replaced by the weak norm LP-*. More precisely, we prove a weighted LP>® — LP">®
Poincaré-Sobolev inequality for every w € Aj.

The starting point is a weak Fefferman—Stein-type isoperimetric inequality.

Theorem 2.39. Let n > 2 and let u be a non-negative Borel measure. Then, there exists a dimensional

constant c,, > 0 such that for all Lipschitz functions f we have

1 = Follywgp < n /Q 1900 IME (eou) ()7 d, 239)

for each cube Q.

The previous result was first established in [FPWO00] in a different and more general setting. It was
later considered in the Euclidean setting and extended in [PR19], while a different proof, avoiding

Minkowski’s inequality, was given in [PR23].
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We first prove a Fefferman—Stein-type Poincaré—Sobolev inequality via an alternative approach,
independent of the self-improving theory developed above. The estimate has weak norms on both sides
and the maximal function of the weight on the right-hand side. We do not impose any assumptions on
the weight.

Theorem 2.40. Let w be a weight in R" withn > 2 and let 1 < p < n. Suppose f is a Lipschitz
function. Then, there exists a constant ¢, ;, > 0 such that

ME (wxo)w

V£ , (2.40)

LP->(Q,w)

”f - fQ”Lp*,w(Q,w) < Cnyp

for each cube Q.

Proof. By the definition of the Lorentz quasi-norm, it suffices to prove that there exists ¢,,, > 0 such

that 1
ME(wxo)

< e pw(Q)7 ||V £ (2.41)

If - fel

* oo w(x)dx
Lr (Q"W(Q) ) Lo w(x) dox
ey

Indeed, this is equivalent to (2.40), since # =

1 1 . .« .
> For simplicity, set

ME (wxo)w
w

A= w(Q)7 ||V

I~ w(x)dx
Lp. (Q’ W(0) )

If A = 0, the desired estimate is trivial. Hence, we may assume that A > 0. Let top = C,, , A, where

Cn,p > 0is a sufficiently large constant to be fixed below. Since

B B w({er:|f(x>—fQ|>z}))#*

|7 =%l LP*’M(Q’LV(VT)QG;X) - {oilzlgtot ( w(Q) '
" t(w({er:|f<x>—fQ|>z}>)%}
t()SI? W(Q) ’

we consider two cases.
Case 1:

w({x € Q: |f(x) - fol > th\ " w({x € Q: |f(x) - fol > th\r
P w(Q) ) ZZZI?’( w(Q) ) '

In this case, we have

”f - fQHLP*DO(Q’%)chx) <ty= Cn,pA,

and the desired estimate follows.

Case 2:
w({x € Q: 1f(x) = fol > th\ 7 w({x € Q: |f(x) - fol > th\
oo ! w(Q) ) SZ‘EI( Ww(Q) '
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If the last supremum is zero, then the desired estimate is immediate. Otherwise, by the definition of the

supremum, there exists #; > to such that

w({xeQ: 17~ fol > 41\
2 w(Q) ) < ||f—fQ||Lp*,00(Q’M)
. (w({er |f (x) - fQ|>t}))p‘
K w(Q)
<o (W (fxeo: 1)~ ol n}>)"* |
This implies that
! ({x L: 1/ Jol > %}) <cnpw ({reQ:1f () - fol > 1n}). (2.42)

Now, let us focus on the set
Ey:={xeQ:|f(x)- fol >t}

To further study it, we introduce the truncation operator 7, defined as follows:

0, ifg(x) <4,
Ta(g)(x) == {g(x) =4, ifd<g(x) <24,
4, if g(x) > 24.

Note that, for each x € E;,, we have

t

5 =1 (f - fo @) <

vy (1f = fo @) = vy (1f = o),

+(ry (17 = fob),,

Using the fact that 7,(g)(x) < g(x), Kolmogorov’s inequality, and Theorem 2.39 with the Lebesgue

measure, we obtain

(g 17 = fob) o = 57 [ 170 = ol

|Q|
<Cn||f foll .. “(o.45)

— / V() dv

We now insert the weight in the previous estimate. Since

w(Q)
10|

< inf MOnxo) (x).
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and since M and M€ are pointwise comparable, we have

(ry 17 = oD < corinf MOnI0 | wreonas
w w

<c (Wx) (@)™ dx

ME(wxo)w
w

= c,w(Q)7 [IVS]

L0 )

ME(wxo)
|Vf|—Q

< cupw(Q)7

o=l g

= cp,pA.

In the last inequality, we used Kolmogorov’s inequality again. Choosing the constant C,, , = 4c, p in

the definition of ¢y sufficiently large, and recalling that #; > 7y, we obtain

1

(ry 17 =), < 5

As a result,

E, c {x €0 [ry (1 = fol) = (ry (1 = o),

-4}

Applying Theorem 2.39 to 71 (| f — fo|) with the measure w(x) dx, we get
2

N | =
W—/
S —

3-

(B < e ({x € 0 fry 17 = foh 0 = (ry 17 - o) | 2

<|lry (17 = fob - (4 (17 - fob)

CllLr=(o.w)
c”/ ‘V(Ti(lf_fQ|))(x)'MC(W)(Q)(x)% dx
0 2

1
Me(w X)W
<en v AT e
{er:%<|f(x)—fQ|<z1} w(x)
By Holder’s inequality with Lorentz norms (1.2), we have
1
al M (wxo)™
TW(E)T < enp |X)on _ IVfl——"——
4 {rea:d<lrer-sol<nll i (o) LP=(Q,w)

Moreover, by (2.42),

:cpw({er : % <1f() - fol <t1})1'

L
7

HX{XGQZ’21<|f(X)_fQI<t1} LP1(O,w)

< Cn oW (Etl)
Therefore,

1 4,
tlw(Etl)”, S Cn,pw(Etl)p

ME(wyo)w
IVfI—Q
w

LP-=(Q.w)
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1

. 1 _ 1 .
Since -7 — > = pe We obtain
1
1 ME(wxo)™
nw(E,) 7 < e p |V f1—2 (2.43)
LP’OO(Q’W)
Combining everything together, we have
1
W(Etl) Pr
f_f * 0o w(x)dx Sztl(—
1= fellr ety =20 S
1 1
L\ M (wxo)™
Scn,p (WQ)) |Vf|—Q
LP-=(Q.w)
1
1 M (wxo)™
= cnpw(Q)" IVfl——
{0zt

= cp,pA.

This proves (2.41), and concludes the proof. O

The previous result is in the spirit of [PR19, Theorem 1.21]. In fact, it improves it in the range
p > 1in two ways. On the one hand, the right-hand side involves the weaker Lorentz quasi-norm LP-*;
on the other hand, the oscillation on the left-hand side is measured with respect to the unweighted
average fo, rather than the weighted average fo ... Moreover, by combining (2.40) with the truncation
argument, we recover [PR19, Theorem 1.21] as a consequence.

We briefly indicate this last point. Using (2.40) and (1.3), we obtain

ME(wxo)w

”f - fQ”LP*-‘X’(Q’W) < cnp ||IVSI

LP-2(Q,w)

Me(wy) @5 \7
[ en dx).

Moreover, following the argument used in the proof of Theorem 2.40, starting from the classical L!

< Cnp

Poincaré inequality on cubes and inserting the weight as in that proof, we also get

ME(wxo) (X)W dx)"

w(x)r-1

1 _ 1
o /Q F(0) = fol dx < cppw(Q) 7 ( /Q VGOl

We now apply Theorem 1.35 withr = p < g = p~,

_ w(x)dx
W =700
and p
e M) ()
dv(x) =w(Q) o) dx.
Thus,

”f - fQ”LP*,I’(Q’M) < Cnp (/Q |Vf(x)|p dV(x))p .
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Multiplying by w(Q)#, we conclude that

([ 1= st weyas] <17 = sl

Me 2o\F
< ( /Q v A )

which is a refinement of [PR19, Theorem 1.21], since the unweighted average fp appears on the
left-hand side.
For A; weights, we can derive the following weighted Poincaré—Sobolev inequality with weak

norms.

Corollary 2.41. Let w € Ay be a weight in R" withn > 2 and let 1 < p < n. Then there exists a

constant ¢, > 0 such that
- <
1 = foll oo imas) = cnp W1 @ IVAN g oy (244)
for each cube Q.

Proof. Dividing by w(Q) » in (2.40) and using the definition of the Sobolev exponent p*, we obtain

1 M€ %
If - fQ”Lp*,m(Q,M) < Cupw(Q)7 |Vf|M
ey ol 2580
% M€ %
= cnpl(Q) (%) v M o) ™
el
o Metwyo)®

. w(x)dx
Lr=(0. %5

ME(wxo)

< Cn,pf(Q) HlVf|

Lee(o- i)

< cnp D01 E@ VS g i

In the third inequality we used the fact that M and M€ are pointwise equivalent, and in the last

inequality we used that w € Aj. m|

The unweighted global version of (2.44) is known for the Lebesgue measure [Pee66b] (see also
[Mal03] for a different approach).

Remark 2.42. Regarding the optimal power of the A; constant in (2.44), we will show that % isa
lower bound for (2.44) to hold. Indeed, if (2.44) were to hold with a smaller exponent [W]X] ,a <1/p,
then, since ||V || r.~(0,w) < [IVfllLr(0,w), the same bound would follow with the strong L” norm of
the gradient on the right-hand side. Combining this with the truncation method would then yield an
improvement of the sharp weighted Poincaré—Sobolev inequality obtained in [Cla25a, Theorem 2.4]

(see Theorem 3.11 in the following chapter), and hence lead to a contradiction.
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2.7 Generalized Poincaré inequalities with polynomials

Fix a cube Q and an integer m € N U {0}. We consider the space $,,(Q) of polynomials of degree at
most m in n variables restricted to the cube Q. We denote by P’é‘ f the projection of a function f onto

the space #,,(Q). We have the following property: there exists a constant ¢, ,, > 0 such that

. 1
”PQf ot S cn,m@/Q Lf () dx. (2.45)

We refer to [PR19, Section 8] for a detailed explanation of this setting. The polynomial framework
here is an extension of the average we discussed in previous sections, as POQ f=fo.

We state the main result of this section.

Theorem 2.43. Let 1 < p < oo, 1 <r < o0, 1 <5 < o0, and let a be a functional over cubes. Let

w € A, and let f : R" — R be a locally integrable function satisfying

1

o /Q £(0) = PRl dx < a(Q),

for every cube Q.

® Assume that a € SD7,(w) and p < rs. Then there exists a constant ¢, > 0 such that, for every

cube Q, 1
lr-Pos ;.. (g st < Enants W W13, el a(@) (2.46)
where p;. ¢ is defined by the relation
1 1 1
P s TS

e Assume that a € SD“;)(W) and p > rs. Then there exists a constant ¢, m,p > 0 such that, for

every cube Q,
1
1 = P31, mtssts) < Enamp ¥, D1, lall a(©). (2.47)

Sketch of the proof. We follow the proof of Theorem 2.5, replacing averages by the projections P”é f-
Fix a cube Q and set Q; := {x € Q : Mo(f - P"Q1f)(x) > t}. Let {Q;}; be the maximal dyadic
subcubes forming €2;. Then either Q, = Q, or
t<L |f — P5fldx <2".
01 Jo, =~ T
Using P”Q1jf - P”Q1f = P’é’j (f- ng) and (2.45), we have ||P”Q1jf - ng”L“’(Qj) < C,,2"t, and hence
for a suitable x = x(n,m) > 1,

w(Qu) < Y W(Eg),  Eg;:={xeQ;: Mg,(If - Py fI)(x) > 1}.

J
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Introduce the polynomial sharp maximal function

1
M p = sp o [ 7=

xeren(0) IRl Jr
For y > 0 split each E; into the regions where Mzm f <yt and where Mgm f > yt. The polynomial
good-lambda inequality (obtained from [CP21, Theorem 7.1]) yields

c

W( Q) < cre” AT w(@) + w({x € 0 s ME™F(x) > y1)).

The second term is estimated exactly as in the proof of (2.5) using the hypothesis a € SD7,(w). The
exponential estimate (2.47) follows from (2.46) via Proposition 2.8. ]

As a consequence of this result, we have the following Poincaré—Sobolev inequality for high-order

derivatives.

Corollary 2.44. Let 1 <m <n. Letw € A, with1 <r < p, 1 < p < 7-r and consider p;, . defined by

1 1 m1

- *
P  Pmr nr

Then, there exists a constant ¢, , > 0 such that

w %g " Vm * w(x)dx >
(Wl (@)™ |l fIILp.pm,r(Q, o)

|-

I =PE7 fI by wisrax) < CnmPir [W]as, [W]
o LPm.r (Q, w(’()Qgi ) n.myr m,r

P:Pm,r
for every cube Q.

The proof of this result is essentially the same as that of Theorem 2.26, but using the following
starting inequality from [Boj88]: there exists a constant C > 1 such that

1 1
0l 0l

for every cube Q. The rest of the proof has already been shown in the previous section, we omit it here.

[ 150 - Py o < ceoy o | 9 polas,
o o

2.8 Self-improving of vector-valued Poincaré inequalities

In this section, we extend the main self-improving result of this chapter to the vector-valued setting,

where the oscillation is measured through the £,-norm.

Theorem 2.45. Letg > 1,1 < p <oo, 1 <r <oo, 1< s < oo, and let a be a functional over cubes.
Letw € A, and let f : R" — {, be a locally integrable function satisfying

1
ml /Q lF ) - fell,, ax < a(0),

for every cube Q.
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o Assume that a € SD,(w) and p < rs. Then there exists a dimensional constant ¢, > 0 such

that, for every cube Q,

1
7 - rel.,| . (g s < 0P DLac D] lal (@)
’ > w(Q)

where py. . is defined by the relation

o Assume that a € SD7,(w) and p > rs. Then there exists a constant ¢, > 0 such that, for every
cube Q,

< cnp Wla W17 lalla(Q).

“”f - fQ”"q expL(Q, %05 )
Sketch of the proof. This is a direct vector-valued adaptation of the scalar proof: we apply the whole
argument to the scalar function x — || f(x) = foll¢,- The Calder6n—Zygmund decomposition and
the key estimate w(Q.;) < 21; w(Ep;) follow from the triangle inequality in £; and Minkowski’s
inequality. The good-lambda step applies to the corresponding sharp maximal function built from
I/ = frll¢,, and the remaining estimate uses a € SD7,(w) exactly as in the scalar case. The exponential

endpoint follows from the weak bounds via Proposition 2.8. m|

We also remark that we can prove a vector-valued version of [CP21, Theorem 1.1]. Such a
vector-valued extension would yield the corresponding good-lambda inequality needed in the previous
argument.

In order to derive concrete consequences of this vector-valued self-improving result, we shall use
the following theorem from [MP23].

Theorem 2.46. Let g > 1. There is a dimensional constant c,, > 0 such that, for any cube Q of R" and

for any vector-valued function f : R" — €, with components in C 1(Q), the representation formula

IF @) = fell,, < eni (19 £, x0) ()
holds for every x € Q.
Since [ is self-adjoint, the previous result implies the following Poincaré inequality.

Theorem 2.47. Let g > 1. There is a dimensional constant c,, > 0 such that, for any cube Q of R" and

for any vector-valued function f : R" — €, with components in C 1(Q), we have

/ £ = foll, dx < ent (@) / IV £l dv.

1ol 4

Consequently, noting the fact that the truncation method is not known to work in the vector-valued

setting (as noted in [MP23, p. 2]), we obtain the following analogue of Theorem 2.26.
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Corollary 2.48. Let g > 1. Letw € A, with 1 <r < p, 1 < p < nr and consider p;. defined by
1 1 11

p p; nr’

Then, there exists a dimensional constant c,, > 0 such that

””f—fQ

. L P 00 Y [ Py

Lr(0.3%85 0.3%57)”

for every cube Q.

2.9 Further extensions: Rectangles

In this section, we generalize Theorems 2.5 and 2.43 to the context of rectangles in R”. We borrow the
terminology from [CMPR23]. We denote by R the family of rectangles in R". By a rectangle, we
mean the product of n intervals in R. We will denote by SD;7 ,R(w) the condition analogous to the
SD7,(w) condition, considering rectangles instead of cubes. We will state the result in the context of

polynomial approximation, with the same definitions as in the previous section.
Theorem 2.49. Let1 < p <oo, 1 <r < oo, 1 <5< 00, and let a be a functional over rectangles. Let
w € A, g and let f : R" — R be a locally integrable function satisfying

1

W/R|f(x)_PRf(x)mxSa(R),

for every rectangle R.

® Assume that a € SD; g(w) and p < rs. Then there exists a constant ¢y, > 0 such that, for

every rectangle R,
1
”f - ng”l'pﬁ’s’w(Raw‘,(v)E};)lx) < Cn,mp:i,s [W]AW,R [W]:«Srﬁ ”a” a(R)a

where py. ; is defined by the relation
1 1 1
P prs TS

e Assume that a € SD‘; g (W) and p > rs. Then there exists a constant ¢y m,p > 0 such that, for
every rectangle R,

1
P
(r,2305) < Cnmp ¥l a D15, Nl a(R)

If = PR/l

exp L

The proof is the same as the proof of Theorem 2.43 but using the Rising Sun Lemma from [KLS05]

instead of Calderén—Zygmund decomposition. We state here the lemma for the sake of completeness.

Lemma 2.50. Let R be a rectangle in R" and let f be a function such that

1

W/Rf(x)dx <A.

Then, there exists a pairwise disjoint family of rectangles {R;} ; such that
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® R;j CRforallj.
o i1 Jr, fX)dx = A forall
o f(x) <Aae xeR\U;Rj.

Remark 2.51. The preceding lemma does not introduce any dimensional constant. The dimensional
dependence in the previous result comes instead from the polynomial projection estimate (2.45). In the
non-polynomial case, that is, when the oscillation is measured with respect to the average fp, Theorem

2.49 does not require any dimensional constants.



Chapter 3

Degenerate Poincarée—Sobolev
inequalities via fractional integration

The results in this chapter are contained in the following works.

[Cla25a] CrLaros, A. Degenerate Poincaré-Sobolev inequalities via fractional integration, J. Funct. Anal.,
289 (2025), no. 6, Paper No. 111000, DOI: 10.1016/j.jfa.2025.111000.

[CR26] CrLaRros, A. AND RELA, E. Asymptotically sharp embedding of A into A, for flat weights and
applications to Poincaré-Sobolev inequalities, arXiv preprint arXiv:2604.25873 (2026).

In this chapter, we first prove local weighted estimates for the Riesz potential, which are then used
to establish weighted Poincaré—Sobolev inequalities with sharp dependence on the A,, constants. We
then determine the optimal Sobolev exponent associated with a given weight w. The definition of
this critical exponent pj, motivates the study of the embedding of A into A, which was carried out
during my three-month research stay at the Universidad de Buenos Aires, hosted by Ezequiel Rela. As
a main consequence of this embedding, we finally obtain a new Poincaré—Sobolev inequality for A
weights with small A, constant.

Although the results in [Cla25a] are formulated in terms of balls, their proofs adapt to cubes with
only minor modifications. We have chosen to present this chapter in the setting of cubes in order to

make this point explicit and, at the same time, maintain a coherent framework throughout the thesis.

3.1 Introduction

Weighted Poincaré—Sobolev inequalities play a key role in proving the local Holder regularity of weak
solutions of degenerate elliptic partial differential equations. In the celebrated paper [FKS82], Fabes,

Kenig, and Serapioni considered the following degenerate elliptic PDE, namely the operator
Lu = div(A(x)Vu),

73
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where A is an n X n symmetric matrix in R" satisfying the following degenerate ellipticity condition:
there exist Cy, C» > 0 such that

Ciw(x)|€]* < (A(X)E, &) < Caw(x) €)%,

where w is a weight in the A, Muckenhoupt class. The Moser iteration method is a classical and
powerful technique to prove the local Holder regularity of the weak solutions of a given elliptic
partial differential equation (see [HKMO06]). The method has two important steps: the (2, 2) Poincaré
inequality and the (2%, 2) Poincaré—Sobolev inequality, where 2* = % > 2 is the classical Sobolev
exponent. In order to apply the Moser iteration method to the degenerate setting, in [FKS82] weighted
Poincaré and Poincaré—Sobolev inequalities are proved, namely

( — If(X)—fQI"W(X)dX)qSCwé’(Q)( o ViwPewar) . G
o o

w(Q) w(Q)
for all cubes O, 1 < p < g < co and w in some A, class of Muckenhoupt. This type of inequality
has attracted the attention of many authors [CF85; CW85; CW92; FPW98; Hur98; PR19; PR23;
SW92].

As discussed in Chapter 2, inequalities of the form (3.1) can be obtained through the self-improving
theory of generalized Poincaré inequalities. This approach was introduced in [FPW98], refined in
[MP98; LP05], and later improved quantitatively in [CP21]. Its main feature is that suitable discrete
summability conditions on the functional appearing on the right-hand side of a generalized Poincaré
inequality imply stronger integrability estimates.

In this direction, Pérez and Rela [PR19] obtained weighted Poincaré—Sobolev inequalities improving
those in [FKS82], and studied both the quantitative dependence of the constant C,, in (3.1) and the
precise admissible range of the exponent ¢ in terms of n, p, and w. In particular, [PR19, Corollary
1.22] proves (3.1) for all w € Ay, with g = % and Cy, = ¢, p[w]a,. They also show that the
exponent of [w] 4, cannot be smaller than [i), and conjecture that the same inequality holds with C,,
replaced by ¢, [W]L/ lp (see [PR19, Conjecture 1.23]).

In this chapter we follow a complementary route, based on fractional integration. This perspective is
particularly useful for tracking the sharp dependence on the Muckenhoupt constants. As a consequence
of our main result, we answer this conjecture positively (see Theorem 3.11 and the following remark).

The classical approach for obtaining Poincaré—Sobolev inequalities is through the use of a subrepre-

sentation formula, namely, there exists ¢, > 0 such that for each cube Q,

|f(x) = fol < cali(IV flxo) (%), (3.2)

for every x € Q (see Theorem 1.28). As we previously discussed in Section 1.4.2, the mapping
properties of /,, are well known. Indeed, the classical technique consists in taking appropriate norms
on both sides of (3.2) and then applying the boundedness properties of the Riesz potential to readily
deduce the corresponding Poincaré—Sobolev estimates. In [MW74], Muckenhoupt and Wheeden
studied global weighted bounds for the fractional integral operator.

Consequently, the problem of deriving weighted Poincaré—Sobolev inequalities is naturally reduced

to establishing suitable bounds for the Riesz potential. In the present chapter, we are interested in
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studying local bounds of 1, with A, weights. This framework for obtaining weighted Poincaré-Sobolev
inequalities was first used in [CF85]. This type of inequality was studied in [ACS09]. We state the
main result of that paper.

Theorem 3.1. Letn >2, @ € (O,n) and 1 < p < 2. Letw € A, and given r > 1 consider q defined

by the relation
1 1 al

p q nr
Then, there exist positive constants k = k(p,n) and C = C(a, p, n) such that if

k

p- — <r<p, (3.3)
(w]Z
then
( vl / Ilaf(X)I"W(X)dX)q <l 7T ey ( vl / If(X)I”W(X)dx) Y
for any cube Q C R" of side length £(Q) and every function f € LP(Q,w) (continued by 0 outside Q).

nr (L/

Moreover, the exponent -,

nr—a

nr(p-1)

of the A, constant is sharp, in the sense that the statement is false if

is replaced by any smaller exponent.

Our main result, Theorem 3.3, improves Theorem 3.1 in several ways. First, we improve the r’s
obtained in (3.3), which produces a larger g. Second, we obtain a better quantitative bound in (3.4), in
terms of a mixed A, — A constant (see Theorem 1.13). We also extend the result to the case p = 1,
replacing the L? average on the left-hand side with a weak-L4 average.

We can derive other types of inequalities using different subrepresentation formulas and our main
results. For instance, we can obtain Poincaré—Sobolev inequalities for high-order derivatives. In

addition, we obtain weighted fractional Poincaré—Sobolev inequalities, namely,

Z £~ FOIP ,
(5 L i = rottewar)” < cueor? (5 [ [ LB aywiar)

where the object on the right-hand side is the local weighted Gagliardo seminormof f,1 < p < g < o
and 0 < § < 1. We can prove this inequality with the interesting BBM extra gain factor (1 — 6)% in the
inequality (see Theorem 3.15).

We conclude by answering the problem of finding the optimal exponent g in (3.1) for the class A,,.
Specifically, for a fixed 1 < p < n and a fixed w € A,, we define an exponent p;, and prove that the
inequality (3.1) cannot hold for exponents g > p;}, (see Definition 3.21 and Theorem 3.24).

3.2 Weighted Hedberg’s inequality

To establish our main results concerning the local bounds for the Riesz potential, we first need a
suitable pointwise estimate. The classical unweighted Hedberg inequality (see Theorem 1.25) bounds

the fractional integral by a combination of the Hardy-Littlewood maximal function and the global L?
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norm of the function. In our context, we require a localized, weighted version of this estimate. The
following lemma provides exactly such a bound, carefully tracking the dependence on the weight and

the constants.

Lemma 3.2. Letn > 1, a € (0,n), let 1 < p < % and let w be a weight. Let 1 <r < p and consider q

defined by the relation
1 1 al

p q nr
Then, there exists a dimensional constant c,, > 0 such that for any cube Q suchthat0 < |, 0 wy)' =" dy <

oo and every function f € LP(Q,w), we have

7

1001 < MO 1o / vorva|”

forany x € Q.

This inequality was first proved in [CF85] in the case @ = 1 and w € A),. The proof of this inequality
for w € A, is essentially contained in the proof of Theorem 1.1 from [ACS09]; we have chosen to

include the proof because we need to be precise with the main parameters involved.

Proof. Let Q be a cube such that 0 < fQ w(y)!=""dy < o0, and let f € L?(Q,w). Fix x € Q and let

0 > 0. We can decompose as follows,

Lf (D) |/ D) _
IIaf(x)Is/| — dy+/| L2 _dy=T1+1I.

x-y|<é8 |x_y|n @ x-y|>6 Ix_yln @

We will estimate each term separately. Firstly,
.- Z / O
k+1<|x y|<6 lx = [

k+1\ @
< d
;)( - ) /| oy O

SZ”_awnéaMf(x) Z Sak
k=0 2

2"y,
=5a 10 Mf (),

where w,, is the Lebesgue measure of the unit ball. Secondly, using Holder’s inequality, we obtain

1= /| O F ) Fay

x-y|>6 |X - y|n—a

, 1
w(y)!=r v’
< fllLe oo (/ —————dy| .
0

{lx-y|>6) [x = y[(maop
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Let 1 < r < p, we use Holder’s inequality again with 11:; > 1,

1-p’

l—p' , 1-r’
/ Ldy < (/ w(y)' ™" dy)
on{lx-y|>s} [x — y|(n=@)p 0

1
‘ / dy (1':;//)
on{lx=y1>6} | y|<n—a>P’(f%£'f)’
rfl1 d %
- S\ Y
=(/ w(y)! ’dy) / m) :
o) on{lx=yI>6} |x —y| p-r
Hence,
r—1 p[;r
o\ P dy
11 < ||f||LP(Q’W) (/ W()’)1 " dy) (/ pln-a) ) :
(o) ON{lx=yI>6} |x — y| pr
We can estimate the second integral,
p-r p-r
dy rP © __p-r P
pn-a) = |{y € Q : 6 < |'x - yl <t p(n-a) }| dt
ON{lx-yI>6} |x — y| pr 0
per
5~ Zp" - P
= / {yEQ:5<|x—y|<t_1’("*“)}|dt
0
pP-r
P = . 2
< / {yeQ:lx—y|<t_l’("*ﬂ>}|dt
0
6_17([;1:'.0) br pf_’r
< / B (x,fm) dr
0
p-r
5 p(lf_ra) (p-r)n v
= wn/ P df
0
o P(= ) qn

—=tn
n—ap

If r = p, we obtain a similar estimate,

1
r’

I < || fllruw) 67" (/QW(y)l_p/dy)

Therefore,

0 f ()] < C 6 MFE) +6%% 1£ll1r o) ( /Q w(y)l—”dy) ’ )

_ 1 p(n—-a) . log2 1
where C = ¢, max {2‘,_1, n—ap } Observe that since s S 5. We have
1 n—a c c
C<cupl|l—+ < nP = —"ph.
a n-—ap a(n—ap) «
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Without loss of generality, we may assume that M f(x) > 0, since otherwise f = 0 and there is nothing

to prove. The choice
P

110 oo (Jo wim' =" dy) ©
M)

yields the desired inequality

a

1af ) £ S MF@ S I ( / W) dy)nr, |

for each x € Q. o

3.3 Weighted local bounds for fractional integrals with A, weights

We begin this section by noting that the A, condition is necessary for (3.4). Let us assume that for a

weight w we have the inequality

=

/ IIaf(X)I"W(X)dX) Cé’(Q)"( / If(x)l”W(X)dx) , (3.5)

( Q) (Q)

for fixed p, g, for any cube Q and every f € LP(Q, w), then necessarily w € A,,. Observe that for any
cube Q and any non-negative function f, we have

f(lg)la /Qf(y)dy S Maf(x) < cnlaf (),

for all x € Q. Then, applying (3.5) we have,

Q)
10| Q)

and this is equivalent to w € A, (as we have seen in (1.8)). We have proved that if (3.5) holds for a

[ roas < cecore ( / If(x)l”w(x)dx) ,
o

weight w, then w € A,,. This observation shows that it is necessary to consider weights in class A, for
this type of inequality.
Our first result is the following theorem, which is an improvement of the main result of [ACS09],

Theorem 3.1 above.

Theorem 3.3. Letn> 1, @ € (O,n) and 1 < p < Z. Letw € A, with 1 <r < p. Consider q, defined

by the relation

1 1 o« Tlo]a
P g nl+r(tafola, -1’ G0

np

T—ap Then, there exists a dimensional

where & = w'™" and 7, = 2"V ifr > 1 and q| = p*, =

constant c,, > 0 such that, if r > 1 we have

€L L

1 ar Cn & L % qu o 1 P
(W—<Q>/Q"“f (o W<x>dx) < e ()7 W1 o130 (—W(Q) /Q If(x)lpw(x)dx) ,
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for any cube Q and every function f € L?(Q,w), and if r = 1 we have,
1

/ IIaf(X)I"‘W(X)dX) < S () [l Q)" ( / If(X)I”w(x)dx) ,

[

for any cube Q and every function f € LP(Q,w).

(Q)

The proof relies on the pointwise estimate provided by the weighted Hedberg inequality (Lemma
3.2 above). To obtain the strong norm inequality, we simply combine this pointwise control of the
fractional integral operator I, with the following weighted bound for the Hardy—Littlewood maximal

operator M,

P\ 5
IMFfllLe(w) < cn (I:) (wlx ILf1lee o),

where w € A, with 1 < r < p (see (1.13) for more details). This approach, together with the
left-openness property of the class A,, naturally produces a mixed-type constant, which includes the
[a-]i‘/:” term in the estimate.

As recalled in Theorem 1.26, the good-lambda method of Muckenhoupt and Wheeden [MW74]
gives a comparison between [, and M, for A, weights. The quantitative form discussed there, which
follows from the exponential good-lambda inequality of Honzik and Jaye [HJ12], yields a linear
dependence on the Fujii—-Wilson constant [w] 4_. Although this approach is effective, and the fractional
maximal operator M, is often easier to handle, it would introduce an additional A, factor into our
estimates. Since we want to be precise with the dependence on constants, we instead work directly

with the weighted Hedberg inequality above.

Remark 3.4. Note that in the case r = p, the exponent g, defined by (3.6) is larger than the range of
q’s obtained in Theorem 3.1. We remark the improvement of the A, constant, using basic properties

of A, weights (see Section 1.3.2) we have,

1 1 1 1 1 p -1 n(r—al)
p q p q _ P q  _ nr(p-
(w17 [o17, <ealwl} (015 = calwl} vl T = calwl3 " .

This observation shows that the exponent 1% in [w]a, and the exponent qlr in [0] 4, cannot be
improved in general. Specifically, if » = p, any improvement of these exponents would imply an
improved exponent of the A,, constant in Theorem 3.1, contradicting its sharpness [ACS09, p. 1269].

We first prove a result, from which the theorem above will be deduced. To state it, it is convenient to

introduce the following definition of the set of p for which a given weight w belongs to the class A,.
Definition 3.5. Let w € A, we define

[1,00) ifweA

Iw):={p=21:weA,}=
(by,0) ifwe Ay \ Ay

where
4y, = inf I(w).
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We note here that if w € A, then w € A, for each p > enwlaw (see [HP16, Theorem 1.3]).

Therefore, for each weight w € A, the quantity e»1"14~ is an upper bound of ¢,,,.

Remark 3.6. Let w € A, there is a significant difference between w € Aj and w € A, \ A;. In
the first case, w € Ay, = Aj. On the other hand, if w € A, \ Ay, then w ¢ Ag, . In other words, the

infimum ¢,, is a minimum if and only if w € A;.
We will first prove the following result, which implies Theorem 3.3.

Proposition 3.7. Letn > 1, « € (0,n) and 1 < p < 2. Let w € A}, and consider q, defined by the
relation . . .
= =2 (3.7)
p qr nr

where 1 <r < p. Ifr € I(w) (that is, if w € A,), then there exists a dimensional constant c;, > 0 such

that 1 | |
s rw)” < (L2 a7 ecoye [ »
(W(Q) /Q o f1? w) < ot (p — r) [wlj €(Q) (—W(Q) /Q Iflpw) 7 (3.8)
for any cube Q and every function f € LP(Q,w).

Proof. Letr € I(w). Let us assume first that 1 < r < p, then we have 0 < fQ w(y)'=""dy < oo, since
w € A,. Applying Lemma 3.2 we obtain

@
7

af )1 = S MPCOH 1A ( / w<y>1_rfdy) s

for all x € Q. Therefore,

_1 qr )qlr = ( l_r/)n(:'( 1 » )ql,
a a(r-1) 1
2 (Q)ﬁ AN ar
g 2 ([ =) ([ s
e Wlirlom LT (Q)F /QW /Q Jiw

qr

Cn« r a__ -
SEPQ[W]AVZ(Q) ||f||Lp(Q w) (/ |Mf|pw) 5

w(Q)7

where we have used the A, condition. Since w € A, with r < p < oo, we use the estimate (1.13),

_1 r qir Cn 14 qi o L qr
(g [ et <20 [S2) wifeco) — I T U )

A e MR P . 117

This yields (3.8). Let us consider the remaining case » = 1 € I(w). We apply the classical Hedberg’s

inequality (see Theorem 1.25) and we use w € Ay,

r

|Ia/f(x)| <—paMf(x)‘71 “f”LI’(Q dx) -

< 2L w5 (M@ I

Lr(ogr)
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Using again (1.13) with » = 1, we have,

Cn a 1-Z £
”IafHqu(Q,W) S;npa[w]zlf(Q)a “f”L”(“Q w(x)dx) “MfHZIP(Q,w)
> w(Q)
< (T [l @) 1l ORLR
ot Ay Lp(Q’WM()’(C)Qd)X) Ay LP(Q,w)

_ Cn ’ % % a L
_;pa (p ) 1 [W]Alf(Q) W(Q)ql ||f||Lp(Q’M;\()?’)Qd)x) ]
and this yields the desired inequality (3.8) which completes the proof. O

Remark 3.8. It should be noted that a similar inequality holds for pairs of weights (u,v) € A, with
1 < r < p (we refer to Definition 1.23 for the precise definition). The proof follows the same argument,

using a version of Lemma 1.12 for pairs of weights (u,v) € A,.

Using the precise left-openness property (Corollary 1.15) and the previous proposition, we are able
to prove Theorem 3.3.

Proof of Theorem 3.3. We may assume r > 1 since the case » = 1 has been proved in the previous

proposition. Using Corollary 1.15, since w € A, then w € A,_, where

r—1
g= ———,
Tn [O—]Aw
and [w]a,_, <2"7'[w]a,. Observe that
r—1 1+r(ty[o]a, — 1)
r—e=r- = )
Tn [O-] As Tn [O-] A

Since w € A,_g, then r — & € I(w) and we can apply Proposition 3.7,

1

1 dryy| ™ <En p g » af_L P )'17
(g [ eron)” s (o= )" w1k, 00" (g5 L 17w
N N L SO
< Pal! (m) [wlj, €(Q) (@/Qlflpw)
s (P " econe [ ,
< Pa (]TlTn[O']Aw) [wly, ¢(Q) (W(Q)/Q|f|pw)

Cn_wona % qu a 1 %
=S () ] [T () (@ /Q |f|f’w) ,

|-

where we have used the bound

P _ an[O-]Aoc
p-r+e prlo]a, —1-r(mlo]a, - 1)
< an[O-]Am

_an[O-]Aoo -1 _p(Tn [O-]Aoc - 1)

=L _r.o)a,
p—1

since r < p and 7,[0] o, > 1. This completes the proof. O
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The following result is an analogous estimate to the previous theorem, but considering the weak

norm on the left-hand side, this allows us to reach the case p = 1.

Theorem 3.9. Letn > 1, @ € (0, n) and1 < p < . Letw € A, with 1 <r < p. Consider q, defined
in(3.6) ifr > land q, = p, =

— ap Then, there exists a dimensional constant c,, > 0 such that

Cn 5 @ 1 p
ol g ) L] 00" (o . el
for any cube Q and every function f € LP(Q,w).

This result is interesting in itself because we obtain a better constant than that obtained with the
strong norm, and in order to derive Poincaré—Sobolev inequalities, it is enough to prove weak weighted
estimates.

As before, we need the following proposition, which implies Theorem 3.9.

Proposition 3.10. Letn > 1, a € (0,n) and 1 < p < 7. Letw € A, and consider q, defined in (3.7)

with 1 <r < p. If r € I(w), then there exists a dimensional constant c,, > 0 such that

1 (g i) < P, Q)" ( / If(X)I”W(x)dx) ,

Q)
for any cube Q and every function f € LP(Q,w).

The proof of the previous proposition is analogous to the proof of Proposition 3.7, using (1.11)
instead of (1.13), which produces a better constant. We remark that if p = 1, we can use the classical

Hedberg’s inequality, and an analogous argument produces the desired inequality for each w € A;.

Proof of Theorem 3.9. We may assume r > 1 since the case r = 1 is contained in the previous
proposition. Using the left-openness property stated in Corollary 1.15, since w € A,,thenw € A, _,

where

r—1
£= ——f,
Tn[O']Am

and we have [w]a,_, <2"7'[w]a,. Note that ¢ = ¢,_. Since w € A,_., thenr — & € I(w) and we

}"8_

can apply Proposition 3.10,

L

Cn * % a 1 P
“Iaf||Lq,oo(Q’u;‘())(r>Qd)x) S;p“[W]A,_Sg(Q) (@/ |f(x)|1’w(x)dx)

Cn

;PZ[W]ZK(Q)

IA

P
( vl / £ ) w(x)dx)

3.4 Applications to Poincaré-Sobolev inequalities

Now, by combining the subrepresentation formula (3.2), the results from the previous section (specifically

Theorem 3.9), and the truncation method stated in Theorem 1.35, we can prove the following result.
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Theorem 3.11. Letn > 2 andlet 1 < p <n. Letw € A, for some 1 <r < p and consider q, defined

by the relation

11 1 Tn[o] A,
;_q_r_21+r(‘rn[a' -1)’ )

p

where o = w'™" and 1, = 2"V ifr > land q| = p* = . Then, there exists a dimensional constant

cn > 0 such that,

/ 0 = foltw(d)” < cup*wl] rf(Q)( / IVf(X)I’”W(x)dX) . G.10)

( (Q) Q)

for any cube Q, and the exponent % on the A, constant is sharp. Moreover, using the truncation

method, we can self-improve the left-hand side to the Lorentz norm L9P,

|-

1F = Soll g st = 0" 91,000 (55 / ol s

Q)
for any cube Q.

Remark 3.12. In the case r = 1, this theorem answers positively to the Conjecture 1.23 from [PR19].
Observe that g; = p* = % is the classical Sobolev exponent. In that case, we have proved that there
exists a dimensional constant ¢,, > 0 such that

1

/ £ — fol? w(dx)” < eap? Wl €0 ( / IVf(x)II’W(x)dx) ,

( (Q) Q)

for all w € Ay, and the exponent % in the A; constant is sharp (cf. Proposition 7.4 [PR19]).

Remark 3.13. The new weighted Sobolev exponent ¢, defined by

11 1 Tnlo]a
P 4qr nl+r(Tn[0-]Am_l)

is, to the best of our knowledge, new to the literature. This exponent is larger than the best weighted
Sobolev exponents obtained in [FPW98] and [PR19] for the A, class of weights with 1 < r < p, and
also improves the exponents obtained in Chapter 2.

Proof of Theorem 3.11. Since w € A, we have r € I(w), and we can apply Theorem 3.9 with @ = 1

to obtain

”f - fQ”Lqr’M(Q,W‘:y)(()Qd)x) SCn ”Il(lvfl)(Q)”Lqr*m(Q,WM())(C)Qd)x)

Q)
where in the first inequality, we have used (3.2). Moreover, by (2.1), (1.8), and the inclusion A, C A,

Scnp*[w]i’/(@( / IVf(X)I”W(x)dx) ,

/ £ = fol dr < calw ]"f(Q)( / |Vf<x>|f’w<x>dx)’

1ol Q)

We obtain the desired inequalities using the truncation method stated in Theorem 1.35. The sharpness

of the exponent % on the A, constant in (3.10) will be proved in Proposition 3.27 below. m|



84 CHAPTER 3. DEGENERATE POINCARE—SOBOLEV INEQUALITIES VIA FRACTIONAL INTEGRATION

Remark 3.14. Using the quantitative open property established in Corollary 1.18, we can improve
the Sobolev exponent g, obtained in Theorem 3.11. Specifically, the weighted Poincaré—Sobolev
inequality (3.10) holds with a larger exponent g defined by the relation

1 1 _11+5([0]ac = 1)

p q_nl"'rTn([a-]Aoo_l).

However, this improvement comes at the cost of a worse constant. The bound on the right-hand side

1 1 1
becomes ¢, ,[w] 2’ [o] 2’ , meaning we lose the sharp dependence on [w] A" achieved in Theorem

3.11. Indeed, in the case r = p, we obtain

We now present our result on fractional Poincaré—Sobolev inequalities.

Theorem 3.15. Letn > 2,6 € (0,1),1 < p < % and let w € Ay. Then, there exists a dimensional
constant c,, > 0 such that,

1

o5 (1-9)7
( (Q)/|f(X) lep( )W(X)dx) SCn(SIT[ ] g(Q)é
Lf(x) = f(»)IP »
(W(Q)/ x — y|+op T oiep W wdx)

for any cube Q.

Remark 3.16. The exponent 11—7 on the A constant is better than that obtained using self-improving
methods in [HMPV23]. In the case p = 1, we also improve the quantitative dependence of
the A; constant proved in Theorem 5.7 from [MPW24]. In addition, for weights with large A;

constant, our range of local integrability is larger than that obtained in [HMPV23]. More precisely,
n)’ np(l+log[w]a,)

P(E Wlfandonlylf[ wla, > Pl

Proof of Theorem 3.15. Fix a cube Q, using (1.19) and Lemma 1.31 with @ = ¢ and r = p, we obtain

the following subrepresentation formula,

1 1
) - fol < en S22 000) 7 15(87 pxo) ()7, @11

or
for almost every x € Q, where

@) = FO NP

x — y|r+op

gr.ox) = (
0
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Using (3.11) and Proposition 3.10 with @ = 6, p = r = 1 and noting that g; = (%)" we have,

DK
If - fQ”Lp(%)’,m(Q’%) Scn%é’(@ Hl(s(gf QXQ)
:Cn((s;s)g(Q)p
cn  (1- 6)77 5 1 s 1 L
=5(n=0) o Q)" [wly €(Q) hNQ)A;BﬁQWwdQ

<ex =00 1y e()? (@ /Q ) Mdyw(x)dx)”

st |x — y|n+op

Lp( ). ( x)dx)

w(Q)

I

The conclusion of the theorem comes from Theorem 1.39. O

Remark 3.17. The method used above introduces an additional factor §~'~!/7” in the estimate. However,
compared with the self-improving approach used in Theorem 2.34, it yields a better dependence on the

A constant.

We now present our results for higher-order derivatives. One important tool that we need is the
following subrepresentation formula for high-order derivatives (we refer to [BH93] and also to the
book [AH96]).

Theorem 3.18. Let 1 < m < n. There exists a constant C = C(n,m) > 0 such that, for every cube
Q c R™ and every f € W™1(Q),

1f(x) = PR f(0)] < C L (IV" flxo) (%),
for almost every x € Q.

Following the notations established in the previous chapter, specifically in Section 2.7, and
combining the pointwise estimate stated in Theorem 3.18 with Theorem 3.9, we obtain the following

weak Poincaré—Sobolev inequality for high-order derivatives.

Theorem 3.19. Letn 22, m > 1 andlet 1 < p < - Letw € A, for some 1 <r < p and consider q,

defined by the relation

1 1 m To[o] A
1_1_ SR 3.12
p T4 - nler(mlola — D) -12)

np
n-mp”

where o = w'™" and 1, = 2"V if r > 1 and q, =p, =
C = C(n,m) > 0 such that,

Then, there exists a constant

1

/ 9 ) Pw (]

|r-rgs

1
< Cp* [w]? £(O)™
Lar- (Q’w;\())(C)Qd)X) pm[ ]Ar (Q) (

(Q)

for any cube Q.
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Proof. Let O be a cube. By the pointwise subrepresentation formula in Theorem 3.18, we have for
every x € Q,

|f () = PG F)] < CLu(IV" fLx ) ().

Taking the weighted weak L9 quasi-norm over Q on both sides and applying Theorem 3.9 with

a = m, we deduce

- pm-l < C |1 (1v™ e
b= 8 e ey = W07 0 ot
1
1 1 P
< Cpjwl] f(Q)’"(— [ 1nsirwea)”.
mE A w(Q) 0
This concludes the proof. m|

The truncation argument does not work for high-order derivatives (see [Haj01, p. 121]). In order

to obtain strong weighted norm inequalities, we have to use Theorem 3.3, although it introduces the
constant [O']er in the estimates.

Theorem 3.20. Letn 22, m > 1 andlet1 < p < .. Letw € A, for some 1 <r < p and consider q,

defined in (3.12) if r > 1 and q, = p},, = —L—. Then, there exists a constant C = C(n,m) > 0 such

n-mp"
that, if r > 1 we have

—1 m—1 r q% * % q%, m 1 m P
(W(Q)/QV—PQ e W) < Cpplwl} [o1y £(Q) (—W(@/Q'V fI”w) :
for any cube Q, and if r = 1 we have

1 _ pm-1 r|1q1 )qll * 1% m( 1 m e\ p ),])
for any cube Q.

The proof of the previous theorem follows exactly the same argument as above, replacing Theorem
3.9 by Theorem 3.3.

3.5 Optimality of the weighted Sobolev exponent

In this section, we address the problem of determining the optimal Sobolev exponent associated with a
given weight w € A,,. To this end, we introduce in the next definition our candidate for this optimal

exponent.

Definition 3.21. Let w € A, and 1 < p < nf,,. We define the weighted Sobolev exponent pj}, by the

relation
1 1 11

P P nby

Remark 3.22. If w € Ay, then {,, = 1, and hence p;, = p* is the classical Sobolev exponent.
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We can now establish the following result for this exponent by using the local estimates for the
Riesz potential /; obtained in the previous sections. More precisely, we prove that the corresponding

Poincaré—Sobolev inequality holds for every exponent 1 < g < p5, .

Theorem 3.23. Letw € A, and let 1 < p < nt,, be such that w € A,,. Then, for each 1 < g < p;,,

we have

1 7 1
(W—(Q)/Q|f(x)—fQ|‘1w(x)dx) SCWZ(Q)( /lVf(x)Ipw(x)dx ’ (3.13)

1

for any cube Q, where C,, is of the form c,p*[w]} for some r > {,, depending on q.

Q)

Proof of Theorem 3.23. Let w € Aw, and let 1 < p < nf,, be such that w € A,. We may assume
without loss of generality that g, < g < pJ,, where g, is defined by (3.7), since the remaining cases

follow from this one by Jensen’s inequality. Then, there exists r € (£, p) such that ¢ = ¢, where

1 1 11

p 4qr nr

Since ¢,, < r, we have w € A,, and therefore, using (3.2) together with Proposition 3.10, we obtain

”f - fQ Lqr,oo(Q’wvi)(czzd)x) SCn ”11(Ivfl)(Q)”Lqr'm(Q,WM())(C)Qd)x)

l

Scnp*[W]A‘l’/(Q)( / V£ Pw()dx)

(Q)

for every cube Q. Using the truncation argument, we obtain the desired inequality (3.13). O

The exponent p;, and this type of inequality in the range p < ¢ < pj, are implicit in the proof of the
weighted Poincaré—Sobolev inequalities in [FKS82], as remarked in [CMR18]. The following result
shows that the exponent p}, cannot be improved.

Theorem 3.24. We can find a weight w € A, such that if the inequality

/ F(x) - fQ|‘fw<x)dx)" <c, é’(Q)( / VGO w (o dx)”

(W(Q) Q)
holds for every cube Q and for all Lipschitz functions f, then g < p3,.

The previous result shows that the inequality (3.13) is false in general if ¢ > pJ,. On the other hand,
we know that it is true in the case ¢ = pj, whenw € A; C A, (Theorem 3.11 with r = 1). We do not
know if it is true at the endpoint g = pj, for weights w € A, \ Aj.

We next compare the new optimal exponent p;, with the weighted Sobolev exponent ¢, defined in

(3.9). For a weight w € A,, we have the relation g, < pj},, since g, is of the form

11 11

p 4 nr—¢

where € > 0 is given by the left-openness property of the class A, (see Corollary 1.15). By the

definition of ¢,, we have {,, < r — &, and then we deduce the relation ¢, < pj}, strictly unless r = 1,
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where g = p;,. The gap between ¢, and p;, is given by the precision of the left-openness property:
larger € (i.e. r — & closer to £,,,) narrows the gap, while smaller & widens it. Thus, g, is an approximate
optimal exponent given by the left-openness property, whereas p;, is the theoretical optimal exponent.

We will prove the following result, which is equivalent to Theorem 3.24.

Proposition 3.25. We can find a weight w € A, such that if the inequality

/\f()—wiWuﬁuyz<c aQ>( /WVfunPw@ﬁu) (3.14)

( (Q) (Q)

holds for every cube Q and for all Lipschitz functions f, where q is defined by
11 1

poa nlby-y)
with y such that n(€,, —y) > 0. Theny < 0.

We will follow the ideas of the proof of Proposition 7.4 from [PR19]. We need the following lemma
from [PR19].

Lemma 3.26. Let u be a finite measure such that supp(u) C Q c R™. Consider a subset E C Q such
that u(E) = Au(Q) for some A € (0, 1) and a function f vanishing on E. Then, for any constant a € R

we have

lallLa () < ||f allpa () -

Proof. Since f vanishes on E, we clearly have that | f(x) — a| = |a| for every x € E. Using this fact
and the lower bound u(Q) < A~'u(E), we can directly estimate the L¢ norm as follows,

lall?, ) = lal*p(@)
E
< |GIQM

1
_Z a4
1 tal
! q
-1 [ -atta.
E

Finally, enlarging the domain of integration from E to Q, we obtain

lallfugyy < 3 [ V) =altd = 31F =l
Taking the 1/g power on both sides yields the desired inequality, which completes the proof. O

Proof of Proposition 3.25. Consider Q = Q(0,1) c R" withn > 2. Let 1 < p < n, and consider the
weight w(x) = |x|®" withn < § < np, thenw € A, (see Example 7.1.7. in [Gral4]). Concretely,
by = % > 1, and this implies that w € A, for all r € (%, ).

Before proceeding, let us estimate w(Q). Since Q = (—1/2,1/2)", it contains the inscribed ball
B(0,1/2) and is contained in the circumscribed ball B(0, 4/n/2). Passing to polar coordinates, we can

bound the integral from below and above:

12 1/2)6 1
@z [ a0 = B2,
B(0,1/2) 0 0 0
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vz /2’ 1
w(Q) < / x| "dx = wn—l/ P’ ldp = wpoi ——— =, —.
B(0,vn/2) 0 0 0
Hence, we have w(Q) =, %. Furthermore, by a simple change of variables x = ry, we have

w(Q(0,7)) = row(Q) for any r > 0.

Let0<e < % be a small number which we will choose later, and let define E = Q \ Q(0,2¢). We
define on Q a piecewise affine Lipschitz function f such that f(x) = Oforallx € E and f(x) = 1
for all x € Q(0, &). The transition region is Q(0,2¢) \ Q(0, £), which has a width of /2 in the L®
distance. Thus, |V f(x)| =, é on this region and it is 0 otherwise.

In order to apply the previous lemma, we compute

W(E) = w(Q) = w(Q(0,26)) = w(Q) — (26)°w(Q) = (1 - (26)°) w(Q).

Then, applying the lemma and assuming that inequality (3.14) holds, we have

1 1 % l
( (Q)/ |f(x)|‘1w(x)dx) S(@/Q|f(x)—fQI‘Zw()c)dx) +( (Q)/ |fQ|qW(X)dx)
1 1 .
<|1 o o
<( + (1_(28)5)111)(W(Q)/Q|f( ) — folTw(x) )

1
die—1 e (Q)( |Vf<x>|f’w<x>dx)
( (1 - (26)9)7 ) (Q)/

We will study each term separately. For the left-hand side,

1 7
( vl / If(x)IqW(X)dX) z(—W(Q) . If(X)I"W(x)dx)
_ (w(Q(o,s»)é

1

Ww(Q)
) (séw@))é
“ W)

E4q.

On the other hand, we bound the gradient term,

1

1 1 r
w | —— —w(x)dx
w(Q) Jo(0,26)\0(0,5) EP

1

() (@ /Q |Vf<x>|f’w<x>dx)”

S p
(6 / |x] _"dx)
0(0.2¢)

(a max |x|6—"|Q(o,2s>|)”

x€Q(0,2¢)

IA
M| =

1

IA

(6- wzsﬁ—"(zs)")‘l’
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where we used that the maximum of |x|®~" on Q(0, 2¢) = (—¢, )" is attained at the vertices, which

are at distance v/ne from the origin, since § —n > 0.

Hence,
Fi 1 1 54
€1 5, Cyp |1 + ————|orer (3.15)
(1-(2¢)9)4
which implies,
1 8_6_4
1<, Cul| 1+ EP 4a

Observe that, since £, = g, we have

T R R T
p g nlbw-v) n(¢-y) 6-yn
Therefore,
1 _6_
1 $,Cy |14 ————|eva™!
(1-(28)%)4
1 _
=Cy 1+ ———|e7m!
(1-(28)%)4
1 yn
=Cy |1+ ——— |7
(1-(2¢e)%)4

Since 6 — yn > 0 by hypothesis, if v > 0, we can choose £ > 0 small enough such that the previous

inequality fails. This forces v < 0, and the proof is complete. O
The following result is a generalization of Proposition 7.4 in [PR19].

Proposition 3.27. Let 1 < p <nand 1 <r < p < g < oo. Suppose that there exist constants C > 0
and B > 0 such that

1

1 » P
/Q V£ 001 w(x) dx)

w(Q)

holds for every w € A,, every cube Q, and every admissible function f. Then 5 > %.

_ N Z B (
(575 [ 7= folweoas) = ciwt, o)

As a consequence of this result, we obtain the sharpness of the exponent % on the A, constant in
(3.10).

Proof. Let Q = Q(0,1) and consider the weight w(x) = |x|°~" with 0 < § < min{1,nr}. Then

, r—1
w € Ay and [w]a, =, 75 (i) . Moreover, by homogeneity, w(1Q) = t%w(Q) for every ¢ > 0.

nr—98
Fix ¢ € (0, %) such that (2&)" < J—P and let f be a Lipschitz function such that 0 < f <1, f =1 on
eQ, f = 0outside 2¢Q, and |Vf]| <, é Since |Q| = 1, we have 0 < fp < (2e)" < th- Therefore,

w(sQ))é 3ot

| a
(g L - fotw ) = 1= o) (52 = 5

w(Q)
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On the other hand, since 2° — 1 < ¢ for 0 < § < 1, we have

! ) P 1 (w(e0) - w(zQ)\?
f(Q)(W(Q)/QIVf(X)I w(x)dx) < 8( 2
—er (20— 1)p
35%52‘1_

nr—290

_1 ., .
For the fixed value of &, if we take the limit as 6 — 07, the term 5877 in the denominator forces the
condition 8 > %. This completes the proof. m|

3.6 Asymptotically sharp embedding of A, into A, for flat weights

The purpose of this section is to provide new quantitative estimates for the embedding of A, weights
into A, classes. A classical result is that the A, classes are increasing in p and open, in the sense
that if w € A, with p > 1 then there exists an & > 0 such that w € A),_ ., with an explicit control of
the Aj,_ . constant [w]a,_, in terms of [w]4, (see Corollaries 1.15 and 1.18). The relevant question
here is to determine, given the weight w € Ao, with a certain constant [w] 4., what is the best possible
p > 1 such that w € A, (this is £,, in Definition 3.5). Moreover, it is interesting to find a quantitative
connection between this optimal p > 1 and the Fujii—Wilson constant [w]4_.

Work in this direction can be found in [HP16], where, as a consequence of their study of quantitative
weighted Solyanik estimates, the authors prove that if w is an A, weight in R", then w € A, for

i . enlwlag
p > erlWlas with [w]a, <e° A

y =

, where ¢,, > 1 is a dimensional constant. This seems to be
the best available result in the literature on this question, but a simple observation is that both these
estimates fall short of what they should be in the particular case of weights with [w]4_ — 1. Notice
that since [w]a,, = 1 is equivalent to w being constant, it makes sense to refer to this asymptotic
analysis as the case of flat weights. The main contribution of this section is to provide a sharp asymptotic
estimate for the Ao, ~— A, embedding for flat weights. That is, denoting by p([w]4,,) the index
such that w € A ([w],.,) We show that p([w]a,) — 1 when [w]a, — 1, with explicit quantitative
estimates for the A, constant. The remarkable aspect is that we indeed need to restrict ourselves to
weights with small A, constants, a condition that seems to be common in these types of results. We do
not know whether similar estimates can be proved for all A, weights.

We now state the main result of this section.

Theorem 3.28. There exist dimensional constants ¢y, Ty, T,, > 0 such that if w € Ac With [w]a,, <
1+ ¢, then
weEA, with p=1+71,([wla, - 1),
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and moreover,

[wla, <exp(r,([w]a, — D).

Remark 3.29. We observe that under the smallness condition [w]4,, < 1 + ¢, of the preceding
theorem, the exponential upper bound can be controlled linearly. As a result, the quantities p and

[w]a, exhibit the same asymptotic behavior, yielding the relation

P =n [Wla, =0 T+ 10([wla, = D).

3.6.1 Logarithm of an A, weight

A key intermediate step towards the proof of Theorem 3.28 is an estimate on the BMO seminorm of
log w, where w is an A, weight. The fact that log w belongs to BMO when w € A, is not new; even
some quantitative estimates are known. A nice result in this area was provided by Korey [Kor98]

related to the [w]’, constant. Among other results, Korey proved that

I 1og wilavio < log (2w, ) -

There is also an asymptotic estimate of the form

[ logwllsmo < C4/log ([w];‘m) as (w]a, — 1.

Results like these were later used by Pattakos and Volberg in [PV12] to study the interesting problem
of the continuity of norm estimates in weighted inequalities for Calderén—Zygmund operators.

In that direction, we provide here a sharper estimate for the BMO seminorm in terms of a mixed
combination of the Hrus¢ev and Fujii—-Wilson A, constants. This estimate should be compared to the
result in [HP13, Proposition 1.21].

Theorem 3.30. Ifw € A, then logw € BMO with
llog wllgmo < cnlog(2[w]) )([wla, — 1),
for some dimensional constant ¢, > 0.

For this purpose, we introduce the following logarithmic A, constant to be used throughout the

section.

where the supremum is taken over all cubes Q.

Remark 3.31. It is shown in [HP13] that [w]lfji < 2"*1[w] 4. In addition, by [Ste69] we have the

reverse inequality,

w(

/ M(wyxo)(x)dx < 3”/ (1 +log* (_x))) w(x) dx,
0] o o

w

for each cube Q. In conclusion, we have [w]llf;g >, [w]a,.
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As with the other A, constants, this logarithmic counterpart attains its minimum value 1 precisely

for constant weights.

Proposition 3.32. Let w be a weight. Then [w]t;g = 1 if and only if w is constant almost everywhere.

Proof. If w is constant almost everywhere, then w(x) = wg for almost every x € Q, and hence

log*(w(x)/wg) = 0 almost everywhere on Q. Therefore

1 / ( w(x)
— 1 +log* (— w(x)dx =1,
w(Q) Jo wo
for every cube Q, so [w]lj\)g = 1. Conversely, assume that [W]IXg = 1. Hence we must have, for every

cube Q,

/ log* (@) (x)dx = 0.
Q wo

Thus log™ (w(x)/wgo) = 0 for almost every x € Q, and therefore w(x) < wg for almost every x € Q.

It follows that wgp — w(x) > 0 almost everywhere on Q, while

/ (wo —w(x))dx =[Q|wo —/ w(x)dx = 0.
Q Q

Hence w(x) = wo for almost every x € Q. Since this holds for every cube Q, then w is constant almost

everywhere. O

As a first step, we show that log w belongs to the weighted BMO space, BMO,,,. This space, which
is usually denoted as BMO,,, ,, in the literature (see, for instance, [OPRR20]), is equipped with the

seminorm .
5 /Q £ = foumw(x) dx,

Il fllBmO,, := sup
0 w

where the supremum is taken over all cubes Q, and fp ., = @ J. 0 f(x)w(x) dx is the weighted

average of f on the cube Q.

Proposition 3.33. Ifw € A, then logw € BMO,, and

llog wllgo,, < 8([w]E —1). (3.16)

Proof. Letw € A and let Q be a cube. Since logw — (logw)p, has zero integral on the cube Q

with respect to the weighted measure w dx, we have
o [ Togw = (ogwiolw =2 [ (logw - (log o)
— ogw — (logw)o wlw =——— ogw — (logw)o w) w
w(Q) Jo W) Jo e

2 +
S@/Q(logw—long) w

+2 (logwg — (log w)Q,W)+

211 + 12,
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where a* = max(a, 0). We can easily estimate the first term

w(x)
I = w(Q)/ ( )w(x) dx

(w(Q)/(“l [ )) e a1

<2([wl® -
On the other hand,
1
(logw)o,w —logwo :@ /Q(log w(x) —logwo)w(x) dx
=$/(logw(x) —logwg) w(x) dx
(Q) / (logwg —logw(x))"w(x) dx
=P - N.

We estimate P and N separately. The bound for P is analogous to that for 7,

w(Q)/ ( )w(x)dx
w(x) )
w(Q)/ (1+1 og ( ))w(x)dx 1

S[w]fi—l.

To estimate N, we use the elementary inequality log? <7 — 1,

W(Q)/( ( <x>))+w(x)dx

- 1) w(x) dx

W(Q) W<WQ} (W(X)

:—W(Q)/Q(WQ—W()C))
1
S@/Qlw(x)_WQldx

2 +
=0 /Q(w(x)—wQ) dx

2 w(x) _
_W(Q) /{WZWQ} ve ( wo 1) &

w(x) w(x)
S"V(Q) /W>WQ}WQ wo log( wo ) &

w(x)
W(Q)/ ( )w(x)dx

<2([w]E - 1),
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where in the third inequality we use t — 1 < tlogt for r > 1. Therefore,

I, =2 (logwg — (log W)Q,W)Jr
<2|logwgo — (logw)o,wl
<2|(logw)o,w — logwol|

=2|P — N|

<2P + 2N

<2([wl§E = 1) +4([wl§E - 1)
=6([w]E - 1).

Combining the previous estimates, we have
|logw = (log w)g.wlw < 8([wl,% = 1),
W(Q) / e

for every cube Q. Taking the supremum over all cubes Q completes the proof. m|

Remark 3.34. A closer inspection of the argument shows that we have, in fact, proved a stronger

statement. For each cube Q, we have

(Q) / [logw(x) — (logw)g,wlw(x) dx < (Q) /

The estimate obtained above has the correct asymptotic behavior for flat weights (see Proposition

(w(x)) w(x) dx.
wo

3.32), in the sense that as [w]lji — 1, both sides of the inequality go to zero. However, if we simply
used Lemma 6.2 from [HP13], which states that [w]fi < 21 [w] 4., we would lose this property.
Indeed, such a bound would yield [[log w(lgymo,, < cn[w]a,, — 1, which clearly does not vanish as
[w]a., — 1. Therefore, we need to refine this result to obtain an inequality that preserves the correct

asymptotic behavior for flat weights.

Lemma 3.35. For any cube Q and any measurable function w, we have

w(x) .
W(Q)/ ( )W(x)dx ( (Q)/M(WXQ)(x)dx 1

Hence, if w € A,

[w]%® =1 <2"([w]a, - D).

Proof. The estimate follows from the reverse weak type (1,1) inequality: if w is nonnegative and

I>wp,
1
—/ wdxs2"|{x€Q: M(W)(Q)()C)>l}|.
{x€eQ: w(x)>t}
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By the layer-cake formula applied to s log™ (-2~ ) we have

1 <1
=— [ = dr | d
W(Q) / (WQ) v W(Q) wo t (/{XEQ: w(x)>t} v :

2" ©
< w(0) o |{x€Q: M(W)(Q)(x)>t}| dt

2" °°

=20 ) {x€Q: M(wyxo)(x) >t} dt

211 w

w(Q)
W(Q)/M(WXQ)(x)dx

211 wo
w(Q)

We note that since wp < M(wxo)(x) for each x € Q, we have

|{x €Q: M(wxo)(x) > t}| dt

|{x €Q: M(wxo)(x) > t}| dt.

21’! wo
w(Q)

}{x €Q: M(wyo)(x) > t}| dt
on wo

>
_W(Q)

|{x €0 : M(wxo)(x) > wQ}| dt

wo

dt

W(Q)
. 1ol
2"
=2".

Hence,

1 [ 1! s
W(Q)/Q(1+log (@))wdx—l— (Q)/log (WQ)wdx

<2 ( (Q)/M(WXQ)dx—l)

and we conclude the proof by taking the supremum over Q. |

Combining the two previous results, we obtain the bound of the BMO,,, seminorm in terms of the

Fujii—Wilson A, constant.

Corollary 3.36. Ifw € A, thenlogw € BMO,, and

Illogwllgmo,, < 2" ([wla., = 1). (3.17)

In addition,

/ [logw(x) — (logw)o,wlw(x) dx < on+3 ( / Mwyo)(x)dx -1

(Q)
for each cube Q.

(Q)
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The following result is due to Tsutsui [Tsul4]. However, for the convenience of the reader and the

sake of completeness, we provide a detailed proof here.
Theorem 3.37. There exists a dimensional constant c,, > 0 such that for any w € A,

1 fllBmo < cnlog(2[w]’y )l fllBMmO,, -

where [w]’y is the Hruscev Ao constant defined in (1.10).

Proof. Fix a cube Q. By standard BMO arguments, we have

|Q|/ () = foldx <2 inf |Q|/Q|f(x) c|dxs@/ £ () = foum| d.

Next, by the characterization of [w]’ s, given in [Grald, Proposition 7.3.2 (5)], for every non-

negative measurable function g we have

eXp(lél / g(x) dx) < [W]Amﬁ/QeXP(g(X))W(x) dx.

On the other hand, by the definition of the Luxemburg norm, any measurable function # satisfies

|2 (x)]
W(Q) / ( |h”expL(Q w) ) W(X) v < 2.

We now apply these two facts with

|/ (%) = fo.wl

gx) = ;
”f - fQ,w ”expL(Q,w)

and h(x) = f(x) — fo,w, hence we obtain

| £ () = fou] ) ,
— dx| <2 .
e"p(|Q|/an—fQ,wnexpL(Q,w) x) < 2wl

Taking logarithms gives
1 )
51 L 1709 ol ds < 108U, )1 = Fomllprionm:

Finally, we apply the John—Nirenberg theorem for non-doubling measures due to Mateu, Mattila,
Nicolau, and Orobitg [MMNOO00, Theorem 1]'. Tt follows that there exists a dimensional constant
¢, > 0 such that

“f - fQ,w”expL(Q,w) < Cn“f”BMOW~

Combining the previous estimates, we conclude that

o / F() — fol dx < 2¢,Tog2[w],_) 1 fllamo.. -

Taking the supremum over all cubes Q completes the proof. m|

As a consequence of the results above, we obtain the result on the BMO norm of log w presented in
Theorem 3.30.

Proof of Theorem 3.30. This is just putting together (3.17) from Corollary 3.36 and Tsutsui’s result
in Theorem 3.37. |

I As explicitly stated at the end of the proof of Theorem 1 in [MMNO00], the constants in the John—Nirenberg inequality
depend only on the dimension and, in particular, are independent of the measure .
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3.6.2 Proof of Theorem 3.28 and its consequences

Using the results established in the previous section, we now proceed with the proof of Theorem 3.28.
Our approach follows the technique of [Pol95] (see also [Kor98; Mit05]).

Proof of Theorem 3.28. The goal is to obtain control on the A, condition for w € A, by assuming
some quantitative control on [w] 4. We begin by considering r > 1 to be chosen later and connect the
A, condition with previous estimates on the BMO norm of log w.

Let Q be a cube. By Jensen’s inequality and the elementary inequality exp(?) < exp(|t]|) we obtain

el o) e L) ()

“(ia
“(a

1
S _
o

1 1
/erlogw)r(L/e—rlogw)r
0 101 Jo
1 1
/er(logw—(logW)Q))r(L/e—r(logw—(logw)Q))r
o 10| 0

1
/e|r||]0gw—(10gw)Q|)r(L/el—rlllogw—(logw)Ql)
0 101 Jo
2

1

r

:(L/ erllogw—(logw)Ql) _
101 Jo

This last quantity is exactly what we know how to control by using the BMO estimates for log w. More
precisely, by Theorem 3.30 we have logw € BMO, and by John—Nirenberg inequality we can obtain

that
ant
H{x € Q: |logw(x) — (logw)o| > t}] < 2ex (—+)|Q|.
{ gw(x) — (logw)ol > 1} P\~ Togwino
Hence,
1
—/ exp (r|logw(x) — (logw)ol) dx <3, (3.18)
101 Jo
where
n
r= ———.
2|/ log wllBmo
We use estimate in (3.18) to control the last integral in our previous estimate to obtain
1
ol )
— [ wl— [ w <3r. .
0l Jo \IQl Jo

It remains to verify two points. On one hand, we need to show that r above can be chosen such that
r > 1. This will be a consequence of the estimates on || log w||gmo- On the other hand, we need to
exploit this result to obtain an explicit expression for p([w]a_, ), the best possible index for which
weA,.

For the first one, we simply need to restrict to weights with small constant, [w]a,, =1 + 6 with §
small enough such that || logw||smo < % To that end, recall that we have the estimate from Theorem

3.30, namely
llog wllgmo < cnlog(2[wl)y )([w]a, = 1).
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Since our standing assumption is that [w]4_ = 1 + ¢ with a small §, we may assume that [w]4_ is

’

bounded by, let’s say, 2. From that, we want to obtain that [w] A

is controlled as well. This can be
found in [BR14, Theorem 1.3], where the inequality )
e As +1
(W], <C I
is proved in dimension 1. For the higher dimensional case in R", n > 2, the result is from [HP16,
Corollary 5.6] where the inequality
eenlwlag

(W] <e

has been proved. Hence, under the assumption [w]4_ = 1 + ¢ with § < 1, we have

llog wllgmo < Cn([W]a, — D).

We now choose § < =
2Cn

To finish with the proof we now consider p — 1 =1 ie. p =1+ } This yields

7o

1 1 1-p’ Pl 2(p-1)
— [ wl— [ w'P < 37~
|Q|/Q (|Q|/Q )

We have proved [w]a, < 32(=1) withp = 1 + %([W]Am — 1). Using this expression for p, we have

. . a,
to get the desired estimate || log w|lgmo < 5*.

[w]a <3200 = 3G (wlaw=1)
r — ’

2C,

an

which is the desired estimate with 7,, = and 7, = 2log 3 7,. This concludes the proof. O

The only result of this type, a quantitative embedding of A, into some A, class, that we are aware

of in the literature is the following theorem from [HP16].

Theorem 3.38. If w € Ay then w € A, with p = ecrWlas gnd [wla, < e M for some

dimensional constant ¢, > 1.

Remark 3.39. We note that the corresponding result in [HP16] is originally formulated with the strict
inequality p > e“"["la~_ However, one can readily obtain the statement with equality, p = e ["]ax

by replacing ¢, with a slightly larger dimensional constant.

Our result improves this estimate in the case [w]a, < 1 + ¢,, yielding the correct asymptotic
behavior for flat weights. That is, when [w]a,, — 1 we have p — 1 and [w]4, — 1. Putting together

our result with the embedding of [HP16], we obtain the following quantitative general embedding.
Corollary 3.40. Letw € Aw. Thenw € A, with

1+Tn([W]Am_1) if[W]Am <l+cp,

p =
eCnlwlaw if [w]la, > 1 +cp.

for some dimensional constant ¢, > 0. In addition,

eT;l(lWJAoo_l) if‘[W]Aoo < 1 + Cns

[w]a, < Cnlwlag
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Remark 3.41. The restriction [w] 4, < 1+ ¢, is natural in our approach. It is required to guarantee that
the integrability exponent r obtained from the John—Nirenberg inequality is large enough (specifically,
r > 1), which is a necessary condition for our estimates. However, one may conjecture that even for

large Ao constants, the embedding could still hold with p of the order C,, [w] 4,

p [wla,

(n\‘WA
. w < ef
:g(nl”']/\oo / I IA
oCn(l+cn)
e
e

eCn(l+cn)

1+ 1,cn p=1+7,([wla, -1

’
T,Cn

e [W]AP < eT}/'l,([W]Am_l)

|

|

|

|

|

— [w]a.
1 1+cp,

Figure 3.1: Asymptotic behavior of the Ao, — A, embedding. Left: The function p([w]a,). Right: The
A, constant bound. In both cases, the blue line represents the sharp behavior for flat weights obtained in
Theorem 3.28, and the red line is the exponential bound from [HP16] stated in Theorem 3.38.

As a further consequence of our asymptotic embedding, we obtain a uniform bound of the classical
BMO norm by the weighted BMO,,, norm for flat weights (see Theorem 3.37).

Corollary 3.42. There exist dimensional constants cy,, Cy, > 0 such that if w € As with [w]a, < 1+cy,
then

I fllemo < CaullfllBMO,, -

Proof. Let ¢, and T, be the dimensional constants given by Theorem 3.28. If [w]a_ < 1+c¢,, we know
thatw € A, with p = 1 + 7,([w]a, — 1), and its A, constant is uniformly bounded by a dimensional
constant, say [w] A, < C,,. Furthermore, observe that since [w] A < 1+ ¢y, the doubling constant is
also bounded by a dimensional constant.

Fix a cube Q. Using Holder’s inequality together with the A;, condition, we have

/ F(0) — foldx <[wl? ( v / £ () - fQ|Pw<x>dx)

1

<[w1Z CaDwpllfllsio,

<CullfllBmo,, -

1ol

The second inequality follows from [MRR22, Theorem 1.1], which bounds the L? (w) average of the
oscillation by the BMO,,, norm. Finally, the last inequality holds because the parameters p, [w]a

r’

and D,, are all bounded by dimensional constants. m|
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3.7 Poincaré-Sobolev inequalities for flat A., weights

In this section, we apply our asymptotic embedding result (Theorem 3.28) to prove weighted Poincaré—
Sobolev inequalities for A, weights with a small A, constant. Recall from Section 3.5 that the critical
index ¢,, = inf{r > 1 : w € A,} dictates the optimal weighted Sobolev exponent p}, through the

relation
1 1 11

For a general w € A, the index ¢,, can be arbitrarily large, which is why the Poincaré inequality
fails for the full A class. However, our embedding theorem provides an explicit, sharp upper bound
for this critical index when the weight is flat: there exists a dimensional constant ¢, > 0 such that if
[(wla, < l+cpy, thendy, <1+ 1,([w]a, = 1).

We are now ready to state the main result of this section.

Theorem 3.43. Letn >2andlet 1 < p <n. Let w € Ay and consider the exponent pj\w defined by

the relation
1 1 1 1

p Py nl+t((wla, -1

There exists ¢y, > 0 such that if [w]a, <1+ cp,p, then we have

B3

L o Phay )| A . PR I ) ),i
(w(Q)/Qlf fol w) <cpp (L +1([w]a, — 1)P€(Q) (—W(Q)/lefl wl” .

for every cube Q. Moreover, we have
1

1 1 P
!If—fQIILp;m,p(Q,M) < enp (1 + T([Wla, - D)7 E(Q) (@ /Q IVfI”w) :

w(Q)

for every cube Q.

Although the previous result is restricted to weights with a small A, constant, it has the remarkable

consequence of asymptotically recovering the classical Sobolev exponent when [w]4_ — 1. That is,
np_

when [w]a,, — 1, we have p’, — p* = np-

Proof of Theorem 3.43. Let w € Ay with [w]a, < 1+ ¢, Where ¢, is given by Theorem 3.28.
Then, w € A, with r = 1 + 7,([w]a, — 1) and [w]a, <, 1+ 7 ([W]a, —1). We choose ¢, ),
as the minimum between c, and the constant depending on n and p ensuring that r < p, that is,
cn,p < min{c,, (p — 1)7,/'}. Hence w € A, and we can apply Proposition 3.10 with @ = 1 and
this value of r, obtaining ¢, = p7, . For each cube Q, using the subrepresentation formula stated in

Theorem 1.28, we have

”f - fQ”LPZ‘)"’m(Qva(f)Qd)x) <cn ||11(|Vf|XQ)||Lqu(Q’%)
1 1 5
<Cop* W17 £(0) (@ /Q IVfI”W)

<Cop* (14 Ta([Wlae — 1)FE(0Q) (@ /Q v f|Pw)” .

Finally, we conclude the proof by applying the truncation argument stated in Theorem 1.35. m|
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Remark 3.44. Observe that, since the theorem assumes the smallness condition [w]a, < 1+ ¢, p, the
1
term (1 + 7,([w]a, — 1)) 7 is uniformly bounded and could be absorbed into a new constant C,, ,, > 0,

yielding the cleaner inequality

(g5 1= fotw) ™ < Cupti@) s [ 191w

However, we have chosen to keep the explicit dependence on the A, constant in the statement to

<=

highlight that as [w]4_ — 1, the constant on the right-hand side goes to ¢, p*.

To put this result into perspective, it is worth noting that the weighted Poincaré inequality does not
hold for the entire class A, as shown in [PR19, Theorem 1.26]. Consequently, the Poincaré—Sobolev
inequality does not hold either. In contrast, our result shows that if the A, constant of w is not too
large, that is, if w is not a highly degenerate weight, then a weighted Poincaré—Sobolev inequality
can be established. In other words, the failure of a Poincaré inequality for the entire A, class comes

precisely from weights with large Ao, constant, namely, the most singular weights in the class As.



Chapter 4

Quantitative BMO-BLO estimates for the
Hardy-Littlewood maximal function

In this chapter, we present the results of the following paper with some detailed proofs.

[Cla25b] Craros, A. Quantitative BMO-BLO Estimates for the Hardy-Littlewood Maximal Function,
arXiv preprint arXiv:2511.18949 (2025).

Continuing the discussion of BMO, sharp maximal functions, and John—Nirenberg inequalities from
Chapter 1, the aim of this chapter is to study quantitative versions of the classical mapping property of
the Hardy—Littlewood maximal operator from BMO into BLO. We prove unweighted and weighted
exponential estimates for the lower oscillation of M f, normalized by the sharp maximal function
M?* £, with linear dependence on the Fujii—~Wilson constant [w]4_. Finally, we show that the A,
assumption is also necessary, obtaining a new quantitative characterization of the Ao, class in terms of
the boundedness of M from BMO into the weighted space BLO,,.

4.1 Introduction and motivation

As we reviewed in Chapter 1, the theory of functions of bounded mean oscillation (BMO) plays a
fundamental role in modern harmonic analysis. The classical John—Nirenberg theorem (Theorem 1.7)
states that functions of bounded mean oscillation are locally exponentially integrable. More precisely,

if f € BMO(R"), then there exist dimensional constants ¢y, ¢, > 0 such that for every cube Q c R”,

Hx € Q: |f(x) - fol > 1}] < cre~@!/Wlemojg| ¢ > 0.

This inequality establishes that bounded mean oscillation implies a form of exponential control stronger
than any L? bound. This property also identified the BMO space as a natural endpoint substitute for L™
in the scale of Lebesgue spaces and as a central object in the study of singular integrals, interpolation,

and partial differential equations.

103
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Many authors have studied quantitative versions of the John—Nirenberg inequality, including
extensions to weighted settings [PR19; OPRR20; MRR22; CP21], to metric measure spaces [Str76;
ST89; FPW00; DGL20; Myy22; GK23], and even to more general measures and capacities [CS24;
BCRS25]. Indeed, the weighted John—Nirenberg, Poincaré, and Poincaré—Sobolev inequalities can be
unified within a single theory through the so-called self-improving phenomena (see [FPW00; MP02;
PR19; GLP)).

In [Kar02], Karagulyan obtained an extension of the John—Nirenberg inequality, showing that
one can recover the exponential decay of the oscillation of any locally integrable function once it is
normalized by its sharp maximal function. Specifically, if f € LIIOC(R") is a nonconstant function, then
there exist dimensional constants ¢, ¢y > 0 such that for every cube Q,

[eo: L -sel, )
M f(x)

for every 4 > 0. To see why this constitutes a direct extension of the classical John—Nirenberg theorem,

< cre” Q]

assume that f € BMO(R"). As discussed in Chapter 1, the BMO seminorm of a function coincides
with the L* norm of its sharp maximal function. Thus, M* f(x) < ||f|lemo for almost every x € R”.
Consequently, for any ¢ > 0, the following inclusion of level sets holds up to a set of measure zero:
Fo) = fol |t }
MEf(x) Ifllemo )
Applying Karagulyan’s estimate to the set on the right-hand side with the parameter 4 =

{er:lf(x)—fQ|>t}C{er:

t
II.fllBMO

immediately yields the upper bound ¢ e_% |Q|, recovering the classical John—Nirenberg inequality.

This extension was later refined and generalized by Canto and Pérez [CP21]. Their result constitutes
a twofold improvement over Karagulyan’s estimate: first, the pointwise oscillation |f(x) — fop| is
replaced by the strictly larger local dyadic maximal operator Mo (f — fp), and second, the estimate is
extended to the weighted setting.

The precise statement is the following.

Theorem 4.1. Let f be a nonconstant locally integrable function and let w € Aw. Then, for any cube

Q and any 1 < p < oo, the following estimate holds:

M - P L
(W(IQ)/Q( Q/(\/J:#f(J;Q))(X)) w(x)dx) < Cp[wlap, 4.1)

where Mg denotes the local dyadic maximal operator introduced in Chapter 1.

We also refer to [LL.O22] for a different proof of Theorem 4.1. Furthermore, the linear dependence
on the parameter p on the right-hand side of (4.1) is fundamental. By applying Proposition 4.4 with the

associated probability measure du(x) = inf)Q‘ix, there exists a dimensional constant ¢,, > 0 such that

M —
w ({x €0: Q/(\;#f(J;Q))(X)

> t}) <2¢ Mg w(Q),

for every t > 0.
A natural variant of BMO is the space of bounded lower oscillation (BLO). Originally introduced
by Coifman and Rochberg [CR80], this space is defined by replacing the integral average fo with the

essential infimum of the function over the cube.
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Definition 4.2. A locally integrable function f € LIIOC(R”) is said to be of bounded lower oscillation,
denoted by f € BLO(R"), if

1
lfllsLo := SuP—/ (f(x) —essinfg f) dx < oo,
o 101 Jo

where the supremum is taken over all cubes O c R with sides parallel to the coordinate axes.

Unlike BMO, the space BLO(R”") is not a vector space, as it is not closed under multiplication by
negative scalars (see for instance [LYZ26, Proposition 4.1]). However, it forms a convex positive
cone. There is a direct relation between these spaces and the space L (R"). For any f € L*(R") and
any cube Q, it is clear that fp —essinfp f < 2|| f||z~, which trivially implies L~ (R") c BLO(R").
Furthermore, since fp — essinfg f < || fllpLo for any f € BLO(R"), a simple application of the
triangle inequality shows the inclusion BLO(R”) c BMO(R"). Hence, we have the following chain of
inclusions:

L”(R") c BLO(R") c BMO(R").

Both inclusions are strict. On one hand, the function f(x) = max(0, —log |x|) is an example of an
unbounded function that belongs to BLO(R"), showing that L* ¢ BLO. On the other hand, its negative
f(x) = min(0, log |x|) belongs to BMO(R"), but its essential infimum over any cube containing the
origin is —oo, meaning it falls outside of BLO(R"), which demonstrates BLO ¢ BMO (see [Ben82;
LYZ26)).

From the perspective of weight theory, these spaces admit a natural characterization in terms of

logarithms of Muckenhoupt weights, as shown in [CR80]. In fact, one can write
BLO(R") = {alogw : w € Ay, a > 0},

and
BMO(R") = {alogw : w € Aw, @ € R}.

This formulation highlights the intrinsic link between bounded oscillation spaces and Muckenhoupt
weights, and also clearly reflects the strict inclusion BLO ¢ BMO.

In a classical result, Bennett, DeVore, and Sharpley [BDS81] proved that AM maps BMO into itself.
Shortly after, Bennett [Ben82] refined this result by proving that M actually maps BMO into the
strictly smaller space BLO, satisfying

IMfllBLo < Cnll fllBMOS 4.2)

for every function f € BMO such that M f is not identically infinite.

The present chapter is devoted to proving a quantitative extension of the mapping property (4.2),
analogous to (4.1). In particular, we obtain a fully quantitative version of this inequality in the spirit
of the John—Nirenberg theorem, showing that the exponential decay of the lower oscillation of the
maximal operator can be recovered for any locally integrable function when properly normalized by its

sharp maximal function.
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4.2 The unweighted case

To address the general weighted case, we first establish the corresponding estimate in the unweighted
setting. Starting from the estimate for the local dyadic maximal function in Theorem 4.1, we can pass
to the non-dyadic maximal operator, as in [CP21, Theorem 5.1]. Thus, for every nonconstant locally

integrable function f and every cube Q,

M((f - fo)xo) (x) S t}
M f(x)

< Ce 0|, (4.3)

{er:

for every ¢t > 0, where C, ¢ > 0 are dimensional constants. By the layer-cake formula and the estimate

I(p + 1)'/P < p, this exponential decay implies

(M- fQ»(Q)(x)) )
(IQI/ ( MPF () x| =G, 4

for every cube Q and every 1 < p < 0.

For completeness, and to keep the argument self-contained, we also give a direct proof of (4.4).

The proof combines the unweighted case of Theorem 4.1 with Lemma 1.11.

Proof of (4.4). Fixacube Q and 1 < p < co. By Lemma 1.11, there exist n + 1 dyadic grids {Dx}}_,
and corresponding cubes Qy € Dy such that Q < (;_, Qk and |Q| < ¢,|Q] for all k. Furthermore,
by (1.6) for any x € Q, we have

M((f = folxo) () < en D M ((f = fo)xo) (x)

k=0

<en ) MP( = Fo)xo) ()

k=0
= ) Moy (f = fo) (),
k=0

where we have used Q C QO and Qy € Dy for every k € {0, ...,n}. Let us analyze a single term in
this sum for a fixed k € {0, ...,n}. By using Q C Q and |Q¢| < ¢,|Q|, we have

MQk (f fQ)(X) < MQk( )(x) + |ka fQ|
< Mo, (F = fo )0 + / 1FG) — ol dy
~ 1Qk] 1 3
SMQk(f ka)(x) |Q| |Q| |f(y) foildy

SMQk(f—ka)<x)+cn@/Q’ £ O) ~ foul dy
< (1 + Cn)MQk (f_ka)(x)’

for every x € Q. Thus, we have proved

M((f = fo)xo) (%) < en D Moy (f = fo,) (x),

k=0
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for every x € Q. By applying Minkowski’s inequality and Theorem 4.1 on each cube Qy, we obtain

0 M((f—fQ)XQ)(X))" )é 0[S Mo - fe) @)\
(|Q|/Q( M F () ) = |Q|/Q P e

k=0
(1 MQk(f—ka)u))P z
n TAl d
=¢ ng |Q|/Q( MPF () g
o fled 1 (MQAf -kaW))” i
= Zor 10 Jo \ T M)
BRI (MQk(f—ka)(x))p )
<cp —_— p dx
Zi\10il Jo \ T MFF()
<cp Cup
k=0
=Cnp
This completes the proof. O

With this preliminary estimate established, we are now in a position to prove the unweighted version

of our main result.

Proposition 4.3. Let f be a nonconstant locally integrable function such that M f is not identically

infinite. Then, there exists a dimensional constant c,, > 0 such that for every 1 < p < oo, we have

s Mf(x)—essianMf)p )11’
(|Q|/Q( MEF() a| =cnp.

for every cube Q.
Proof. Fix acube Q and 1 < p < co. We decompose the maximal function as
Mf(x) = M((f = fie)xse + froxso + fx (o)) (x)
< M((f = Fo)x30) (x) + Mg(x),
where g(x) 1= frox30(x) + £(X) x(30)¢ (x). Therefore,
Mf(x) —essinfo Mf < M((f - f0)x30)(x) + Mg(x) —essinfg Mf
< M((f = f0)xs0) () + (Mg (x) — essinfo Mf)™.

This yields the estimate

ks Mf(x)—essianMf)P )zl’ s (M((f—f3Q)X3Q)(X))p ’
(|Q|/Q( M) a| = |Q|/Q MPF () o

+( 1 / ((Mg(x)—essianMf)+)p dx)ll’
o

o] MF f(x)

=1 +1.
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By applying (4.4) over the larger cube 3Q, we obtain

N M((f—f3Q)X3Q)(x))p G
"S(|Q|/3Q( MFF ) “

((f = f50)x30) (x))
n
=3 (|3QI / ( MEF() dx)

< cpp.

To estimate the second term, we bound Mg pointwise in Q. Let x € Q and let P be a cube such that
x € P. We consider two cases. First, if P C 3Q, then

1 1 .
& /P g0l dy = Ifiol < 5o /3 17Ol dy < essin-co M/ (2).

Otherwise, if P N (3Q)¢ # 0, we consider the smallest cube P that contains both P and 3Q. Since
x € QN P, we have |P| < c,|P|. Hence,

o [ 0l < o [ 1et) = foldy + U
=1L + 1.

We can estimate /1, trivially,

1 )
s [ 1rolay <essin.co My(o).
P

Using the definition of g, we have

1
11 SCn—-/ lg(y) — fpldy
|P| Jp

1 1
:cn—_/ |f3Q—fp|dy+cn—./_ 17 — fol dy
|P] |P| JPn(30)e

Bol 1 |
— fsld — _fd
g [ 110) = ol
< eaMPf ().

We have proved that for each cube P containing x,

L B0l dy < M) + essintco M @)

and thus
Mg(x) < caM* f(x) +essinfeo Mf(2),

for every x € Q. Using this pointwise estimate, we can bound /5,

1 e M F(x)\P %_
23(@/Q( M#f<x>) dx) = on = enp-

This concludes the proof. |
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The linear dependence on p established in Proposition 4.3 yields exponential-type integrability.

This equivalence is a consequence of the following result (see [CP21]).

Proposition 4.4. Let (X, i) be a probability space and let f > 0 be measurable. Assume that there

exists a constant 'y > 0 such that for every p > 1,

1
P
(/Xf(X)”du(x)) <vyp.
Then, we have f € exp L(X, u), meaning
t
u{x e X: f(x)>1t}) <2exp ( - 4—)
Y
for everyt > Q.

Proof. For each integer k > 1, the hypothesis gives

f@)\* k\*
AV@?W@SQW

Therefore, by the power series expansion of the exponential function,

f(x) N (@)
o) o= 2 [[55) aveo

gl

IA

Mg T2

1
1k!

IA
-

Now, for every ¢ > 0, Chebyshev’s inequality yields

u{xeX: f(x)>t}) =u ({x €X: exp (%) > exp (L)})

ol 4) o )

t
< 2exp (——) .
4y
O

We note that an alternative proof could also be obtained by following the same strategy as in
Proposition 2.8; we have chosen to include this alternative technique.
As an immediate consequence of Proposition 4.3 and the previous result, we obtain the following

corollary.

Corollary 4.5. Let f be a nonconstant locally integrable function such that M f is not identically
infinite. Then, there exists a dimensional constant ¢, > 0 such that

Mf(x) —essinfg Mf . t}
M f(x)

Hx €0 : <2e7n|Q), (4.5)

for all t > 0 and all cubes Q.
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4.3 Weighted estimates and exponential decay

We now turn to the weighted setting. The main goal of this section is to prove the weighted extension
of the BMO-BLO mapping property, establishing a precise linear dependence on the Fujii—Wilson A
constant.

The first main result of the chapter is the following.

Theorem 4.6. Let f be a nonconstant locally integrable function such that M f is not identically
infinite, and let w € A be a weight. Then, for any cube Q and 1 < p < oo, we have

! M (x) —essinfo Mf\” »
(W(Q) /Q ( f(X)M:;S(B : f) w(x) dX) <cn[wla, p- (4.6)
In particular, if f € BMO(R"), then for each 1 < p < o0 we have
—l P
(W(Q) /Q (Mf(x) —essinfg Mf)” w(x) dx) < cn [Wlal P IIflIBMOS 4.7)
for all cubes Q.

Remark 4.7. The assumption that M f is not identically infinite cannot be removed. In [BDS81], it
is shown that this condition is necessary for the validity of the boundedness of M on BMO, and an
explicit counterexample is provided by the function f(x) = log |x|. We also refer to the recent work
[BGKM25, Appendix A], which characterizes the class of measures u for which My is finite almost

everywhere.

The linear dependence on p in the right-hand side of (4.6) implies the corresponding exponential

estimates. We formalize this exponential decay in the following proposition.

Proposition 4.8. Let f be a nonconstant locally integrable function such that M f is not identically

infinite, and let w € A« be a weight. There exist dimensional constants ¢y, cy > 0 such that

w({x co: (x)A_A:;s(ng M z}) <cre P w(Q), (48)
forall t > 0 and all cubes Q. That is,
’Mf—essianMf <enwla.
M f expL(Q, i) N

To prove these results, we have chosen to follow the strategy of first establishing the unweighted
case and then passing to the weighted estimate. One might naturally wonder if the direct proof of
Proposition 4.3 could be adapted to the weighted setting. While the local and non-local decomposition
of the maximal function and the corresponding pointwise estimates remain completely valid, a direct

1/p
adaptation introduces the ratio (V:V(f QQ)) ) when bounding the local part over the enlarged cube 30.

Controlling this ratio requires the use of the doubling property of A, weights. However, as shown in
Theorem 1.20 (see also Remark 1.21), the available quantitative control of the doubling constant for an

arbitrary weight w € A has a dependence on the Fujii-Wilson constant that is worse than exponential.



4.3. WEIGHTED ESTIMATES AND EXPONENTIAL DECAY 111

Consequently, our approach of passing through the unweighted exponential decay circumvents this loss
and yields the sharp linear dependence on [w] 4, in (4.6).

The bridge between the Lebesgue measure and the weighted setting is provided by the following
property of A, weights, which is a simple consequence of the reverse Holder inequality (see [HPR12]).
A weight w € A, satisfies

wE) (1)
w(Q) 10|
for every cube Q and every measurable set £ C Q. Using this property and the unweighted exponential
bound (4.5), we can easily prove Proposition 4.8. In fact, the L? estimate in Theorem 4.6 and
the exponential decay (4.8) are equivalent: the exponential estimate implies the L” bound via the
layer-cake representation, and conversely, the linear L? growth directly yields the exponential decay

via Proposition 4.4. We present the proof in the direction from the exponential decay to the L bound.

Proof of Proposition 4.8. Letw € A and fix a cube Q. Let ¢ > 0 and denote the relevant level set by

R

By the aforementioned property of A, weights and the unweighted exponential estimate (4.5)

obtained in Corollary 4.5, we have

1
|E | 2n+1[W]Aoo
f w(Q)

1
<2 (2e7n) X VAw w(Q)

— 21+ﬁezn+l [WJAoo W(Q)‘
This concludes the proof of (4.8). m|
As an immediate consequence of Proposition 4.8, we obtain the following good-lambda inequality.

Corollary 4.9. Let f be a nonconstant locally integrable function such that M f is not identically
infinite, and let w € A be a weight. There exist dimensional constants c1, co > 0 such that for every

cube Q and for every A,y > 0 the following good-lambda inequality holds:
__a
w ({x €0 Mf(x) —essinfp Mf > 4, M¥F(x) < y/l}) <cie T w(Q).  (4.9)

Remark 4.10. We note that inequality (4.9) is an improvement of the classical good-lambda estimate

of Journé [Jou83, p. 43], since it provides exponential decay.
Proof of Corollary 4.9. Fix A,y > 0 and consider any point x € Q satisfying both M f(x) —
essinfg Mf > A2 and M* f(x) < yA. For any such x, we have

Mf(x)—essianMf> A >i
M f(x) MEf(x) ~ yA

This pointwise bound implies the set inclusion

1
"

{er:Mf(x)—essianMf>/l,M#f(x) Sy/l} CE;.
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Using this inclusion, and applying the exponential estimate (4.8) that we just proved evaluated at
t = 1/, we conclude that

w ({x € Q: Mf(x) —essinfo Mf > A4, M*f(x) < y/l}) <w (EL)
Y
2
< cre Masryw(Q).
This establishes (4.9) and completes the proof. O

Proof of Theorem 4.6. Let 1 < p < oo, w € Ay and let Q be a cube. For each ¢ > 0, define the level
set

M —essinfo M
oo Mo

By the layer-cake formula and the weak weighted estimate (4.8) established in Proposition 4.8, we

have
1
(P/ o1 LB dt)p
0 w(Q)
oo > 1
__©t P
(clp/ tPle ™Mlas dt)
0
1
Cpl [W]Aoo sp—le—s ds P
e \P ),

- c{’[wc]% (pT(p))?

1 Mf(x) —essinfo Mf\? »
(W(Q) /Q ( MFF(x) ) w(x) dx)

IA

C1 1
< —[wla L (p+ D7,
2

Ccot
(W]Ae

C'(p+ 1)1% < p (see for instance [Gra24, Corollary 6.2.5]). To prove the second part, assume that
f € BMO. Since M*f(x) < ||f|lsmo for almost every x, we have

! Mf—essianMf)" ) ( I (Mf—essianMf)p )
(W(Q)/Q( Il fllemo wdr| < W(Q)/Q M S w dx

< Cn[W]Aoo p-

where we applied the change of variables s =

We obtain the desired estimate by noting that

|-
|-

Multiplying both sides by || f||smo yields (4.7) and concludes the proof. O

Remark 4.11. Using similar arguments, Theorem 4.6 can be extended to the Lorentz scale L?-4. For

any 1 < p, g < oo, applying the exponential decay (4.8) directly yields

1
©0 __ oot % q
p/ 47! (cle [W]Aw) dt
0

= C, [w]Awg (pT(q))7 ,

<

’ Mf —essinfo Mf
o)

MEf

for every cube Q.
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4.4 A new quantitative characterization of A,

The results obtained in the previous sections establish that the A, condition is sufficient to guarantee
the boundedness of the maximal operator M from BMO into the weighted space BLO,,.. Specifically,
the previous inequality (4.7), in the particular case p = 1, tells us that if w € A, then we have the

boundedness
IMfllBLo,, < Cnlwla.llfllBMOS

where the weighted BLO,, seminorm is defined by

1
w(Q)

I7lato,, = sup i | () = essinto f) wi)
o o

A natural question arises: is the A, condition also necessary for such an estimate to hold? We
shall prove that the answer is affirmative. In fact, the boundedness of the Hardy—Littlewood maximal
operator from BMO into BLO,, is not only a consequence of the A, condition, but actually a defining
property of the class. This equivalence provides a new quantitative characterization of A, in terms of

the boundedness of the maximal operator M from BMO into BLO,,,.

Theorem 4.12. Let w be a weight. Then there exist some dimensional constants c,,, Cy, such that
cn[wla, < sup|IMfllsLo,, < Culwla,, (4.10)
f

where the supremum is taken over all functions f such that || f|lsmo = 1 and M f is not identically
infinite. As a consequence, we have the following quantitative equivalence of the Fujii—Wilson A

constant,

1
[wla, =n supsup

r o w(Q)

As a direct corollary, we obtain that the class Ao is both necessary and sufficient for the validity of

/ (M f(x) —essinfo Mf) w(x) dx.
o

our main result, inequality (4.6).
Corollary 4.13. Let w be a weight.

o Sufficiency: Let f be a nonconstant locally integrable function such that M f is not identically

infinite. If w € A, then for any cube Q and 1 < p < oo, we have

M —essinfo MF\? L
(w(IQ)/Q( f(X)M:;S(;I;Q f) w(x)dx) < cnlwlaLp.

® Necessity: Assume that the estimate

(W(IQ) /Q (Mf(x) — essinfg Mf)pw(x) dx)P <Cp 4.11)

M? f(x)

holds for every nonconstant locally integrable function f such that M f is not identically infinite,

every 1 < p < oo, and every cube Q. Then w € A and [w]a, <n C.

o Sn
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The remainder of this section is devoted to the proof of Theorem 4.12 and its Corollary 4.13. Within
the proof of the Theorem, we will address some technical difficulties caused by the maximal operator,
and then follow the lines of the proof of Theorem 1.2 in [OPRR20].

Proof of Theorem 4.12. In (4.7), with p = 1, we have already proved that

IMfllBLo,, < cnlwlallfllBMO,

which provides the second inequality in (4.10). To prove the first inequality, we define

X = sup [IMfllsLo,,.
I fllBMo=1

where the supremum is taken over all functions f such that || f||smo = 1 and M f is not identically
infinite. We have to prove [w]4_ <, X. Without loss of generality, we can assume that X < co.

Let Q be a cube. We define the auxiliary weight

e

It is well known that v € Ay with [v] 4, < ¢, (see for instance [GF85]). Let us define b := log™ v =

max (0, log v), which satisfies b € BMO and ||b||gmo < %ll log v||smo < pn (see [Gra24, Proposition
6.1.4]). Using the definition of X, we obtain

IMbllsLo,, < lIbllBMOX < pnX,

and hence,
ﬁQ) /Q (Mb(x) —essinfg Mb) w(x) dx < p,X. 4.12)

We now estimate the essential infimum term. Fix x € Q, and let P be any cube with x € P. By

Jensen’s inequality,

1/ 1
L [ bo1a =—/lo+v( ) dy
Pl Jp " e [, 08 Y

1
< W/Plog(v(y) +1)dy
1
< log (m/Pv(y) dy + 1)
<log(Mv(x)+1).

Consequently, we have Mb(x) < log (Mv(x) + 1) for every x € Q. Using the A; condition and that

v > 11in Q, we have
Mb(x) <log([v]a,v(x) +1) <log([v]a, +1) +logv(x) <logc, + logv(x),
for almost every x € Q. Therefore,

essinf,ep Mb(z) <logc, +essinf,cp log(v(z)).
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Using the Kolmogorov inequality together with the weak (1, 1) boundedness of the maximal operator

(see [Gral4, p. 100]), we obtain

essinf;cp Mb(z) <logc, + essinf cp log(v(z))
<logc, + ! / log
<logcn + — v
"ol o

<logc +10g(1 / )
" 10|
1
1 b
logcn+log(|Q|/M(%)

1

2 )
1,00 L

Lb*(R", 57)

wxQ
wo

<logc, +log ( HM (

<logc, +logc;,

= log a,,

where «,, := c,c’.. Now, note that

w(x)
|Q|/ (a/an)W(X)dx_ |/ (a/n Q)w(x)dx,

where Lo = {x € Q : w(x) > a/,zle}. Hence, for a.e. x € Lo we have

Mb(x) —essinf,cg Mb(z) > Mb(x) —loga,
> b(x) —loga,
=logv(x) —loga,

o[22 )

1 w(x)

log (—2 )
a, Wo
log* ( w(x) )

g ) .

aywo

N = N = l\)lv—*

v

Combining this with (4.12), we obtain

11 log* ( wix) )w(x) dx = 1 llog+ ( w;(x) )w(x) dx
0 Lo 2 aEwo

210 a2wg 10 2
< é (Mb(x) —essinfeg Mb(z)) w(x) dx
< ﬁ/ (Mb(x) —essinf,egp Mb(z)) w(x) dx
W) W(Q)

= Tlor”?
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We conclude that

w(x)
|Q| / M(wxo)(x) dx ~ |Q|/ (1 + log ( vo ))w(x) dx

W, ) ())W
~ ol IQI/ (”,%Q () dx

Q) | L w)
<3loga, 0] |Q| 1 og (Q%WQ)w(x)dx
W@ W)
1 n +2 n
s3logan— 5" + 25
w(Q)
C,—=X,
=70

where we refer to [HP13, Lemma 6.2] and [Ste69] for the first equivalence (see also Remark 3.31),
and in the last inequality we have used the bound X > ¢, which remains to be proved.

We now establish the inequality X > ¢,,. Let O = [0, 1]” be the unit cube and decompose it into its
2" dyadic children. Let E be one of them satisfying w(E) = max{w(Q;) : Q; is a dyadic child of Q}.
By the additivity of the measure w, we have w(E) > 27"w(Q). Let f := 2yg, then we have
llxellsmo = % (see [BE20]), and thus || f]lsmo = 1. For every x € Q we have

1 21E] _ J1n
MP@ 2 g [ vy =Tgr =2
Therefore, we have proved ess inf,cg Mf(x) > 217"

To prove the reverse inequality, let zo be the vertex of Q strictly opposite to £. That is, the distance
in the supremum norm between zg and E is exactly % Let P be any cube of side length L and such that
zo0€ P.IfL < 2,

measure of the intersection is bounded by (L — 5)”. Hence,

the interior of P cannot intersect E, and the average of f over P is 0. If L > 1 , the

1\n n
i 10 =2 <2 21 )

This expression is strictly increasing with respect to L. For L < 1, its maximum value is attained at
L =1, yielding 2(1 — %)" =2!=" For L > 1, the measure of the intersection is bounded by |E| = (%)",
and then the average is strictly less than 2(%)” = 2!-", Taking the supremum over all cubes P such
that zo € P, we obtain M f(zg) < 2'™". Since f is continuous in a neighborhood of z, the maximal
function M f is continuous at z (see for instance [Kurl5; WY20]). Since z is a vertex of Q, this
continuity implies that for every & > 0, the set {x €eQ :Mf(x) <2+ g} contains the intersection
of O with a neighborhood of zp, which has strictly positive Lebesgue measure because zg is a vertex of
Q. This implies that essinfyco M f(x) < 217 and thus ess infyeo Mf(x) = 21-n,

We can now estimate the BLO,,, seminorm of M f,

w(lQ) /Q(Mf_eSSianMf)W(x) dx > /E(Mf—essianMf)w(x) dx

1
w(Q)
— L _nl-n
=50 /E(Z 27" wix) dx
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_ _nl-n W(E)
=(@2-2 )W(Q)
> (2-21=m)27",

This proves that X > ¢,, with ¢,, := (2 = 2'7")27"* > 0 and completes the proof of the theorem. |

We will now apply this characterization of the A, class to prove Corollary 4.13, which follows as a

direct consequence of the quantitative inequalities established above.

Proof of Corollary 4.13. The sufficiency is the content of Theorem 4.6. To prove the necessity, let w
be a weight and assume that inequality (4.11) holds. In particular, if f € BMO(R"), then taking p = 1
in (4.11) and using M*f < || fllemo we have

IMfllBLo,, < CIlfllBMO-

By Theorem 4.12, this yields w € A. In addition, by taking the supremum over f we obtain

1
[w]a, =n supsup

;o w(@) /Q (Mf(x) - essinfo Mf)w(x) dx < C.

This completes the proof. o

Remark 4.14. A similar characterization holds for the main result of [CP21], namely inequality (4.1).
The proof follows exactly the same argument as in the corollary above, replacing the use of Theorem
4.12 with [OPRR20, Theorem 1.2].

Remark 4.15. As a concluding observation, Corollary 4.13 provides the following quantitative

characterization

~ (1 Mf(x) —essinfg Mf\? »
[Wlae =n Sl}p ;Sg; Slép » (w(Q) /Q ( M F(x) ) w(x) dx) ,

where the first supremum is taken over all nonconstant locally integrable functions f such that M f is

not identically infinite.






Chapter 5

Bourgain—Brezis—Mironescu formula for
Riesz potentials

Here, we present the results of the following work.

[CP26] CrLaAros, A. aND PErEz, C. Bourgain—Brezis—Mironescu formula for Riesz potentials, arXiv
preprint arXiv:2604.06827 (2026).

The purpose of this chapter is to connect the Bourgain—Brezis—Mironescu limiting phenomenon
with fractional subrepresentation formulas involving Riesz potentials. More precisely, we study the
nonlinear fractional differential operator D¢ f and identify the pointwise limit of (1 — @)I,(D*f)
when @« — 17. The main result of this chapter shows that this operator converges pointwise to
the first-order potential K,,I;(|V f]). We also discuss the extension of this convergence for Sobolev

functions and include a natural extension to the L”-scale of fractional differential operators.

5.1 Introduction and statement of the main result

A classical starting point in Sobolev theory is the subrepresentation formula

|f O] sn (VD (%), (G.D

valid for f € CZ(R"), with n > 2 (see Remark 1.29). For « € (0, n) we consider the Riesz potential

I(tf(x) = 7n,a/ L d

re X =y

’

where vy, o is defined by
(%5%)

= SenPr(E) (5.2)

Yn,a

The estimate (5.1) can be derived from the classical local (1, 1)-Poincaré inequality on balls (or
cubes) via a standard chain argument stated in Lemma 1.31, which converts local mean oscillation

control into a pointwise potential estimate. Recently, several extensions of (5.1) have been obtained.

119
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On the one hand, the authors in [HMP25b] refine the left-hand side through the substitution f +— T f,
with T ranging from various maximal operators to singular integrals with rough kernels. On the other
hand, [HMP25a] improves the right-hand side by replacing it with a smaller operator (see (5.8) below).
This improvement of (5.1) is closely related to the very interesting nonlinear fractional differential

operator introduced by Spector in [Spe20]:
Dopym [ LOTO gy g cac

|x y|n+a

which serves as a nonlocal “fractional gradient” of order a. This operator is of interest for several
reasons, one of them is the recent fractional subrepresentation formula established in [HMP25a] (see
(5.6) below). On the other hand, it preserves some of the structural properties of first-order differential
operators. For instance, it satisfies the following Leibniz-type inequality (see [NP09] and Proposition
5.11 below),

1D (L ny < I1f DgllLigny + 18 D fllLi(ny -
The link between the fractional scale and the gradient scale is given by the Bourgain—Brezis—

Mironescu (BBM) formula [BBMO1]'. For f € CZ(R™), it identifies the limit of the fractional

Gagliardo seminorm

lim (1-a) / / 'J]ixz lfg)' dx dyzK,,/Rn IV f(x)| dx, (5.3)

where
K, = -eld 5.4
[t edot) 54

and e € S"! is arbitrary. In particular, the factor (1 — a) is crucial, otherwise the limit is not even finite
for nonconstant functions (see [Bre02]). BBM-type limits have also been investigated in extension
domains [BMR20], in arbitrary bounded domains, where boundary effects require modifications of
the inner integral in the seminorm [DD22], and in fully arbitrary domains with W; P seminorms
[Moh24], which are related to Triebel-Lizorkin spaces. Further extensions have been obtained in
fractional Orlicz—Sobolev spaces [ACPS20; ACPS21a; ACPS21b], in the setting of interpolation
spaces [DM23], in ball Banach function spaces [DGPYYZ24; ZYY24a; CGYY25; LYYZZ26], in
connection with Triebel-Lizorkin spaces [BSY23], and for anisotropic fractional energies [FS25].

A complementary endpoint perspective was introduced by Brezis, Van Schaftingen, and Yung
[BVY21a], who showed that the Sobolev seminorm can also be recovered by replacing the strong
LP norm in the endpoint Gagliardo seminorm by a weak L? quasi-norm. This point of view led to
Lorentz-space substitutes for fractional Sobolev and Gagliardo—Nirenberg estimates in limiting cases
[BVY21b], and was further developed by Brezis, Seeger, Van Schaftingen, and Yung through families
of functionals based on superlevel sets of difference quotients [BSVY21; BSVY22]. Related extensions
in ball Banach function and Sobolev spaces were obtained in [DLYYZ23; ZYY23; ZYY24b]; see also
[HLYYZ25] for higher-order analogues in ball Banach function spaces. We also refer to [DLYYZ22]

for related characterizations on spaces of homogeneous type under suitable Poincaré inequalities.

I'The original proof of the BBM formula was stated and proved in [BBMO1] for smooth bounded domains Q c R”. The
result can be extended to the whole R”, see [BSY23, Appendix A] and [Moh24].
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In [BBMO2], the following fractional Poincaré inequality on cubes is proved with the BBM extra
term (1 — a). For every cube Q c R", every 0 < @ < 1 and every f € C*(Q),

0 ) L @)
|Q|/Q|f(x) foldx < (1-a)£(Q) |Q|/Q e

Once (5.5) is available, a standard telescoping argument (see Lemma 1.31) yields the pointwise

dx dy. (5.5)

fractional subrepresentation formula
fOl$n (1 =) [o(DYf)(x),  xeR", [feCZRY), (5.6)

as shown in [HMP25a]. In particular, (1 — @), (D f) plays the role of a fractional version of the first-
order Riesz potential of the gradient, in the spirit of (5.1). Interesting related subrepresentation formulas
were established for s-John domains in [DD18], although without the corresponding BBM-type factor
(1-a).

An alternative motivation for studying (1 — @), (D® f) stems from the theory of rough singular
integrals. In the recent work [HMP25al], it is established that, for every a € (0, 1), if Q is homogeneous
of degree zero, has vanishing average on S$"~!, and belongs to the Marcinkiewicz space L (S""1),

then the maximal truncated rough operator

/I Mf(y) dy

TS f(x) := sup
@ x-y|>¢& IX - yln

>0

satisfies the pointwise estimate
TS5 () < cnlQll 2o gnry (1 =) [o(Df)(x), [ eCZ(RY. (5.7
The same work also establishes that for every f € C(R"),
(1=a) Io(D?f)(x) < Cno L(IVf](x), (5.8)

where the constant C,, , remains bounded as @ — 1~ (for completeness, we include a proof in Theorem
5.3 below). Combining this with (5.6), we obtain

If ()] $n (1 =) 1o (D f)(x) < Cpa i (IV S (),

for every x € R". The boundedness of C,, , when @ — 17 in (5.8) suggests that the operator
(1 = @)1 (D*f) should have a meaningful limit as @ — 17, in the spirit of (5.3).
Our main result in this chapter confirms this intuition by identifying the pointwise BBM limit of the

operator appearing on the left-hand side of (5.8).
Theorem 5.1. Let f € CZ(R") withn > 2. Then, for every x € R",

lim (1-a) L(Df)(x) = Kn (VD). (59)
where K, is given by (5.4).

Remark 5.2. The constant K, coincides with the geometric constant appearing in the BBM limit (5.3),
and it is independent of the choice of the unit vector e € S"~! by rotation invariance.

As a direct consequence, Theorem 5.1 shows that the inequality (5.8), proved in [HMP25a], is

asymptotically sharp as @ — 17.
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5.2 Auxiliary results

This section is devoted to the auxiliary results necessary to prove Theorem 5.1. As a first step, we

provide a self-contained proof of the pointwise bound (5.8), following the arguments from [HMP25a].
Theorem 5.3. Let O < a < 1. Then, for every f € CZ(R") and every x € R",

(1 =) 1o(Df)(x) < Cpa LV (0),
where Cy, o > 0 remains bounded as @ — 1~

Proof. By the Fundamental Theorem of Calculus for line integrals, we have

1
FO) - f(2) = /O Vi 41z =) - (2= y) dr.

Hence, by Fubini’s theorem we have

1o(D®F)(x) =yn.a / n / WOy

ly =zl e =yl
! 1 1
Yna | | ; IVf(y+t(z—y))ldtly_Z|n+0_1dz|x_y|n_(,dy
1
\Y% +1(z— 1
=yn,a/ // IVf(y+1(z ly))ldzdt 4y
nJo Jrno |y —zttes |x — y|n—@
\v, ltn+a—1 1
_— A AC IS gt dy
R |l/l— |n+(t—1 0 m |x_y|n—a

\Y 1
_Yna Vi@l "
n " |u_ |n+a—] |x_y|n—a
1

n y|n+a 1|x y|n @

dy du,

where we have made the change of variables u = y + (z — y). We now use the following identity (see
[Gral4, Exercise 2.4.9]),

1 1 n-a
- e
/]R" ey — 2]t |xp — 1] dt = Koy, a1 = %2

for 0 < aj,a < nand a + ap > n, where

K ~ ﬂI—~(n (l/])r(n (l/z)r((ll+a/2 n)
),y — 2 a 0% )+«
F(FT(F) (e - =572)

Applying this identity with @ = n+ o — 1 and a; = n — @, we have

n,a \
(I—CZ)I (Z) f)(x) <(1_ )ya Kn+a—1,n—a/ﬂ@%du

Vn,
=(1 - CY) — Kn+a—1,n—all(|vf|)(x)'
@ Yn,1
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Now, we compute the constant,

o =(1—-a) Yn.a

Kn+a—1,n—a

a’)’n,l

. P52 (HREHNHE)
@ 2ex zF(%F("——l)F("*g—l)F(%)F(n— 2
2l-end T(452

:(1 _a) a (n+a 1)

_22‘“71% (%)

- a F(n (21 1

22 -1
G = gy =7
where o (S"™!) is the surface measure of the unit sphere. m|

As a first step toward the proof of the main result, we analyze the pointwise limit of the fractional

gradient D¢ f. The following lemma describes this behavior for smooth functions.

Lemma 5.4. Let f € C2(R"), then for every x € R" we have
lim (1-a)Df(x) = Ku [Vf(x)].
a—1"

The previous result is implicit in [BBMO02]; we include a proof for the convenience of the reader. We
refer to [Moh24] for a more general version involving general domains and mixed Sobolev seminorms

a,p
WP,

Proof. Fix x € R". We split the fractional derivative into two terms, the local and nonlocal parts,

|f(x+h) - f)

(1-a)D%f(x) =(1 —a) y e dh
) Fa+h) = )]
- | o e
e [ VEED-s@I,
Ih|>1 |l
=l + 1.

First, we observe that the nonlocal part does not contribute to the limit,

Blflet-a [ Wﬂ,dh

—Cullfllz=(1 - ) /1 mdr

1 -
=Callfll=

_>0’
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when @ — 17. To study the local part, we consider the Taylor expansion of f of order 2,
fx+h)=f(x)+Vf(x)-h+R(h),

where the remainder term satisfies |R(%)| < %llszlle |h|? for |h| < 1. Using the elementary
inequality ||a + b| — |al| < |b| for a,b € R, with a = Vf(x) - h and b = R(h), we obtain

lf (x +h) = ) = IVf(x) - kI < [R(W)I, |h| < 1.
Therefore,
|1y = I11| < I, (5.10)
where
IVf(x) - hl
Ii1:=(-a) dh,
" |h|<l N
and,
|R(h)|
I :=(1-a)
. Ih|<1 [A["*

The remainder term satisfies
|h|?
Ihj<1 |A]"*e

1
:cfcn(l—a)/ ri=dr
0

-«
—CC——>O
Y ") —a

Ip < Cf(] —a)

when @ — 17. Next, we compute I11. If Vf(x) =0, then I;; = 0 and (5.10) gives0 < I} < [1, — 0,
and then limy,—1-(1 — @)D f(x) = 0 = K,|Vf(x)|. Assume now that Vf(x) # 0. Using polar

coordinates i = rw, we get

In=(1- )/ /Snlwf(x) U w1 4er () dr

r}’L+(I

1
=(1-a) (/Sn_l [V f(x) -w|d0'(w))/o r~%dr
1

~G-a) ([ 9 ldr)
= /Snl IVf(x) - w|do(w).

By homogeneity and rotational invariance,

Vi)
-1 [V f ()]
Therefore 111 = K,,|V f(x)| and, since 11 — 0, (5.10) yields lim,—,;- I} = K,,|V f(x)|. Together with

I, — 0 we conclude that

[ 9@ - wldo(@) = 9] w‘ dor (@) = KnVF ().

lim (1-@)Df(x) = lim (I + 1) = K|V (2)].

This concludes the proof. |
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Remark 5.5. As demonstrated in the proof, the nonlocal term vanishes in the limit. Actually, we have

established the following result:

S (%) = f(Y)]

dy = Ku [Vf(x)],
B(x,r) |)C - y|”+a "

lirrllf(l - )

for every x € R" and every 0 < r < oo. In particular, if Q is a domain and 7 € (0, 1) we have proved

lf () = fD)

B(x,rdist(x,0Q)) X —y["T® dy = Kn [Vf ()], (5.11)

lim (1 - )
a—1-
for every x € Q.

To justify the exchange of limits and integrals later in the proof of Theorem 5.1, we need a uniform

pointwise bound for (1 — @)D f that holds uniformly for & close to 1.

Lemma 5.6. Let f € C2(R"), then for a € (%, 1) and for each x € R™ we have

(1-a)Df(x) < Cp (I fll= + IV fllL=) -
Proof. We again split the fractional derivative into two terms: the local and nonlocal parts. We have

f@ =10,
[x—yl<1 |x—)’|"+"
@ -1,
o anra WY

[x—y[>1 |x - y|n+a

(1-a)Df(x) =(1 - )
+(1-a)
=l + D.

To estimate the local term, by the mean value theorem, we have

lx -yl
|x-y|<1 |x - y|n+a

1
Y f (1 - @) / e dr
0

=CallVfllL>.

I <ClIVflle=(1-a)

On the other hand, we use the fact that f is bounded,

1
L 22 flle~(1-a) e dy
[x—y|=1 |x - y|n+a

—Coll il (1 = ) / gy
1

1l-a

=CullfllL=
a

<Call fllLe

where in the last inequality we use a € (%, 1). O
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Remark 5.7. Let Q c R” be an arbitrary bounded domain and fix 7 € (0, 1). Combining (5.11) with
the uniform bound from Lemma 5.6, one may apply the dominated convergence theorem to obtain the

well-known BBM limit in Q with the truncated seminorm

lim (1-0) / /B . ) |ff§)'dydu<x>=1<n /g V()| dux),

a—1- |x -

where p is a locally finite measure. In particular, this recovers the main result of [DD22] for p = 1 and
fecimn.

5.3 Proof of Theorem 5.1

We are now ready to prove the main result of this chapter.

Proof of Theorem 5.1. Fix x € R™ and set f,(u) := f(u + x). Since both D¢ and the Riesz potential

1, are translation invariant, we have, for every a € (0, 1),
(1-a) Io(Df)(x) = (1 - @) Lo (D f+)(0).
Moreover, |V f, (#)| = |V f(u + x)|, and therefore
(VD (x) = L(IV£xD(0).

Hence, it is enough to prove (5.9) in the case x = 0, applied to the translated function f,. In what
follows, we assume x = 0 and write f in place of fx for simplicity.
For each a € (0, 1), define

z)(l )
Fa() = yna(l - a) 2L
|yl
and V5]
F(y) = Kn')’n,l |y|n3}1 >

for y € R" \ {0}. By Lemma 5.4, together with the continuity of y,, , as a function of @, we have
lim Fo(y) = F(y),
a—1

for every y € R" \ {0}. Thus, it remains to show that

lim Fa(y)dy:/ F(y)dy. (5.12)
Rn

a—1" Jpn

To justify the interchange of limit and integral, we shall apply the dominated convergence theorem. Let
Ro > 0 be such that supp(f) c B(0, Rp), and decompose

R"=A;UA,U A3,
where

A; = B(0,1), Ay, =R"\B(0,2Ry+1),  As=B(0,2Ry+ 1)\ B(0, 1).
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We begin with y € Ay. If @ € (%, 1), then Lemma 5.6 gives

Fo(y) = ¥n,a(l - a’)%_(():)

<o M= + VA=

- y|-a

Moreover, h € L'(A,), since

1 1
[ nay= [ —dy=c, [ rhar <o
A BO.1) [y 0

Next, let y € Ay. Then f(y) = 0, and therefore
DYF(y) = /R ) - f@I

|y _Z|n+a

_ |f(2)]
- n+a dz
supp(f) 1Y =2l

n+a

2
< |f ()] dz
/SUPp(f) |y

1
=2"" Nl e

|y|n+a’

because z € supp(f) € B(0,Rp) and |y| > 2Ry + 1, so

lyl
ly =zl 2yl =lzl = [y| = Ro 2 >

Hence, fory € A,

Df(y)
[y|n-@

<Yna(1=a)2" || fll s

Fa(y) = 7n,(1(1 - a’)
1
|y|n+(x|y|n—a

1
SCullfllpt—=
mE e
=:g(y),

and g € L'(A,), since

1 (o)
/ g(y)a’y:Cn,f/ 5 dy:Cn,f/ r "N dr < .
A R™\B(0,2Rp+1) |Y[*" 2Ro+1

Finally, let y € A3. Since |y| > 1, Lemma 5.6 yields

DYW
e =m0

for every a € (%, 1). Since |A3| < oo, this gives an integrable dominating function on As.

Fa(y) = yn,d(l —Cl)

Combining the estimates on A, A, and Az, we obtain an L -dominating function on R". Therefore,

the dominated convergence theorem yields (5.12) which completes the proof. m|
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5.4 Extension to the Sobolev space W!!(R")

In this section, we extend Theorem 5.1 to the Sobolev space W1 (R") by a density argument. We
begin with a standard result showing that local convergence in measure implies almost everywhere

convergence along a subsequence.

Proposition 5.8. Let {f,} be a sequence of measurable functions on R™ and let f be measurable.
Assume that f,, — f in measure on every compact set K C R". Then there exists a subsequence { f,,, }

such that fp, (x) — f(x) for almost every x € R".

Proof. Set K, :== B(0,m) for m € N. Since f,, — f in measure on K,,, and |K,,| < oo, there exists a
subsequence { fk(m)}k of {f,} such that fk(m) (x) = f(x) for almost every x € K,,. Choosing these

subsequences inductively, we may assume that

U P o -

(k)
k

Define the diagonal subsequence by g := . Fix m € N. Then {gx}r>m is a subsequence of

{ fk(m) }x, hence g (x) — f(x) for almost every x € K,;,. Let N, C K, be the corresponding null set,
and set N := ;. _; Nyn. Then |[N| = 0, and since R" = {J;'_, K, we conclude that gx (x) — f(x) for
every x € R"\ N. O

Now, we prove the following estimate for p = 1 and the global Gagliardo seminorm.

Proposition 5.9. Let f € WI(R") and let 0 < @ < 1. Then

a/)/n / VO =Ty e < €l g o

|X y|n+(t

This proposition is a consequence of the Gagliardo—Nirenberg interpolation inequality proved in
[BM18] (see also [HLYY25, (1.10)]). For completeness, we include a proof.

Proof. By the change of variables y = x + h,

1) = fWI o=@,
/n/n |)C y|n+a dd _/n/n |h|n+a dxdh—.11+12,

where in | we integrate over || < 1, while in I, we integrate over |k| > 1. For I}, we use the following

difference quotients estimate,

£ e+ h) — F(x)] dx < || / V7 ()] dx,
R~ R7

for every h € R" (see for instance [Brell, Proposition 9.3]). Indeed, this is immediate for f € C°(R")

from

1
Flx+h) - f(x) =/0 Vf(x+th) - hdt,

and the general case follows by density in W!-! (R"). Hence

I < /h|<1 T (/ IVf(x)Idx) dh < 1C -/ |Vf(x)] dx.
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For I, the triangle inequality gives

I < 2/ / x)|dx < — / x)| dx.

<2 |h|n+a 18] 1/ (@)l
Combining both estimates, we obtain

C C
/ / W) =T g o —/ V) de+ =2 [ 1£(x)] dx.
n Jrn |x y|tea 1 -—a Jgn a Jrn

We conclude the proof by multiplying both sides by @(1 — @) and using thatae < land 1 —a@ < 1. O

With these preliminary results at hand, we can now extend the main theorem to Sobolev functions

Theorem 5.10. Let f € WL1(R™) with n > 2. Then, for every sequence {ai}x < (0, 1) with ay — 17,
there exists a subsequence {ax;}; such that

lim (1= @)Ly, (D™ () = Kn (VS (),

for almost every x € R".

Proof. Let f € WEHI(R™). By the density of smooth compactly supported functions, there exists a

sequence {gx}; , € CZ(R") such that ¢, — fin WUI(R™) (see for instance [AF03; Brel1]). We
first show that

(1 -a)1o(Df) = Kudi (IV£])
in measure on every compactset E C R"asa — 1.

For every k € N and every a € (0, 1), we use the triangle inequality to write

|(1 =) [o(Df)(x) = Kn L (IVFD ()] < (1 = @) o (D ) (x) = 1a(D“ i) (x)]

+ (1 =)o (DYpi) (x) = Knl1 (|Vei]) (x)]
+ K |LI([Vr]) (x) = IV ) ()]
=1 Ay g,k (X) + Ag ok (X) + A3 1 (x).

We begin by bounding the first term. Combining the weak-type estimate for the Riesz potential with
Proposition 5.9 for a € (%, 1), we obtain

”Al,a,k”Lnfa,OO(Rn) < (1 - a’)”Ia(Da(f - ‘pk))”LﬁM(Rn)

<C(1-a) /R DU(f - 1) (x) dx

< Gullf = @rllwrigny-
Similarly, for the third term,

A3 Kl op o gy < Kl (IV ok = VDI o )
< CullVer = VIl rm
= CullV(ek = Nl @
< Gullf = erllwrr gny-
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Given any € > 0 and 57 > 0, since ¢ — f in Wh1(R"), we can choose k sufficiently large such that

C - N n nT_l
nllf = @rllwiign) <minlt . (g) ‘
e 3°\3
Fix a compact set £ C R". Since "~ > 1 for every a € (0, 1), applying Chebyshev’s inequality to

A1, o,k We have

|{x €eE: Al g x(x) > s}| < |{x eR": Ay g.x(x) > SH

( ”Al,a,k “Lnfa'm(R") ) e

<
£

n

€

B Cullf = @rllwrign)
B £

<1
3

L is strictly less than 1 and the exponent is larger than

Cullf=erllyi.1 gn
where we have used the fact that #

1. Applying Chebyshev’s inequality to A3 x, we also obtain

_n_
”A3’k”Lﬁ’m(R") n-l
&

|{x €eE: Az x(x) > 8}| S(

3 (cnnf ~ spknwl,l(Rn))n"l
- &

I
3

For this fixed choice of k, since ¢ € CZ(R™), we may apply Theorem 5.1 to conclude that
As ak(x) — O for every x € R" as @ — 17. Since |E| < oo, pointwise convergence implies
convergence in measure on E. Thus, there exists ag € (%, 1) (depending on € and n) such that for every
@ € (ao, 1),

|{x €eE: Ay qr(x)> 8}| < g

Combining the estimates for A .k, A2, 0.k, and Az x yields
Hx e E: [(1-a)lo(Df)(x) = Kuh (IVF)(X)] > 3e}| <m,

for every @ € (ap, 1). Since &, > 0 were arbitrary, this proves that (1 — @)I,(D?f) — K,[1(|Vf])
in measure on every compactset E C R"asa — 17.

Finally, let {ax }x < (0, 1) be any sequence such that @y — 1~. By the previous step, the sequence
{(1=ax) 1o (D f)}x converges to K, 11 (|V f|) in measure on every compact subset of R". Therefore,

by applying Proposition 5.8 there exists a subsequence {ay; }; such that
(1 =)oy, (D™ f)(x) = Knl1 (IV ) (),

for almost every x € R”. This completes the proof. m|
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5.5 Further extensions

In this final section, we record a natural L”-variant of the nonlinear fractional differential operator. For

O<a<1landp > 1, we define

DO f(x) 1= (/nwdy " (5.13)

|x_y|n+(lp

N |~

This operator (in particular for p = 2) appears, for instance, in [NP09]. Moreover, it behaves like a

differential operator, in the sense that it satisfies the following Leibniz-type inequality.

Proposition 5.11. Let0 <a <1and1 < p < oo. Then,

105 ()]

LP(R) < ”fDI(:g”LP(R") + Hé’@}m LP(R7) "

Proof. Using the identity

F(x)gx) = fF(Mey) = f(x)(g(x) —g(») + & (f(x) = f(»),

and applying Minkowski’s inequality, we obtain

_ b
II@S<fg>IILp<Rn)=( [ [ Lt SO, dx)

|X _y|n+ap

g ( [ [ i) —gor dx)p

|X — y|n+(z/p

. ( [ [ s, dx)" |

o= yprer

The first term is exactly H Dy . For the second one, by Fubini’s theorem,

8l gy
[ [ B ION [ [ DO

|x_y|n+ap |x_y|n+ap

_ p
- ||ngf| L”(R") .
Combining the two estimates gives the desired inequality. O

We next state the corresponding pointwise BBM limit for the Riesz potential of D'
Theorem 5.12. Let p > 1 and let f € CZ(R™) withn > 2. Then for every x € R",
. 1
Jim (1 -a)? 1o(Dy f)(x) = Ku,p LIV (),

where

1

1 7

Ky p = (—/ |w - e|P do(w) ' .
p Snfl
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Sketch of the proof. The proof follows the strategy of Theorem 5.1. By translation invariance, it

suffices to consider x = 0. Setting

1 D;ff(y)

Fap(3) = Yoo (1= a)? =02 V/0)l

) F(y) = Kn,p yn,l |y|n_1 )

it is enough to justify that limg—1- [pn Fa,p = [gn F. The pointwise convergence Fy, ,(y) — F(y) is
provided by [Moh24, Lemma 13] (in place of Lemma 5.4) together with the continuity of v, , in «.
The required domination to apply the dominated convergence theorem is obtained by the same splitting

estimates as in the proof of Theorem 5.1, adapted to D f. |

This shows that the pointwise BBM phenomenon established in this chapter is not restricted to the

L'-based nonlinear fractional differential operator, but extends naturally to the corresponding LP-scale.



Chapter 6

On BMO¥, sharp maximal functions,
and commutators of fractional integrals

In this chapter, we present the results of the two following papers.

[CC25] CHeN, You-WEI BEnsoN aND CLAROS, A. S-dimensional sharp maximal function and applica-
tions, arXiv preprint arXiv:2407.04456 (2025).

[CC26] CHEN, You-WEI BENsoN AND CLAROS, A. Commutators of Fractional Integrals with BMO”?
Functions, arXiv preprint arXiv:2602.09742 (2026).

This chapter deals with a topic that is rather different from those of the preceding chapters. Here we
study harmonic analysis in a setting where Hausdorff content replaces Lebesgue measure. My interest
in this topic began at the conference GEOFI 2023, held in Prague, where Daniel Spector gave a talk on
functions of bounded S-dimensional mean oscillation. Later that same year, during the Spring School
on Analysis 2023 in Paseky, Daniel Spector introduced me to You-Wei Benson Chen, who was at that
time his PhD student. During that school, Daniel Spector proposed to us the problem that eventually
led to [CC25]. Later, during a visit to the National Taiwan Normal University, David Cruz-Uribe
suggested to You-Wei Benson Chen the problem that eventually became [CC26].

6.1 Introduction

In the study of Sobolev spaces, Lebesgue measure is often too coarse to capture fine properties of
functions, such as pointwise behavior and trace theory. For these questions, capacity provides the right
notion of size, and this point of view is standard in nonlinear potential theory and Sobolev theory (see
for instance [AH96; EG15; Maz85; Zie89]).

LetO <a <nand 1 < p < Z. We define the Riesz (a, p)-capacity of an arbitrary set £ C R" by

cap, ,(E) = inf{||f||€p(R,,) :feSMRY), f20,I,f>1on E},

133
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where S(R™) denotes the Schwartz class,

S(R") := {(p € CT(R") : sup [x70"p(x)| < co for all multi-indices vy, 17} .

xeR®

The resulting set function is a Choquet capacity (see Section 6.2 for a precise definition). In general,
capacities are not additive set functions.

The capacitary point of view is natural in the theory of Sobolev functions. Indeed, in the subcritical
case 1 < p < n, every function in W'-P (R™) admits a quasicontinuous representative, unique up to sets
of cap, ,-capacity zero. In particular, the relevant exceptional sets for WP (R™) are detected by the
corresponding capacity, whereas Lebesgue measure is in general too coarse to capture them (see for
instance [AH96; Maz85; Zie89]). For the borderline and supercritical regimes p > n, however, it is
more natural to work with Sobolev/Bessel capacities; we refer to [AH96; Maz85] and do not pursue
this here.

A classical theorem of Adams [Ada71] shows thatif 0 < @ <nand 1 < p < g < oo, then

(AJMﬂﬂwysC(éJﬂpwy,

for all f € LP(R") if and only if
p(B(x,r)) s 1%,

for all x € R™ and r > 0, where

B= L (n —ap).
p

Equivalently, u is in the Morrey space of dimension 8 (see (6.9) below for the precise definition). We
also refer to [Ada72; Ada75; AH96] for related trace inequalities in potential theory, and to [Ada09]

for historical overview. At the endpoint p = g = 1, Adams proved that
| afigusc [ ifan
R" R"

for all f € L'(R") if and only if
w(K) < CHZ “(K),

for every compact set K C R” (see [Ada75; AH96]). In particular, at the endpoint the trace inequality
is characterized in terms of Hausdorff content. Given 0 < 8 < n, the spherical S-dimensional Hausdorff

content of a set E C R" is defined by
WO'BO(E) := inf Z(uﬁr]ﬁ. tEC UB(xj,rj) ,
j=1 j=1

where wg = aBlz] F(g + 1). For background on Hausdorff measures we refer to the monograph
[Mat95].

The set function 7{5, is an outer measure, but in general not a measure. More precisely, it is a
capacity in the sense of Meyers, although not, in general, a capacity in the sense of Choquet. Another

fundamental point is that Wg and the S-dimensional Hausdorff measure 4{# have exactly the same
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null sets: a set E C R satisfies Wf,(E) = 0 if and only if HP(E) = 0 (see [AH96, Proposition
5.1.5]). Thus, although 7{0'80 is more flexible from the point of view of amount of measurable sets,
it detects precisely the same negligible sets at dimension 8. In relation with the Riesz capacity,
since cap,, ,(B(x,r)) = cap, ,(B(0, 1)) r"~*P (see [AH96, Proposition 5.1.2]), a standard covering
argument shows that

cap, ,(E) s He “V(E),

for every set E C R". In addition, if cap,, ,(E) = 0, then H*(E) = HZ,(E) = O forevery s > n —ap
(see [EG15, Theorem 4.17]). Thus, in the Sobolev case @ = 1, this shows that functions in W7 (R™)
are defined up to sets of H"~P**-measure zero for every & > 0.
At this point we return to the endpoint behavior of Sobolev embeddings. In the first-order critical
regime p = n we have
Wi"(Q) < BMO(Q).

Moreover, critical Sobolev spaces also admit lower-dimensional traces. If H is an (n — 1)-dimensional
affine hyperplane parallel to a coordinate hyperplane and intersecting Q, then trace theory (we refer to
the original reference [GagS57] and the modern monograph [Leo023, Section 9.3]) gives

Win(Q) < W= (0 N H) — BMO(Q N H),

where BMO(Q N H) denotes the usual BMO space on the hyperplane H, with respect to the induced
(n — 1)-dimensional Lebesgue measure. Iterating this argument, we obtain

Wh(Q) e Wi "(Q N H) e --- < WI51(0 1 £) < BMO(Q N ¢),

where ¢ is a one-dimensional affine subspace parallel to one of the edges of Q. At the j-th step one

. . . ... _i . . .
obtains a trace in the fractional critical space W!~7°" on an affine subspace of dimension 7 — j, and

(l—i)nzn—j
n

shows that one remains exactly in the critical regime for these fractional Sobolev spaces. In this sense,

the identity

functions in W'"*(Q) restrict to BMO on affine subspaces of every dimension from n down to 1.

Motivated by these considerations, Chen and Spector introduced in [CS24] the spaces BMO?,
where the oscillation is measured with respect to the S-dimensional Hausdorff content rather than
with respect to Lebesgue measure. Let Qg be either a fixed cube in R” or the whole space R". For
0 < B < n, we define

._ B
llsion o = sup inf o / 1f - cld#,

where the integral is understood in the sense of Choquet (see Section 6.2). When 8 = n, this definition
coincides with the classical space BMO(Qy), although the seminorm above is meaningful even for
functions that are not Lebesgue measurable. For 8 < n, the resulting space is strictly smaller. In fact,

the scale is monotone with respect to the dimensional parameter: if 0 < @ < 8 < n, then

BMO“*(Qy) c BMOP(Qy).
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Thus, smaller values of the parameter correspond to stronger oscillation control. Moreover, these spaces
are well adapted to restrictions onto lower-dimensional affine subspaces: if f € BMOF (R™), then the
restriction of f belongs to the classical space BMO(RX) on every k-dimensional affine subspace such
that k > 3. In this sense, BMO” provides a space scale compatible with the lower-dimensional trace

phenomena discussed above. In fact, one can prove that
W' (Q) < BMOF(Q).

for every B € (0, n], and even a stronger result holds. Specifically, it was proved in [CMS24] that if f
is a function on R" with weak gradient in L">*°(R"), then

”f”BMoﬁ(Rn) < Cn,ﬂ ||Vf||L"ﬂ°°(R"),

for every B € (0, n]. Moreover, that paper shows that the spaces BMOP are not only natural from the
point of view of critical Sobolev theory, but also useful in the study of regularity theory of elliptic
PDEs.

The motivation to define function spaces measured with respect to the Hausdorft content ‘HO'BO arises
naturally from the study of sharp forms of the Sobolev embedding in the critical exponent (see, e.g.,
[Jud61; Ada72; Cia08; FM11; MS21]). In this borderline regime, one often encounters not only the
classical exponential integrability phenomenon, but also refined inequalities that capture concentration
effects along lower-dimensional sets. Within this framework, it is natural to revisit function spaces that
describe oscillatory behavior through the lens of Hausdorff content.

Building on this idea, recent works have developed analytic tools adapted to 7{5,, including boxing
inequalities [PS20], maximal inequalities [OP22; CS24; COS24; CC2S5], fractional operators [HH26b;
HKST24; HKST25; Che25; BCR25; CC26], and Sobolev inequalities [HH23; HH24; HH25;
CHYZ26; HH26a].

Motivated by the definition of BMO?”, in [CC25] we introduced the B-dimensional sharp maximal
function and studied its basic properties in the capacitary setting. One of the main results there was the
proof of a Fefferman—Stein inequality with respect to Hausdorff content, which required developing
good-lambda methods in a framework where the underlying set function is non-additive. These ideas
also led to a capacitary analogue of the Muckenhoupt—Wheeden inequality. Later, in [CC26] we
applied the tools developed in the previous work to the study of commutators of fractional integrals,
obtaining a characterization of BMO? in terms of the boundedness of the Riesz commutator [b, I,,] in
capacitary Lebesgue spaces. Since the material in this chapter is somewhat less directly connected to
the main line of the thesis, we have chosen to include a separate preliminary section in order to make

the exposition as self-contained as possible.

6.2 Preliminaries

In this section, we recall some basic facts concerning the Choquet integral with respect to Hausdorff
content and dyadic Hausdorff content. Most of these results can be found in [CS24]. For acomprehensive

and well-written introduction to the subject, we also refer the reader to [PS23]. Although the arguments
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in this chapter follow the Choquet-integral approach, there are other useful ways to build function
spaces over outer measures. In particular, Do and Thiele developed an L? theory for outer measure

spaces, based on sizes and adapted to Carleson embeddings and time-frequency analysis [DT15].

6.2.1 Capacities, Choquet integrals, and dyadic Hausdorff content

We begin by recalling the notion of outer measure.

Definition 6.1. A set function C : P(R") — [0, 0] is called an outer measure if it satisfies the

following three properties:

(i) Empty set:
C(0) =0.

(il) Monotonicity: it E C F c R", then

C(E) < C(F).

(iii) Countable subadditivity: for every sequence {E J-}jf’:l c P(R™),
C(U Ej) <Y C(E).
Jj=1

j=1

In the literature, such a set function is also called a capacity in the sense of N. Meyers. A set function
C satisfying the preceding properties and the following two properties is called a capacity in the sense
of Choquet:

(iv) Outer regularity: for every non-increasing sequence of compact sets {K;}; ¢ P(R"),
C K;|=lim C(K;
m 7= i k)
j=0
(v) Inner regularity: for every nondecreasing sequence of sets {E;}; ¢ P(R"),
C E;|= lim C(E;).
|- pm e
j=1
Before introducing the Choquet integral, we also recall the notion of quasicontinuity associated

with a capacity.

Definition 6.2. Let E C R”. A function f : E — [—o0, 0] is said to be C-quasicontinuous if for every
& > 0 there exists an open set G C R" such that C(G) < & and the restriction f|g\¢ is continuous on
E \ G with respect to the relative topology.
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We now recall the definition of the Choquet integral with respect to an outer measure C. Thus, if C

is an outer measure, the Choquet integral of a non-negative function f over a set  C R" is defined by

/de :=/ C{x e Q: f(x) >1t})dt. (6.1)
Q 0
Here the right-hand side is understood as the Lebesgue integral on [0, co) of the function

t—= C{xeQ: f(x)>1t}),

which is well defined since this function is decreasing. This integral is positively 1-homogeneous
and monotone. In general, the Choquet integral is not linear, and it may fail even to be sublinear. In
[Cho54], Choquet showed that for capacities in the sense of Choquet, sublinearity is equivalent to the

following additional property of the set function.

Definition 6.3. A set function C : P(R") — [0, oo] is said to be strongly subadditive if
C(ENF)+C(EUF) <C(E)+C(F),

forevery E, F c R™.

Theorem 6.4. Let C be a capacity in the sense of Choquet. Then the Choquet integral (6.1) is sublinear
if and only if C is strongly subadditive.

In the case 8 < n, the set function 7-(5, is not strongly subadditive, and therefore the associated
Choquet integral is not sublinear by Theorem 6.4. Nevertheless, it still satisfies the basic estimates
recorded in the next lemma. The following result can be found in [HH23, p. 5], with its proof referred
to in [Ada98] and [Adal5, Chapter 4].

Lemma 6.5. Let 0 < 8 < nand let Q C R"™. Then the following hold:

(i) For every a > 0 and every non-negative f,
/ afdHE = a/ faHE.
Q Q

(ii) For non-negative functions fi, fo,
e mant<a([ siante [ part).
Q Q Q

(iii) If 1 < p < oo and p’ is the conjugate exponent, then for non-negative functions f1, fa,

/Qflfzdﬂﬁsz(/gf{)dwﬁ)’l’(/Qf;’ dwg)"l'.

Proof. The first property follows directly from the definition of the Choquet integral. Indeed, if a = 0

there is nothing to prove, while for a > 0 the change of variables s = t/a gives

/afdﬂf,:/ooﬂg({xegz af(x)>t})dt:a/fdw£.
Q 0 Q
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We prove now the second property. For every ¢ > 0 we have the inclusion

xeQ: i)+ L(x)>t}c{xeQ: filx) >t/2}Uu{xeQ: fr(x)>1t/2}.

Using the subadditivity of ‘Hf, and then the change of variables s = #/2, we obtain

/ fi+ f2) dHE < / THE(xeQ: A > 12 di
Q 0
+/ HE((x e Q: fo(x) >1/2}) dt
0
:2/f1d7-(f,+2/f2d7-{£.
Q Q

This proves (ii). The proof of (iii) follows the classical proof of Holder’s inequality, with the extra

factor 2 from the quasi-sublinearity established in (i7). |

Iterating the estimate in Lemma 6.5(ii) does not yield a countable subadditivity estimate with a
uniform constant, since the constant grows with the number of summands. This is one of the reasons

for introducing the dyadic Hausdorff content.

Definition 6.6. Let 0 < 8 < n and let Q be a cube in R". For every E C R", the dyadic Hausdorff
content H2 (E) is defined by

i=1 i=1

HEC(E) := inf {Z (P Ec| )i 0ie @Q} , (6.2)
where D denotes the collection of dyadic cubes generated by Q.

Although H? fails to be strongly subadditive when 8 < n, the dyadic content H22 is strongly

(o)

j=r

/ > frarEe <y / i dHE? (6.3)
B =17

(see [STW16, Propositions 3.5 and 3.6] for the usual dyadic case and [CS24, Propositions 2.6 and

2.10] for a general cube Q). Thus, a convenient way to handle Choquet integration with respect to 7—(5,

subadditive for every cube Q. Consequently, for every sequence of non-negative functions { f;}

is to pass through the dyadic Hausdorff content associated with a fixed cube. More precisely, there
exists a constant Cg > 0 such that
1
Cs
for every cube Q and every set E ¢ R” (see [YY08, Proposition 2.3] and [CS24, Proposition 2.11]).
Combining (6.4) with (6.3), we obtain

/ Z fidHE < ng / fi dHE, (6.5)
==l =17

for every sequence of non-negative functions { f; ;’f’:].

HEC(E) < HE(E) < Cy HEC(E), (6.4)

We next record a lemma concerning the packing condition of dyadic cubes, which is a small
modification of [CS24, Proposition 2.11] and [OV98, Lemma 2]. This type of packing covering
lemma can be traced back to Melnikov (see [Mel69]).
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Lemma 6.7. Suppose that {Q ;} is a family of pairwise disjoint dyadic cubes subordinate to a dyadic
lattice D(Qo). Then there exists a subfamily {Q ;, } and a family of pairwise disjoint ancestors {ék}

such that

1.
o, (U ij) Y (Uék).
J k k
2.
Z f(Q{,-k)B <2£(Q)F for every dyadic cube Q.
Qj,cO
3.

HEO(Jos) = D) @uf+ ) e0n”
J k: Qj, £Om k
W(INS
k

<2HE (U Q_,).
J

Proof. An application of [CS24, Proposition 2.11] yields a subfamily {Q, }x of {Q;}; and a family

of non-overlapping ancestors {é x }x which satisfy the properties (1), (2) and

0(0x)P < Z ﬁ(jS)ﬂ for each Q.
Q‘,',-Cék

Moreover, using the subadditivity of Wﬁ’QO, we obtain

HEP(U;0) < > 0Q )P+ > QP
k

k:Qj, £Om
< DN ) Q)
k:Qj, £Om k:Qj, COm
=, 0Q,). (66)
k
Now, it is left to show that
D Q)F < 2HEP(U;0)). 6.7)
k

To this end, we let {Q,,,} . € D(Qp) be a maximal collection of dyadic cubes such that

JeiclJom
J m
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The property (2) then yields that
D= > ey

< D, 20n)

and (6.7) follows by taking the infimum over all such families of dyadic cubes {Q,; } . |

Remark 6.8. Condition (2) in Lemma 6.7 is usually referred to as a packing condition. One useful
consequence is that if {Qr}r € D(Qy) satisfies

Z (0P <20(0)F for every dyadic cube Q,
OkcQ

then for every f > 0 we have
> / fdHE? <2 / fdHE. (6.8)
PR Uk Ok

We refer to [BCRS2S, Proposition 2.8] for the proof of this property.

We shall make use of the Morrey space of measures. For 0 < 8 < n, we define

ey )

pv; (6.9)

PR = {u € Mioe(®") : [lull gogam, = sup

xeR”?, r>0

where Mjo.(R™) denotes the space of locally finite Radon measures on R”. It has been shown in

[Ada88] that the topological dual space of LI(R”,?{OBO) can be identified with the Morrey space

MPB(R™) and

FAHE ~  sup / fdu (6.10)
<t JRrn

R” ”/J”‘/”ﬁ(Rn)

holds for every non-negative HZ -quasicontinuous function f € L' (R", HE).

6.2.2 Dyadic maximal operators and Calderon-Zygmund decomposition

We now introduce the non-centered S-dimensional maximal operator with respect to the Hausdorff
content, which was defined and studied in [COS24], as well as its dyadic variant introduced in [CS24].

Definition 6.9. Let 0 < 8 < n. The maximal operator associated with HPE is defined by

- ! B
Myp f(x) = sup t,(Q)ﬁ/QlfldWw,

where the supremum is taken over all cubes Q with sides parallel to the coordinate axes containing x.
Furthermore, given a fixed cube Qg in R", the corresponding dyadic maximal operator associated with
HE20 is defined by

1
M, 5.0, = —/ dHE.
00 f (%) QZquQO 7(0)F Q|f|

QO>5x
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A weak-type (1, 1) estimate for the dyadic maximal operator was established in [CS24, Theorem
3.1]: there exists C = C(n,8) > 0 such that

HE (€ B s Mg f) > 1)) < 5 [ 1f1aHE, 6.1
(e8] Rn

for all # > 0 and every function f such that the right-hand side is finite.

Remark 6.10. Note that in [CS24, Theorem 3.1], f is assumed to be Wg—quasicontinuous. However,

one finds that the weaker assumption

/ | ] dHE2 < o
Rn

is sufficient for the weak-type estimate (6.11) by following the original proof. That is, the assumption

that f be quasicontinuous is not really necessary for (6.11).

The following comparison lemma between the level sets of the maximal function and its dyadic
version is taken from [COS24, Lemma 2.4].

Lemma 6.11. Let Qg be a cube in R"™. Then there exist constants C, C >0, depending only on n and
B, such that

HP ({x ER": Mg f(x) > r}) <CHP ({x ER": M0, f(x) > 52—<ﬁ+">r}) ,
for every function f.

The next result refines the dyadic Calder6n—Zygmund decomposition with respect to Hausdorff
content, originally obtained in [CS24, Theorem 3.4]. Notably, we do not require f to be ?{f,-
quasicontinuous, a condition assumed in [CS24]. Our refined version of the theorem will be a key
ingredient in the good-lambda arguments developed in the next sections, and we include a complete

proof.
Theorem 6.12. Let Qg be a cube and A > 0. If
HEL({x € R" : M, g0, f () > A}) < o0,

then there exists a countable collection of non-overlapping dyadic cubes {Qy} subordinate to Q such

that
(i) U Qr ={x e R": M(Hﬁ,QOf(X) > A},
(ii) {Qk} is the maximal subcollection of all dyadic cubes contained in {x € R" : M Py R f(x) > A4},
N0
(iii) A < W ka | £] dHE2 < 2B for each k,

(iv) |f(x)| < Afor HP-a.e. x ¢ |, Ox.

Before proving Theorem 6.12, we need two auxiliary results regarding the local behavior of

Hausdorff content. The first lemma, stated below, is taken from [CS24, Lemma 3.2].
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Lemma 6.13. Let Qg be a cube in R", let E C R", and let 0 < 8 < n. Then

. HE2(E N Q)
limsup —————=

50 =1 for HP-almost every x € E,
o-x  HIT(Q)

where the limit is taken over all dyadic subcubes Q € Do, containing x with £(Q) — 0.

Next, we give a result analogous to the classical Lebesgue differentiation theorem for Hausdorff
content without assuming either measurability or quasicontinuity of the function. The proof essentially

follows from a close reading of [CS24, p. 987], but we still include it here for the sake of completeness.

Theorem 6.14. Let 0 < 8 < n, let Qg C R" be a cube, and let f : R" — [0, o) be a function. Then
for HB-a.e. x € R", we have

fdHED > f(x), (6.12)

lim sup

o
o-x HE(0) Jo
where the limit on the left-hand side is taken over all dyadic cubes Q € Dy, containing x as £(Q) — 0.

Proof. For every t > 0, we observe that we have the inclusion

{x € R" : lim sup

1
P 7P o) /Q fdHE? <f(X)}

1
C xeR": hmsup—/ f dHEP < ¢ < f(x)}, (6.13)
%3{ o-x HE(0) Jo

where Q* denotes the set of all positive rational numbers. Moreover, for every ¢ € Q*, define
E; ={xeR": f(x) > 1}.

By Lemma 6.13, for HP-almost every x € E;, we have

1 1
lim sup ————— / £ dHP2 > limsup ———— / t dHE-2
o—x HE2(Q) Jo o-x HEL(Q) JonE,
- HE(QNE)
=tlimsup —————

oov HE(Q)
=1

That is, the set

E;\ {x € R" : lim sup

= {x € R" : limsup

o (}{ﬁTO(Q)/deBQO<t<f(X)}
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has HB-capacity zero. It then follows from (6.13) that

HE

1
xeR": limsup—/
{ o-x HE(0) o

1
< > HE R" : limsup ———— [ f dHES
2 ({x € 1msup o) / f <t< f(x)})

=0,

fdHE? < f(X)})

which completes the proof. |
We are now ready to give the proof of Theorem 6.12.

Proof of Theorem 6.12. Let {Q;}; be the collection of all dyadic cubes contained in {x € R" :
M 3P0 f(x) > a}. Since Dy, is countable and

HEP({x € R" : Moy f(x) > A}) < oo,
the maximal subcollection of {Q;}; exists and we denote it by {Qy }r. In particular, we have

ok =tx e R Mg, f(x) > ).
k

and thus

S 00P

Now let Qk denote the parent of Qy for each k. Using the fact that Qk is not contained in
{x e R": M(}{ﬁ,Qof(X) > A}, we have

1
/ ] dHE,
(0]

1 / 5.0 ! 5.0
1l drfe < L / F dHED < a.
2PL(Q1)P (Q k)ﬁ Ok
Finally, (iv) follows by Theorem 6.14. This completes the proof. O

6.2.3 BMO” and basic properties

We now recall the definition of the space BMO?, introduced in [CS24], together with the John—Nirenberg

inequality in this space.
Definition 6.15. A function f is said to belong to BMO? (R") if

I/ 1emos (rny = sup1 / |f - c|d7{:3 < 400, (6.14)

ceR f(Q)ﬁ
In [CS24], it is further shown that any function f € BMOP (R") satisfies a John—Nirenberg-type

estimate with respect to the Hausdorff content. Namely, there exist constants cg, Cg > 0 such that for

every cube Q, for all # > 0, and for a suitably chosen cp € R, we have

Wﬁ({x €Q:|f(x)—col>1}) <Cg £(0)P exp —L) . (6.15)
||f||BMoﬁ’(Rn)

We also recall the following result from [CS24, Corollary 1.5].
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Theorem 6.16. Let 0 < 8 < n € N and f € BMOP (R"). There exists a constant C = C(B) > 0 such
that

1
sup 1nf ( / |f - Clpdﬂﬁ) < Cp”f”BMOB(R")’

r\£(Q)F
forallp > 1.

For a function f € BMO?(R") and any cube Q, we define the quantity
fo = argmin

1
—c|dHE.
gm f(Q)ﬁ/Q'f ‘I

Although in the previous chapters the notation fp was used to denote the Lebesgue average of f over Q,
from now on, in this chapter, fo will denote the above minimizing constant. We observe that, for every
f € BMOP(R") and every cube Q, the infimum in the definition of || f llgmos (rn) 18 always attained;
that is, the previous arg min exists. See [CS24, p. 983] for a detailed discussion.

The next lemma records a control of these quantities between nested cubes.

Lemma 6.17. Let 0 < 8 < n € Nand f € BMOP(R"). Then, there exists Cg > 0 such that

|f2’<Q - le < Cﬁka”BMoB(Rn),
for each cube Q and each k € N.

Proof. Firstly, we observe that

2o - fol = K(Q)ﬁ | 1ha = foldH
B B
St o1 =tk v 285 [ 17 = polart
Cs ~ 5 _ 5
<07 o I ol e 5 |17 = folart:

<Cpllflgmos (rry-

Consequently,

k
freg = fol <D Ifag = Figl

i=1
k

< D, Coll fllgvos e
i=1

=C,Bk||f||]3Mob’(Rn)-
O

We can equivalently state the John—Nirenberg inequality (6.15) in terms of exponential integrability,

as shown in the following result.
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Theorem 6.18. Let 0 < 8 < n € Nand f € BMOP(R"). There exist constants Cy, C, > 0 such that

1
0P Jo

lf - fol

= |dHE < G,
Cl”fHBMoﬁ(Rn))

for each cube Q.

We now collect several elementary properties of BMO? that will be used repeatedly later.

Lemma 6.19. Let 0 < g < n € N. Then there exists a constant Cg > 0 depending only on 8 such that

(i) IIf + gllgmos n) < 21 fllgmos rn) + I8 1IMmOE (RA))-
(ii) 1|Af lgmos @y = AU fllgmo# (mn) Jor any A € R.
(1) 1 Mlgmos ey < Cpllflpmor -
(iv) [l max(f, ¢)llgmor rn) < CaUlfgmos @y + 18 llBmos (ry)-

) |l min(f’g)”BM()ﬁ(Rn) < CB(”f”BMoB(Rn) + ”g”BMoﬁ(Rn))-

Proof. The proof of (i) and (i) follows immediately from Lemma 6.5.
We now prove (iii). The argument is a slight modification of [BCR25, Lemma 2.6], and we include

it for completeness.
We first consider the dyadic version of the BMO? seminorm. Let

: B,0
1 Mo 20, —QSgﬂgnggRW / F(3) = el dHE(y),

where Qg := [0, 1)". By (6.4), this dyadic seminorm is equivalent to the original one:

1 gy 20, = 11 gssor

Now fix a cube Q” C R", and choose

1
. : B,Q0
co/ i= argmin ————— |f —c| dHZ=".
cer HE2(0) Jo
We also set
1

—— [ |f|dHE,
HEC (0N Jor

fQ,,ﬁ =

By the dyadic averaging estimate, see [BCR25, Lemma 2.3], we have

1
s —cl < —/ £l = o] dHE,
or HE2 (@) o1
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for every ¢ > 0. In particular, taking ¢ =|f(x)| forx € Q’, we obtain

IF @) - forp| < / £ = 1FO0)I| dHE2 )

SW | 1709 £ HE )

WBQ—O(Q) | 170 e ar

WBQ—O(Q)/ lf(¥) —col dﬂﬁ QO()’)

1/ () — corl + / £ ) - corl dHE2 ()

<If () - corl + ||f||BMOﬁ(¢@QO).

We now integrate this inequality over Q’ with respect to HE, divide by HE(Q"), and use again
(6.4). This gives

/ 1f @) = forp| dHEW) <

1709 e dHE) + 1 gy,

WB(Q) ﬁ(Q)

W | 1760 =c1arE

+ ”f”BMoﬁ(.}{EO’QO)

<Cpll fllgpos (420,

Since for g is just a particular choice of constant, it follows that

inf

ceR WB(Q )

Taking the supremum over all cubes Q” € R", we conclude that

/ £l = el dHE) < Call Fllyppo o, < Coll Fllpygon-

|||f|||BMoﬁ(Rn) < C/i’”f”BMoﬁ(Rn)-
Finally, (iv) and (v) follow from (i), (i), and (iii) together with the identities

f+eg+|f—gl f+g—|f—g|‘

max(f, g) = 5 ., min(f,g) = 5

O

As an immediate consequence of the previous lemma, we obtain the stability of BMO” under

truncation.

Lemma 6.20. Let0 < 8 < n, f € BMOP(R") and K > 0. Let the truncated function tx f be defined

as
K, iff(x)>K,

KS(X) =95k, if -K < f(x) <K,
-k iffx) <-K.
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Then there exists a constant Cg > 0, depending only on f3, such that

||TKf||BMoB(Rn) < CB”fHBMOﬁ(R")‘

6.3 B-dimensional sharp maximal function

The definition of BMO” naturally leads to the introduction of the S-dimensional sharp maximal

operator.

Definition 6.21. Let 0 < 8 < n € N. The S-dimensional sharp maximal operator of a function f in R”

is defined as

Mfgf(x) = gszusp in !

_ B
xcenfw(Q)ﬁ/Qlf c| dHP. (6.16)

The dyadic sharp maximal operator associated with Qg is defined by

M;Qof(x) = sup inf /Q|f — c| dHE.

1
QEZ)QO ceR K(Q)'B
QO>5x

We also refer to [HH26b, p. 16] for the S-dimensional sharp maximal function defined with respect
to balls in Euclidean space. By definition, we have

I/ lgmos ey = IMEf Il .-

Moreover, it is easy to check that

Mif < Mygsf.

The main objective of this section is to prove a capacitary Fefferman—Stein inequality comparing M, s
and ME, which extends (1.7) to the framework of the Choquet integral with respect to Hausdorff

content.

Theorem 6.22. Let0 < S<neN,0< pg<ocoand f € L! (7{5,) such that

loc

sup tpo?loﬁo({x ER": Mypf(x)>t}) <o forall N >D0. (6.17)
0<t<N ©

Then there exists a constant C = C(p, n, 8) > 0 such that

(/ (M r)” dwﬁ)'l’ < c(/R (M2r)” dﬂf,)'l’, (6.18)

forall pg < p < oo, and also

“Mw@ f (6.19)

sC||M}§f

Lre(HE) L= (HE)

Jorall pg < p < oo

Here, L? ’“(7{0'80) denotes the vector space of all the functions g : R" — R satisfying

1
gl po gy = supAHE ({x e R" : [g(x)] > A})P < 0.
(He) 0
© >
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Remark 6.23. The condition (6.17) is quite general, and it is satisfied, for example, for each function
f such that

|fIPPdHE < oo,
Rn

with pg > 1, by the weak type (p, p) inequality satisfied by M, s (see [COS24]). We emphasize
that in the previous result, we do not require the function f to be measurable; the result holds for
non-measurable functions. In the case § = n, we recover (1.7) while extending it to the setting of

non-measurable functions.

The key ingredient in the proof of the previous result is a dyadic good-lambda inequality. In [FS72],

Fefferman and Stein proved (1.7) from the good-lambda estimate
t 2
{x eR" : Mf >t} < |{x eR": M*f > Z}l + Zl{x eR": Mf>27""1py, (6.20)

for all positive ¢ and A. In the following result we establish an analogue of (6.20) in the context of
Hausdorff content. The proof follows the same general strategy; however, the nonlinearity of the
Choquet integral introduces some technical difficulties, which we overcome via the packing condition

in Lemma 6.7.

Theorem 6.24. Letn € Nand 0 < 8 < n. Let Qg C R" be a cube, and let f be a function on R"™. Then,

we have
t
HEL((x e R : Mponf(x) > 1}) < HED ({x eR": MY o f(x) > Z})
8 B
+ KWQ’QO({x eR": M,ponf(x) >27F72)),
for everyt > 0 and every A > 0.

Proof. Define ¢ : (0, c0) — [0, o] by
¢(1) = HEP ({x e R" - M, p.00f(x) > 1}).

With this notation, it is enough to prove that

o) < HEP ({v e R Mb o, f(0) > =} ) + %(])(Z_ﬁ_zt),

forevery t > 0 and A > 0.

Fix t > 0. We apply Theorem 6.12 at the levels ¢ and 27%~?¢. In this way, we obtain two countable
collections of pairwise non-overlapping dyadic cubes, denoted by {Q }x and {Qi_ﬁ_zt }x, such that
properties (i)—(iv) in Theorem 6.12 hold with A = ¢ and 1 = 2772, respectively. More precisely, the
family {Q/, }« satisfies

(A1) Uk @ = {x € R" : Moo f(x) > 1},

(A2) {Q/ }x is the maximal subcollection of all the dyadic cubes contained in the set {x € R" :
Mﬂg,Q()f(x) > t}’
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1 B.Qo 8
(A3) t < o fQZ |f| dHS =" < 2P,

(A4) |f(x)] <t for HP-ae. x ¢ Uy 0.

Similarly, the family {Q2 '} satisfies
(B)) Ux Q77" = {x € R" : Mo, f(x) > 27P 21},

(By) {Qi_ﬁ_z’ }x is the maximal subcollection of all the dyadic cubes contained in the set {x € R" :
M(].(ﬁ’QOf(x) > 2_B_2t},

-B-2 1 8.0
(B3) 27P7%1 < ST fQi’ﬁ’zr |l dH™" < 5,

(By) |f(x)| <2782t for HP-ae. x ¢ Uy Qi_ﬁ_zz.

Since t > 27%7?¢, every cube in {Q} }x is contained in some cube of {Qiiﬁfzt}k by (A;) and (B3).
This allows us to split the family {Q/, } x according to whether the corresponding larger cube lies entirely

inside the level set of the dyadic sharp maximal function. Thus,
{0}k = AL U A,
where
—lot - ot ¢ Z*ﬁfzzf k d 27872 R" - M* 4
Ap =10y 1 Q) € O, or some ko and QO C{xe : ﬁ’Qof(x) > Z} ,
and
— ot . ot 27872 ko and 0277 R™ - M 4
Ap =104 1 Q) € O, or some ko and O ¢ {xeR": Mﬁ,QOf(x) > Z} .
By the subadditivity of H2"2, we then obtain

o) <HEX| ) op|[+HEX| | o4l

QLA QleA,

The contribution of A is immediate, since
U Qi oMy f0) > =
k= : B.Q0 A ’
Q€A
and therefore
t
HE0 U 0 | < HE0 ({x : Mz’Qof(x) > Z}) .
Q) €A,

Consequently, it remains only to estimate the part corresponding to A,, namely to prove that

HE U 0, S%qﬁ(Z_B_ZI).

QLA
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To this end, let {Q/, }x be the subfamily of {Q?H’ }« defined by

{Q;c}k = {Q € {Q{[H’}k : O contains some cube in ﬂz} .

We now apply Lemma 6.7 to {Q) }«. This yields a subfamily {Q;{V }, and a family of non-overlapping
ancestors {Qy }x such that

ol o, vl o
k v k

Z K(Q}CV)B <20(0)P for each dyadic cube Q € D(Qy),
0, co

and

HEO (UQ;)S PR A(o/ R (I 6.21)
k v,Q) €0k k

< 2HE (U Q;() :
k

Next, let Q' € {Q;{V}V U {ék}k. By construction, Q' contains a cube in A, C {Qi_ﬁ_zz}k, and
hence

0 ¢ fv: Mf g, 7> 5.

Therefore, using (B>), (B3), and the definition of Mg, 0,/ + we obtain

1 B,Q0 !
Qo o2 22
OO /Q £ dHS® < 5 (6.22)
and
1 3,00 : t 1
Al /Q, \f - cor| dHE Smln(A,4), (6.23)
where

ceR K(Q/)'B

At this point we need a bound for cg/. By (6.3), together with (6.22) and (6.23), we have

1
col = 7 | leorl dHE®
T wE Jo

1 / .0 1 / 5.0
< — co — fl| dHL = + —— dH =0
707 Q,l o — fl 10 Jo |
t

<

1
¢’ = argmin / |f —c| dHE0
Q/

+_
4

R~ B~
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It follows that if Q} € A, and Q) € Q’, then

| 150 - coldHE® > | i1 arl® - cot(@})
0] (o)
t
> 100} - 500 (6.24)
t
=5t Q).
We now return to the family A,. Applying Lemma 6.7 and (6.6) to A, we obtain a non-overlapping
subfamily {Q/ }; satisfying
J
Z £(0},)F <26(Q)  for each dyadic cube Q € D(Qo) (6.25)
Q;j co
and
Wﬁ’QO( U Q;) < ZK(Q;j)ﬂ. (6.26)
Q;(Eﬂz J

Combining (6.24) and (6.26), we obtain

wﬁ’%( U Q;)sZaQ;f
Q€A ]
=), 2, U@L P+ Y ey

v Qk <oy, k Qt COx

<2V N[5 lart®

v 0p cop, 7 Pk

+= Z Z / f —cg, | dHED

k 0} <Ok Qk
4
IV [ 1r-cop | an®
t " Q;w v
4
i _ ,BQO
+tzk:/ If —cg, | dHE (6.27)

where the last inequality follows from the packing condition (6.25) of {Q;{j }; and (6.8).

Finally, since {Q/ }« is a subfamily of {Q7 """}, we may combine (6.21), (6.23), and (6.27) to
conclude that

wﬁQO( g Qk)<—Z/ |f =gy | AHE®

leﬂ2

4
+—Z/~ f —cg, | dHE
! PRRAYY

4 , ~
<22 (Z () + ;f(Qwﬁ)
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as required. |

We now prove Theorem 6.22. The argument combines the comparison between the global and dyadic
maximal operators, the good-lambda inequality from Theorem 6.24, and the layer-cake representation

of the Choquet integral.

Proof of Theorem 6.22. We begin with the strong-type estimate (6.18). Let Qg = [0, 1)". By Lemma
6.11, there exist constants Cy, Cy, C3 > 0, depending on n and S, such that

/n (M‘}-{Eof)p dHE = p /Om 1P ({x ER": My f(x) > z}) dt
=p /000 IH ({x €R": Mﬂﬁonf(x) > C22_(B+”)t}) dt

=Cy /Rn (Mﬂg,gof)p dﬂf,’QO.

Moreover, it is easy to see that

,3 Qof(x) < CﬁMﬁf(x)

where Cj is the constant in (6.3). Therefore, it suffices to prove that there exists C’ = C’(p, n, §) such
that

/n (ng,Qof)p dHE < ¢’ /Rn (MZ,Qof)p dHP2. 6.28)
To this end, define
¢(1) := HE ({x eR": Mﬂi,gof(x) > t}) .

By Theorem 6.24, for every t > 0 and every A > 0,
8 B
o(1) < HE2 ({x eR" M, () > & }) + = (27 ), (6.29)

Multiplying by p t”~! and integrating over (0, N), we obtain

N N 0
p/o P~ p(1) dt < p/o 1P~ HB D ({x ER": My, f(x) > %}) dt

8 N
+—p / P~ (27P~21) dr. (6.30)
A" Jo

We estimate the two terms on the right separately. For the first one, the change of variables u = /A

gives

o[ (e M4l | () e
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For the second one, the change of variables u = 27%72 yields

8 N 8 N
Zp/o P1y(27B %) dts2(3+2)pzp/0 P71 (t) dt.

Substituting these estimates into (6.30), we obtain

N P 8 N
p/o tp_1¢(t)dtsAp/R (Mz’Qof) dﬂg’Q°+2(ﬁ+2)pr/o P71 (1) dt.

We now note that the last term on the right-hand side is finite. Indeed, by (6.17), for each N > 0,

NP—Po

< o0,

N N
/ P (1) dr < MN/ PPl dr = My
0 0 P — Do

where
My = sup tP¢(1) < co.
0<t<N

Hence the right-hand side is finite, and we may subtract the last term from both sides to obtain

N
1 - 2(ﬁ+2)P§ p tp_1¢(t) dt < AP (M# f)p d?—{ﬁ’QO
A 0 = - B.Qo co

‘We now choose
A — 2(ﬁ+2)p+4’

so that
ypr2p8 1

A2
Therefore the previous inequality becomes

1 N p-1 p # p B.Qo
o [ tewmar<ar [ (Mg g,) arte.

Letting N — oo and using the monotone convergence theorem, we obtain

1 P
2z B.Q0 ((B+2)p+4)p
2 \/Rn (M(Hg’QO f) d?{w <2 /

which proves (6.28), and hence (6.18).
We now turn to the weak-type estimate (6.19). As before, it is enough to show that there exists
C’ = C'(p,n, B) such that

Moot

(M.ZaQof)p dq_(ngO,

n

<C’

31
Lre(HE) ~ ©:31)

‘MZ’,Qof

Fix N > 0. Starting again from (6.29), multiply by #” and take the supremum over 0 < ¢t < N. This

Lre(HE)

gives

8
sup tPp(t) <= sup tPp(2P )+ sup PHED ({x eR": Mz 0,/ () > %})
0<t<N A o<r<N 0<t<N 0
2(B+2)p+3 5.0
=——  sup tPp(r)+ AP sup PHLF ({x eR": Mg 0,/ () > t})
A g<BN 0<t<N/A ’

2(B+2) p+3 Po() » | gt
< sup ¢ )+ A H
A 0<tspN ¢ ﬁ’QOf

p
Lr=(HE) |
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Again, the left-hand side is finite because

sup tP¢p(t) < MyNP™P0 < oo,
0<t<N

Choosing once more
A — 2(ﬁ+2)p+4’

we get
2(B+2)p+3 1

A2
Hence we may absorb the first term on the right-hand side and conclude that

p
sup 1P (1) < 2B+ p+l ‘M# _
B0 500! || )
Letting N — oo yields (6.31). This completes the proof. |

6.4 Riesz potentials and Hausdorff content

A classical theorem of Adams identifies the oscillation of the Riesz potential through the sharp maximal
function. In [Ada75], Adams proved the pointwise equivalence between the classical sharp maximal
function of 7, f and the fractional maximal function M, f. Our second main result is a refinement of
this fact in the context of the S-dimensional sharp maximal operator. We shall also collect several
capacitary estimates for Riesz potentials and fractional maximal operators that will be used in later

sections.

6.4.1 Pointwise estimates for Riesz potentials

An approach to proving the Muckenhoupt—Wheeden inequality, stated in Theorem 1.26, relies on an

interesting pointwise estimate due to Adams [Ada75].

Theorem 6.25. Let n € N and 0 < a < n. The pointwise inequality
MAIof)(x) = Maf(x), (6.32)

holds for all non-negative measurable functions f in R such that I,f € LIIOC(R”) is a tempered

distribution.

Remark 6.26. In [Ada75], the hypothesis given for (6.32) requires I, f € L! (R") along with the

loc
integrability condition
Lo f(x)

g (L+|x])m*e

However, a closer examination of [Ada75, p. 771] shows that this integrability condition is not strictly

dx < o0,

necessary. In fact, the weaker assumption that I, f € LllOC (R™) and is a tempered distribution suffices

for the pointwise estimate (6.32).

Our refinement of (6.32) is the following.
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Theorem 6.27. Letn € Nand 0 < @ < n, B € (n — a, n]. The pointwise inequality

M (Lo f)(x) = Maf(x)

1

1oc(R™) is a tempered

holds for all non-negative measurable functions f in R" such that I,f € L

distribution.

Theorem 6.27 implies an analogue of [Che25, Theorem 1.6] in terms of Morrey spaces. More
precisely, if f > 0 1is such that I, f is a tempered distribution, then

||I(rf||BMo/3(Rn) = | fll.agn-e(rrny,

for every B € (n — a, n]. This may be interpreted as a self-improving phenomenon. Specifically, when
B < n, the space BMO® is strictly smaller than the classical space BMO, and by combining Theorem

6.27 with Adams’s pointwise estimate (6.32), we obtain that for every 8 € (n — a, n],

o fllgmos mny = Ha flBMO®RR) -

To prove Theorem 6.27, we first collect several auxiliary results. We begin with the following
estimate, which is taken from [COS24, Lemma 2.2] and [HH24, Proposition 2.3], and extends [OV98,

Lemma 3].

Lemma 6.28. Letn € Nwith0 < a < 8 < nand let f be a nonnegative function. Then

B
/ fdﬂf,s’g( fgd%fj)a.
n Rn

As an immediate consequence, we obtain the following comparison between sharp maximal operators

of different dimensions.

Lemma 6.29. Let n € N with 0 < a < 8 < n. Then there exists a constant C > O depending only on «
and B such that

MG f(x) < CME (),
forall x e R™.

Proof. Letn € Nand 0 < @ < 8 < n. Fixx € R" and let Q be a cube containing x. Define co by

) 1
cp := argmin

ceR f(Q)a

An application of Lemma 6.28 and Holder’s inequality in Lemma 6.5 (iii) yields that

B
1 B 1 o a
—coldHE < E ( - Bdw;:)
wﬁ@»[gf col 7= 0 0 A;f 0!

%ﬂ&@»i( 1 a)
- d
= "ot 0) HﬂQL@”“CQ'¢%

< CMEf(x),

/Wf—cdd%@.
o
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where the constant
8
o BHEQ)"
oHE(Q)
does not depend on Q because HL(Q) =~ £(Q)Y for any y > 0, implying HE(Q)P/* ~ ¢(Q)F =~
WQ(Q). Taking the supremum over all cubes Q such that x € Q, we obtain
MG f(x) < CMG [ (x).

O

We next record two local estimates from [Che25, Lemma 3.5 and Lemma 3.8], which will be the

basic ingredients in the proof of the sharp maximal estimate.

Lemma 6.30. Letn e Nand 0 < a < B <n, B € (n—a,n]. Let Q be an open cube in R with center
xo and f be a real-valued measurable function in R™. If suppf C 20, then I, f € L'(Q; 7-(5,) and

there exists a constant C depending only on n, a and (8 such that

/ Lo f] dHE < CEQP Mot (x0). (6.33)
o

Lemma 6.31. Letn e Nand 0 < a < 8 <n, € (0,n]. Let Q be an open cube in R" with center
xo and f be a real-valued measurable function with suppf C (20)€. If I,f € L (R™), then 1, f is

loc
continuous in Q and there exists ¢ € R such that

/ o f = c| dHE < CE(QYP My f(x0). (6.34)
)

For the proof of the next result, we introduce the 5-dimensional centered sharp maximal operator
Mz’c f(x) of a function f, which is defined as

: 1
M§’°f(x) = sup inf — |f - c| dHE.
r>0 CER 1 o(x,r)
It is easy to see that there exists a constant Cg > 0 such that
MECf(x) < MEF(x) < CeMEE £ (x). (6.35)

The previous local lemmas readily imply the following pointwise bound.

Theorem 6.32. Letn e N,O<a <nandB € (n—a,n]. IfIof € Llloc (R™), then for every x € R",

there exists a constant C depending only on n, «, 8 such that
M1 f)(x) S CMq f(x). (6.36)

Proof of Theorem 6.32. Suppose that I, f € L' (R"). Let Q be a cube in R” with center x and

loc

fi = fx20, f2 = f — fi. Then there exists a constant ¢ € R and C depending on n, a, § such that

/Ilaf—cl d%’i:/ Lo fi + Lo fs —c| dHE
o o

<2 ( / o fi] dHE + / ot —c| dwﬁ)
o [0}

<2CLQYP Mo f(x),
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where we use Lemma 6.30 and Lemma 6.31 in the last inequality. Now dividing both sides with £(Q)#

and taking the supremum over all cubes Q with center x, we obtain

M€ (1 f)(x) < CMaf(x)
and thus

ML f)(x) < CMq f(x)
by (6.35). O

We are now in a position to prove the refinement of Adams’s theorem.

Proof of Theorem 6.27. Let x € R". By Theorem 6.32, we have

ML f)(x) S Maf ().
The combination of (6.32) and Lemma 6.29 yields that

Maf(x) = M* (Lo f)(x) $ ML f)(x),

where we note that M# ~ M* (see for instance [HH26b, Remark 3.4]). This completes the proof. O

6.4.2 Further capacitary estimates

We conclude the section by collecting several capacitary estimates for /, and the fractional maximal
operator that will be used later. The first result is the boundedness of the Riesz potential /,, in Lebesgue
spaces with respect to the Hausdorff content 715,, established in [HH26b, Theorem 5.4].

Theorem 6.33. Letn e N,0<B8<n a € (0,8),andp € ('g, %) be given. Then, for all measurable

functions f : R" — [—c0, 0], we have
<cC ( / |f<x>|f’dwf,) ,
Rn

We will also require the boundedness of the fractional maximal operator M

B-pa

( / |Iaf<x>|ﬁ€5wdw£) "
Rn

where C = C(n, 8, a, p) > 0.

<=

w35 defined by

M )= sup 2 (,?) / 1f1 dHL.

This follows readily from [HH26b, Theorem 5.11] via the pointwise estimate M, ;5 f(x) < Rg f(x),
where Rg f(x) = fR” ACI . dﬂf, denotes the S-dimensional Riesz potential of order a.

[x-y|*-@

Theorem 6.34. Letn € N, 0 < 8 <n, a € (0,8), and p € (1, ’(‘%) be given. Then, there exists a

constant C = C(n, B, a, p) > 0 such that
p »
<c ( / |f<x>|"dwm) ,
RVL

o\
([ Mo s Fart)
pn P

for every function f : R" — [—o0, 00].
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The next two lemmas are slight modifications of [Che25, Lemma 3.5 and Lemma 3.8] that will be

used later in the capacitary setting.

Lemma 6.35. Letn € N, 0 < a < 8 < n. Let Q be an open cube in R with center xo, and let f be a
measurable function defined on R". If supp(f) C 2Q, then there exists a constant C = C(n,a,8) > 0
such that

/ o fldHE < CLQ)" / |f1dHE,
Qo 20
Proof. First, recall that for any € [0, @), there exists a constant C,, > 0 such that

[l (x)] < Cnf(Q)a_nMn¢(x)’ (6.37)

which can be found, for instance, in [Che25, (3.6)]. Additionally, by [HH26b, Theorem 5.4], there
exists a constant C > 0 such that

B-n

LB\’ B
(M, £)P7 dHL <C [ |fldHE. (6.38)
Rn Rn

The combination of (6.37) and (6.38) then yields that

/ 1o f| dHE SCK(Q)"‘”/ M, f dHE
o o

B-1

7
B

n

< Ce(Q)M (/Q(Mnf)zfu dwﬁ) (%ﬁ(Q))ﬂ

< ClQ)” / ] dHE

20
This completes the proof. m|
Lemma 6.36. Letn € N, 0 < @ <n, and 8 € (0,n]. Let Q be an open cube in R" with center xo and

f be a measurable function with suppf C (2Q)€. Then, there exists ¢c € R, and C = C(n,B,a) > 0
such that

1 - 1
— Iof — dHE < ) 27k (ke ¢ d‘]‘(g.
gy ot el artl < 22O gy Lo

Proof. It is enough to prove the result for a cube Q with center xo = 0. We follow the proof of [Che25,
Lemma 3.8], taking ¢ = I, f(0) until (3.24),

1 c .
of = cldHs <75 - dydH?
g et e <5 || e~ e Ol
)l
dHE VA B
f(Q)ﬁ/ WAH) | e

T
f(Q)B e /lylZf(Q) et

ey / RS HN
k=0

2k-1£(Q)<|yl<2ke(Q) [¥I"T ¥
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<C¢ Q N 2k—1€ Q -n+a-1 d
@Yo [ ol

IA

C ) 27F@F 1))t / |f (V)|dy
- 2k+1Q

k

(=]

8

C’ ) 27k @k )) e / |f(¥)|dy
2k+lQ

=0

=~

If 5 = n, we have concluded the proof. Let us assume 8 < n, then using Lemma 6.28, and Holder

inequality (iii) of Lemma 6.5, we have

L sy <5 ( / Iflfdﬂf,)ﬁ
2k+1Q ﬁ 2k+1Q

<” ( / |f|d%£) (2*10) W
ﬂ 2k+1Q

IS

n
=2— (2K ()" F dHE.
5240 /2 o]

Hence,
[ Maf = el sc Y k@ ey [ iolay
(0] =0 2k+1Q
<c' Yy R @ i@y [ rlas
=0 2k+1Q

=C' Y 27k @) |FldHE,
k=0

1
(25+1¢(0))B /2k+1Q

We next prove that Riesz potentials satisfy a capacitary A;-type property.

Lemma 6.37. LetO <@ <nand 0 < B < n. Then

Jor any x € R", where 1,(x) = |x|*™". In addition, if B € (n — a, n], we have

My (Lo f)(x) < ClLa(lf])(x)

for Wg-a.e. x € R Thatis, if B € (n— a,n] and f is a nonnegative function, then I, f € Alf.
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Proof. We may assume without loss of generality that f is nonnegative. Fix z € R" and a cube Q
containing z. Since I, f is lower semicontinuous, we may apply [Ada88, Corollary on p. 118] and we
obtain
1
HE(Q)

/ Iof () dHE = sup :
o

Lo f(x) du(x)
il ey <1 Wﬁ(Q)/ T dut

||u||,,,ﬁ(Rn)_1 HE (Q)

B 1 du(x)
= sup <1/R f(y) (WOBO(Q)/le_yln_a

dy, (6.39)

where we have used Fubini’s theorem. As u(E) < Wg(E ) for any measurable set E C R", we have
1 d 1 1
/ SO / — dHE (x)
HE(Q) Jo k=" = #HE(Q) Jo Ix—yI""®
< Mﬂg(la)(z -y). (6.40)

The combination of (6.39) and (6.40) then yields that

B
B o D < [0 My 1))
= (Mypl) = 110

Taking the supremum over all such cubes Q, we obtain

M‘Hﬁ (Iaf)(2) < (Mﬂgla) * f(2).

To conclude the proof, we use the fact (see [HZZ25, Proposition 2.14]) that if 8 € (n — a, n], then I,
is an A’f weight, that is,
M(H,gla(x) < Cly(x)

for Woﬁo—a.e. x € R™. This, together with the previous estimate, completes the proof. m|

We now state the reverse Holder inequality from [HZZ25, Theorem 1.7] in the particular case of
A'18 weights, which will be needed in what follows.

Theorem 6.38. Let0 < B <nandw € AIB (that is, M, pw(x) < Cw(x) for HE q.e. x). There exist
C > 0andr > 0 such that

1 1+r ﬁ)le 1 / B
— dHL <C—— dHZ,
(f(Q)ﬁ /QW 00" Jo"

for every cube Q.



162 CHAPTER 6. ON BMOP, SHARP MAXIMAL FUNCTIONS, AND COMMUTATORS OF FRACTIONAL INTEGRALS

6.5 Capacitary Muckenhoupt—-Wheeden inequality

Letn € N and 0 < @ < n. We recall that the Riesz potential of order a of a locally finite measure y is
defined by

Ia/J(x) = 7n,(1/ dﬂ(y)

pr X =y’
where 7y, o is given by (5.2). The corresponding fractional maximal function M,y is defined as

. u(Q)
MattC):= 30 Hoy—

where the supremum is taken over all cubes Q containing x.

Itis easy to see that My pt(x) Sp.a Lop(x) forevery x € R™. Conversely, the classical Muckenhoupt—
Wheeden inequality (Theorem 1.26) shows that the L” (R") norms of these two operators are in fact
comparable. The standard proof of Theorem 1.26 relies heavily on a good-lambda inequality. Theorems
6.22 and 6.27 naturally raise the question of whether an analogue of the Muckenhoupt—Wheeden
inequality holds in the context of the capacitary Lebesgue spaces L” (745). We answer this question in
the affirmative, thereby extending the classical estimate to this nonlinear setting. Note that the standard

Muckenhoupt—Wheeden inequality is recovered as a special case when § = n.

Theorem 6.39. LetO <a <neN, e (n—a,n], 1 <p < ooand u be alocally finite measure in R".
Then there exists C = C(n, a, 8) > 0 such that

( (Tap)? dﬂfi)" <Cp ( / (Maps)? dwﬁ)", (6.41)
Rn R

and

||I(l’:u||Lp,c>0(r]_{g) < Cp”M(ll'[”Lp,oo(r]_[g)' (642)

It is noteworthy that the proof of Theorem 6.39 does not rely on Theorem 6.27. In fact, if one
were to use Theorem 6.27 to derive Theorem 6.39, additional assumptions on /,, f would be required.

Instead, our approach employs the good-lambda estimate established in Theorem 6.44.

Remark 6.40. The linear dependence on p is a consequence of the exponential decay in our good-lambda

inequality, stated in Theorem 6.45.

Remark 6.41. The dimensional constraint 8 € (n — @, n] in Theorems 6.27 and 6.39 naturally arises
from the interaction between the Riesz potential /, and the Hausdorff content 7—(5, When g <n-a,
the convolution kernel |x|*~" fails to be integrable near the origin with respect to the content HE . This
non-integrability implies that /,, f may be infinite on sets of dimension n — « for general functions f, as
observed by Adams [Ada75, p. 772]. On the other hand, under additional assumptions as f € L"(R")
for some r € (1, %), then I f is in LP (HZ™ ) with p = %, as established in [HH26b, Theorem

5.9]. However, for general functions f, the constraint 8 € (n — «, n] is necessary.

In order to prove Theorem 6.39, we first prove a good-lambda inequality with exponential decay,
following the ideas of [HJ12] and using the packing condition to avoid difficulties due to the nonlinearity

of the Hausdorff content.
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First, we define a dyadic version of the Riesz potential, which we will use to approximate /,. We
begin with the definition of a dyadic grid. A dyadic grid D is a countable family of cubes with the

following properties:
1. For each Q € D, £(Q) = 2* for some k € Z.
2. Given Q,P € D,then QNP € {0,P,Q}.
3. Foreach k € Z, the set Dy = {Q € D : £(Q) = 2*} is a partition of R”.
The following dyadic operator will play a central role in the proof of the good-lambda estimate.

Definition 6.42. Let 0 < @ < n € N and let D be a dyadic grid. We define the dyadic Riesz potential
with respect to D of a locally finite measure u, by
Q)
IPu0) = ) 5 0(x).
&ty
Dyadic Riesz potentials were first introduced by Sawyer and Wheeden [SW92]. We will use the
following result by Cruz-Uribe and Moen (see [CM13, Proposition 2.2]) to approximate the Riesz

potential by a linear combination of dyadic Riesz potentials.

Proposition 6.43. Letn € N, 0 < a < n. Let u be a locally finite measure, then for any dyadic grid D,
I21(x) < cnalap(x). (6.43)

Conversely, we have that

Iou(x) < cpo max Igl,u(x),
{0,

where
O = 2750, )" +m+ (-D*) keZmeZ", e {o, 5} .

Hence, the Riesz potential is pointwise equivalent to a linear combination of dyadic Riesz potentials,
that is,

Lop(x) Zpa > 12 u(x). (6.44)
ie{0,4}n
We should mention that the proof of the previous result in [CM13] is made for functions, but a
detailed inspection of the proof shows that the same proof works for measures.

Now, we state our good-lambda estimate. The result is an extension of the good-lambda inequality
proved in [HJ12], which improves the classical result of Muckenhoupt and Wheeden [MW74].

Theorem 6.44. Let O < @ < n, B € (n — a,n] and let D be a dyadic grid. Then, there exist constants
C, ¢ > 0 depending on n, a, B such that

HE({x e R" : 12 pu(x) > 20, Mou(x) < ed}) <Ce  sHE({x e R" : I2pu(x) > A}),  (6.45)

forall A > 0and all 0 < & < 1 and all locally finite measures u.
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Proof. It is sufficient to prove (6.45) for the dyadic content Wf,’Q", where Qg is a cube in D, since

both contents are equivalent by (6.4).

Fix A >0and 0 < & < 1. We denote G, = {x € R" : I2u(x) > 1}. We can assume without loss of

generality HE-Lo (Gy) < 0. Let {Qj }; be the maximal collection of dyadic cubes subordinate to D

contained in G, with respect to the inclusion. Applying Lemma 6.7 to the family { Q;?} j we obtain a

subfamily {ka }x and a family of non-overlapping ancestors {Q }« such that

1.
r=JojcJoj vl Jo
J k 3
2.
Z €(Q})F <26(Q)F, for each dyadic cube Q.
0l co
3.

HIOW0h < ), o] >ﬁ+Zf(Qk>ﬁ
k.Qj €Om

<23 00})°
3
< 2HE 2 (U;01).
Define S = {x € R" : IPu(x) > 24, Mou(x) < ed}. Since G2y € G, we observe that

ScGucGi=Jotul Jor.
k k

and then we have
sc | el 1Pu(x) > 20 Map(x) < £}
k:Q}, ¢ Om
Ul Jx € Ok s 12p(x) > 24, Map(x) < 81}
k

Using the subadditivity of H2'2" we obtain

HEQ(S) < Y HEL({x € 0} 12 u(x) > 20, Map(x) < £4})
k:Q} ¢ Om

+ D VHEL ({x € Op 1D u(x) > 20, Map(x) < £A).
k

(6.46)

Fix Q' € {Q?k}k U {Or}k, and let us define Sor = {x € Q" : I2u(x) > 24, Mau(x) < el}. We

can assume that S/ is non-empty. We have the following estimate on the tail of the potential

}: Q) <1
5 f(Q)n a
020’
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by the definition of G and observing that either Q’ is a maximal cube of the family {Q;?} j» or it
contains a maximal cube in {Q?} j- Let jo € Z such that £(Q’) = 2/ and m € N to be chosen later. If

x € Spr, we have

D i(x) = _HQ)
Ia /J(x) _XE;D K(Q)n—(l

u(Q) u(Q) u(Q)
x&‘;eﬂ f(Q)n—a xe;D f(Q)"—(Y xG;D f(Q)n—CV
0’ 2J0-m<p(Q)<2/o £(Q)<2/0-m

Q)
<A+ mMau(x) + 'u—n_a
2, WD)

£(Q)<2/om
<1+ meld + Z gr(x),

k<jo—m

where g4 (x) is defined as

gr(x) = Z & fork e Z

xeQe Dy f(Q)"_a’
and Dy = {Q € D : £(Q) = 2F}. Observe that only one nonzero term exists for each x in the previous
sum. Letn = w, we remark that since 8 € (n — @, n] we have n > 0. We claim
Sor € | (re @ gulx) > a1 = me)2nk=im (1 27}, (6.47)

k<jo—m
To this end, observe that if x € So/, we have
21 < I?u(x) <A+med+ Z gr(x)
k<jo—m

and thus,

A1 - me) < Z gk (x). (6.48)

k<jo—m
If we assume that
gk (x) < A(1 = mg)2mk=dotm) (1 _p=m),

for all k < jo — m, then

Z gr(x) <A1 —me)(1 -2717) Z 21k=jorm) = (1 — me),

k<jo—m k<jo-m

which contradicts (6.48). Thus, there exists k < jo — m such that
gr(x) > A(1 = mg)21k-dotm) (1 —27m),

and we conclude the proof of the claim.
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Observe that for any y > 0 and any k£ < jj, we have

1
HED (3 Q' u() > ¥h) <= / o dHE

’

_l u(Q) B
= xGQZEDk —f(Q)n_a{f(Q)

oco’
1
== > Q" u(0)

xeQeDy
Qco’

1
<22 (@)
Y

I I Q)
=221k QP ——=—
7 o' wgrye

1 .
S_zzn(k—Jo)g(Q’)ﬁ inf Maﬂ(z)
y zeQ’

1 .
< PTEUQY Man(xg)
1 .
§;22'7(k‘10)€(Q’)ﬁ3/1, (6.49)

where xo/ € Q' such that M, u(xp/) < e, that we know exists because otherwise, Sp- would be
empty. The combination of (6.47) and (6.49) then yields that

HEL(So) < ), HEC({x € Q' : ga(x) > A1 = mg)2 k=it (1 — 27y}
k<jo—m
1 22n(k-jo)
< "B =
“A(1 —me)(1 —2—n)£(Q) &l Z 21 (k=jo+m)

k<jo—m

& 2—2)7m .
2=11(o—m=k)
1-mel-2"1 Z

k<jo—m

=0(Q"F

(o8]

-2nm
B & 2 -nk
=tQ") 1—m31—2—nkz_:4)2

:an—ZUmng(Q')ﬁ.
—me

We remark that the previous sum is finite because > 0. Now we choose m € N U {0} such that

1
--2<m<—--1,
e &

then —=2— <1, and hence, there exists ¢ = c¢(n, @, §) such that

HEQ (S0 < C2- QY = Ce56(Q)F.
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Using the previous estimate and the packing condition of the family {Q;?k }x, we have

HECS) < Y, HED(Sou)+ ) HEZ(Sg,)
k01 £0,, S

<Cpes| D QL+ UG
k:Q} ¢ O k

<2C, e sHE (U Q})
J

=2C,e s HE (G)) .

As a consequence of the previous good-lambda estimate, we give the proof of Theorem 6.39.

Proof of Theorem 6.39. We observe that it is enough to prove (6.41) and (6.42) for the dyadic Riesz
potential I2 with a constant independent of the dyadic grid D. To show this, we use (6.44), and we

obtain the desired inequality,

Di

Matllp g <cnal| >, 12
iea e )

SCﬁCn,a Z ||Ic?l/l”Lp(<Hg)

ie{O,%}"
<Cpcpcn,a Z ||Ma/~1||Lp(r]-(£)
{0,
:Cﬁ,a,np”Ma/J”LP((Hg)'

Similarly, we can obtain (6.42) from the dyadic estimate.

Let us first assume that 4 has compact support. We may also assume that || Maul|, , () is finite
because otherwise, there is nothing to prove. Let D be a dyadic grid, using Theorem 6.45, and the
subadditivity of HE we obtain,

HE({x e R" : IPu(x) > 24}) <HE ({x € R" : [P u(x) > 24, Mopu(x) < ed})
+ Woﬁo({x e R" : Myu(x) > el})
<Ce s HE({x e R": [2p(x) > A}))
+ CHE ({x € R : Mou(x) > £1)),
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forallA >0andall0 < e < 1. Let N > 0, we have

N

N
/ APHE({x e R 12 pu(x) > A})dA =27 / TP HE((x e R 12u(x) > 24))dA
0 0

N

e [* LB D
<2PCe™ = / APTHE({x e R" 1 I u(x) > A})dA
0
N

+ 2Pc/ T PHE (fx € 7 Mau(x) > sA})dd
0

) N
<2PCe™ % / PPIHE (fx e R" 1P p(x) > A})dA
0

Ne

orC [T

= AP VHE (x € R" : Mou(x) > 2})dA,
£ 0

for all 0 < £ < 1. Notice that the first term is finite because u has compact support. Let B be a ball
such that suppu C B. If x ¢ 2B, then |x — y| > r(B) for all y € B. Hence,

_du(y) u(B)
aﬂ(x) = Yn, a/ | yl” x = Yn, QW < yn,aMa/J(x)a

for all x ¢ 2B. Using the previous estimate, we obtain

{xeR" : Iou(x) > A} ={x € 2B : I,u(x) > A} U {x € 2B)° : I,u(x) > A}
C{x €2B: I u(x)> A} U{x e (2B)° : Mou(x) > y;’la/l},

for all A > 0. Then, we have

N N
/ APVHE ((x e R : Tou(x) > A})dA g/ AP VHE ({x € 2B : Tou(x) > A})dA
0 0

N
+/ APVHE ({x € R : Mop(x) > v, 1, A})dA
0
NP
<}"(2B)ﬁ7 + 711 (IHMQ’/J”L])((]_([?’)

<00,

and using (6.43) we obtain that the dyadic counterpart is also finite. We take & such that 27 Ce ™% = %
thatis € = m. Then, since the right-hand side is finite, we can absorb it into the left-hand side,

and we obtain

log(2P*1C)?

N
/ APVHE ((x e R" - 1P u(x) > A})dA <27+ C
0 cPp

IManl? dHE.
Rn
We obtain the desired inequality letting N — oo,

1 1

v log(2P*'C v

( [ i2ue d%{i)” <, 22O ( Mopl? dwfi)p
R” R

L

~ B P
sc;a(/ |Mau|1’dﬂx,) ,
Rn

A
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where C = C‘(n,,B, a)>0.
Let us consider now the general case. Given a measure u, we define ug = pyg(o,r)- Since ug has

compact support, we have

||IC?/’[R||LP(7—[§°) < CP”M(Z#R”LP(Wg) < CP”MaﬂHLp(q.[g)-

Since 7-(5 is continuous from below, we may apply the monotone convergence theorem (see [PS23] for
instance), and we obtain the desired inequality.

In order to prove (6.42), let us first assume that g has compact support. We may assume that
[IMeapull Lreo () < because otherwise there is nothing to prove. Let N > 0, using again Theorem

6.45, multiplying by A” and taking the supremum over 0 < A < N we obtain the following estimate,

sup /lpﬂf,({x eR": IPu(x) > 24}) <Ce™% sup /lpﬂoﬁo({x eR": IPu(x) > 1))

0<A<N 0<A<N
+C sup APHE({x e R" : Mou(x) > 1}).
0<A<N
Therefore,

1 c
— sup APHE({x e R" 1 I2u(x) > A}) <Ce™* sup APHE({x e R" : IDp(x) > A})
2P gca<2N 0<1<2N

¢ p
# S IManl?

Observe that the first term is finite because p has compact support. Let B be a ball such that
suppu C B. Using the same argument as before, we have

sup A”?‘{g({x eR": Iou(x) > A}) < sup /lpﬂf,({x €2B : I u(x) > A})
0<1<2N 0<A<2N

+ sup APHE({x e R" : Mou(x) > 7;,1(/1})
0<A<2N

<2N)’r(2B)’ + %’f,all/\/(a/lllip,wmﬁ)

<00,

and thus, using (6.43), we obtain that the dyadic counterpart is also finite.

We take again ¢ such that 2PCe™ = = %, that is ¢ = Then, since the right-hand side is

__c
log(2P*1C) "
finite, we can absorb it into the left-hand side, and we obtain

1 log(2P*1C
sup AHE((x € R 12(0) > D) <en B Mol e
0<A<L2N C 0

SC,pHMa/J”Lp,oo(q-(g)'

Letting N — oo, we obtain the desired inequality. The case of a general measure u is obtained in the

same way as before. O

Using Proposition 6.43, it is easy to see that (6.45) implies the following good lambda inequality for

the Riesz potential.
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Corollary 6.45. Let0 < a <n € N, B € (n—a,n] and u be a locally finite measure in R". Then,

there exist constants C, c > 0 depending on n, a, B such that

Wﬁ({x €R™: Iou(x) > 2"y 14, Mou(x) < ed}) SCe_iﬂf,({x eR": I u(x) > yz‘l/l}),
(6.50)

forall A >0andall 0 < & < 1, where v,y > 1 are the constants in (6.44) and (6.43), respectively.

6.5.1 Exponential integrability of Riesz potentials for Morrey measures

As a consequence of the good-lambda inequality with exponential decay (6.50), we can prove the
following result about the exponential integrability of /,u for measures in the local Morrey space
A" *(B). This is the natural endpoint p = oo in Theorem 6.39. We give an alternative proof of a
result of Adams and Xiao [AX15] (see also [Che25, Theorem 1.7]).

Theorem 6.46. LetO < a <n €N, 8 € (n— a,n] and u be a locally finite measure in R™. Then there
exist C =C(n,a,B) >0andy = y(n,a, B) > 0 such that

1 1,
/ CXP(M) aHf < C.
r(2B)# )1 ||Il||///nfa(3)

Jor every ball B such that 0 < ||u|| n-a gy < co.

Here, uyp denotes the restriction of the measure u to B, and

pn(Q N B)
el yne (g = SUp e
M (B) Qp f(Q)n—a

where the supremum is taken over all cubes O c R”.

Proof. Let B be a ball in R" such that ||l yn-opy < c0. By homogeneity, replacing u by
u/ il yn-e (gy» it is enough to prove the result under the normalization ||u|| yn-og) < 1. Ob-
serve that r(B) < |x — y| forany y € B and x ¢ 2B, hence

du(y) u(B)
I(t(ﬂXB)(x) = '}’n,a/ < — < Cn'yn,w ||,u”/{"*(l(3) < Cn'}’n,ru

s =y =T (pynma =

for each x ¢ 2B.
Therefore, if 1 > C,y,.o We have {x € R" : I,(uyp)(x) > A} € 2B. For fixed 4 > Ay :=
max{1, C,y2¥Yn.a}, applying (6.50) with & = }l we obtain

HE({x € R" 1 Iy (uxp) () > 2 1y12)) <Ce™“HE ({x € R" 1 I (uys) () > ¥5'4})
+ HE({x € R" : Mo (uyp)(x) > 1})
=Ce " HE({x € R" : Io(pxp) (x) > v3'A})
<Ce “‘r(2B)P.
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Using the previous estimate, we can conclude the proof,

/ exp (M) dHE = HE (2B)
2B 22y,

T / eI HE ((x € 2B : () (x) > A})dA

211+2,y1 0

< Cr(2B)® + %/ e%’l?{g({x € 2B : Io(uxp)(x) > 2"y A1)da
0

Ao .
= Cr(2B)® + %/ eI HE ({x € 2B : I (uyp)(x) > 2y A1) dA
0

+5 / CSAHPE ({x € 2B+ I (jxs) () > 271y}
A

0

< Cr(2B)P + %e%’lo/lor@B)ﬂ + C%r(ZB)'B / e~ 50
Ao

= C'r(2B)P.

An application to PDEs: exponential integrability of gradient estimates for p-Laplace type
equation with measure data

In this section, we use Theorem 6.46 to prove the capacitary local exponential integrability of the
gradient of weak solutions of singular p-Laplace type equations with measure data. We consider the
quasilinear elliptic equation

—div(A(x,Vu)) = u, (6.51)

in a bounded domain Q c R"”, where n > 2. Here, u is a finite Radon measure in €. The continuous
vector field A = (Ay,...,A,) : QX R" — R" is C! in the gradient variable z, and it satisfies the

following conditions:
AG )]+ DA 2)|([2P +52)F < L(|zP +52) "7,
v (12 + )7 AP < (D,A(x,2)4, A), (6.52)
-1
|A(x,2) = A(x0,2)| < Liw(|x = xo) (|2 + 57) 7,

for all x,x9 € Q and z, 4 € R"™. The parameters v, L, s, L are fixed and such that 0 < v < L and s > 0,

Ly > 0, the function w : [0, 00) — [0, 1] is a non-decreasing subadditive function satisfying

liigw(r) =w(0) =0, (6.53)
and the Dini condition X
d
/ w(NZ < . (6.54)
0 r

The model example of (6.51) is the p-Laplacian equation

~Apu = —div(|VulP"Vu) = u in Q.
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We refer to [DM10] for a more detailed explanation of the setting.

The gradient estimates of the weak solutions of (6.51) for p > 2 have been well studied in the
literature [DM10; DM11] in terms of nonlinear potentials. We are interested in the singular case
p € (1,2). In the seminal work [DM10] the authors prove the following gradient estimate for
pE (2 - %, 2), if u € C'(Q) solves (6.51), then there exists C = C(n, p, A, w) > 0 such that

IVu(x)] < CL (ix s er) (1) 7T + (VU1 + )y (6.55)

C—
|B(x, R)| JB(x,R

for each ball B(x, R) c Q with R € (0, 1]. Later, the case p € (;Z:f 2 - %) was studied in [NP20],
and recently improved in [DZ24].
We can prove the following exponential integrability result using Theorem 6.46 and the gradient

estimate (6.55).

Theorem 6.47. Let B € (n—1,n], p € (2 - %,2) and let u € C(Q) be a weak solution of (6.51)
under the assumptions (6.52)—(6.54). Then, there exist C1, Co, C3 > 0 such that

V[P~ Cs (Vu)+5) , )p_l, (6.56)

7 | Jart
—— [ exp|Cil——— | dH, < Crexp
r(B)? Jp el n-1 2y 12B| Jap kll zm-128)

for all balls B such that 2B € Q and 0 < ||| yn-1(2p) < .

Proof. The proof follows the approach of [HJ12, Theorem 1.5]. Let B = B(x, R) be a ball such that
2B c Q. It follows from (6.55) that

1

p-1
o /2 (wu) + s>dy) , 6.57)

Vu(x)|P~" < CI (px2s) (x) + C(

for all x € B. Applying Theorem 6.46 there exist C’ = C’(n,8) > 0 and y = y(n, 8) > 0 such that

1 I],U(X) B ’
—r(ZB)ﬁ /23 exp (y—) dH, < C".

el zn-1 28)
Hence,
1 \% p-l 1 I
r(B)f Jg Cllpll g1 2y r(2B)F /15 Nell gn1 2m)
v + p-1
exp( y [ () s)dy)
12B| Jo Il gn-12)
\Y + p-l
SCzexp( A OIOIEDY ) |
12B| J2g 1l gn-12)
This concludes the proof of (6.56). O

Remark 6.48. We observe that our techniques cannot reach the endpoint § = n — 1.
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6.6 Capacitary Orlicz spaces and maximal functions

A function B : [0, c0) — [0, o) is called a Young function if it is continuous, convex, and strictly
increasing, satisfying B(0) = 0 and lim;_,, B(f) = co. Given two Young functions A and B, we write
A(t) ~ B(t) if there exist constants #, ¢, ¢ > 0 such that c;A(¢) < B(t) < ¢pA(¢) for all ¢ > 1.

A Young function B is said to be doubling if B(2¢) < CB(¢) for all ¢ > 0, and submultiplicative if
there exists C > 0 such that B(st) < CB(s)B(¢) for all s,7 > 0. Standard examples include B(t) = "
for » > 1, and more generally B(7) = t“[log(e + ¢)]® with a > 1 and b > 0, both of which are
submultiplicative.

Given a nonempty set E C R" and a Young function B, we define the Orlicz space L?(E, 7—(5,) as
the set of all functions f for which B(|f|/A) is integrable on E with respect to the Hausdorff content
7-(5, for some A > 0. This space is equipped with the Luxemburg quasinorm

: : /1 B
”f”LB(E’WoBo):lnf{/1>0/;B(T d?‘(ooﬁl .

In the specific case where E is a cube O, we also consider the mean Luxemburg quasinorm, defined by

1Fllp .96 = inf{/l >0: @/QB(%)dﬂfi < 1}.
Remark 6.49. With the previous notation, Theorem 6.18 may be restated as
16 = b0l g pp < Cllbllgyon n-
for each cube Q, where B(t) = ¢! — 1.
Given a Young function B, its complementary Young function is defined as
B(t) = sup{st — B(s) : s > 0},
for every t > 0.

Remark 6.50. Let B(¢) = tlog(e + t), the complementary Young function B satisfies B(t) < e’ — 1
(see [BS88]).

We need the following Holder’s inequality for Orlicz spaces with respect to the Hausdorff content.

Lemma 6.51. Given a Young function B, then for all functions f and g and all cubes Q,

1
€(Q)»
Proof. We have Young’s inequality,

/Q FEldHE < Coll il oy 12115 050 (6:58)

xy < B(x) + B(y),
for all x, y > 0. Then, we have

I 1@l _ [ rel |, 5[ _lswl
150 1815 000 |

1715 0008 I8l 5.0 50



174 CHAPTER 6. ON BMOP, SHARP MAXIMAL FUNCTIONS, AND COMMUTATORS OF FRACTIONAL INTEGRALS

Integrating over Q,

1 /] gl 5 I / 1/ )l 8
dH, <Cg—— | B|————|dHL
f(Q)ff/annB,Q,wg 115,050 PL0F Jo (uan,Q,ﬂg)

N R
Cg—— | B|——""—]dH
’ ’*f(Q)ﬁ/Q (ngnB,Q,Wg)

<2Cg.

O

These concepts motivate the following definition of the Orlicz fractional maximal operator associated

with Hausdorff content.

Definition 6.52. Letn € Nand 0 < @ < 8 < n. The S-dimensional fractional maximal operator with

respect to a Young function B of a function f in R” is defined by
Mo 302 () =580 X0 LD 111,y

When @ = 0, we simply write M, , .5/ = My ,pf. Let D be the collection of the usual dyadic
cubes in R", we define the dyadic S-dimensional fractional maximal operator with respect to a Young
function B of a function f as

D

— a
2 pprend ()= S0 Xp (Pl p i

Remark 6.53. By setting g = 1 in the Holder inequality, we observe that for any Young function B
andO0 < a < G,

Ma,(l‘(gf(x) = C'B M(x,B,Wg,f(x)’

for all x € R".

Lemma 6.54. Let 0 < B <nand0 < a < B. Let f be a function for which the quantities below are
well defined, and let B be a Young function. Suppose that for some cube Q and some parametert > 0,

we have
DNl g.ge >1- (6.59)

Then, there exists a dyadic cube P € D such that Q C 3P and a constant Cg ,, > 0 such that
EPY Ny p pon > Cpat.

Proof. Let k € Z be the unique integer such that 28! < £(Q) < 2K, There exist at least one and at
most 2" dyadic cubes {P; };.":1 (1 <m < 2") of side length 2* that intersect the interior of Q. Note that
Q C 3P; for each j. We claim that one of these cubes, say Py, satisfies

t
f(Pl)a H)(Plf”B,Q,?{ﬁ’QO > %7
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Indeed, if foreach j =1, ..., m we had

t
(e e flpome < oz

then it would follow that

Q) 11l g o0 =€) o, o, 1]

B,Q,HE

m
<cp ) U(Q) ”XP.if”B,Q,Wf;QO
J=1
m

<cg Z (P HXPffHB,Q,Wﬁ’QO

j=1
m

<cp Z cﬁtzn

J=1

which contradicts (6.59). Therefore, we must have

t
£(P)” > —.

(P1) ”XPlf”B,Q’Wngo p2"
Using the fact that £(P;)# < 28£(Q)#, we obtain

t
CBZ”

<t(Py)” ”/\/Plf”B’Q’Hg,Qo

PP fl o

1

This concludes the proof with the constant C = e m]

The following corollary is obtained by using the previous lemma together with an argument from
[COS24, Lemma 2.4].

Corollary 6.55. There exists a constant ¢ = c¢(n, 8) > 0 such that

HE ({x eR": Ma,B,Hﬁf(x) > t}) <3P ({x eR": Mf,B,Hf;QUf(x) > ct})
holds for every t > 0.
Proof. Fort > 0, we define
E, = {x ER" I M, e f() > z} ,

and
L, = {x eR": Mf’Bﬂg’Qof(x) > t}.
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Let x € E;, then there exists a cube Q. with x € Q, such that £(Q)?| fll, of > 1 and
this implies Q@ € E;. By Lemma 6.54, there exists P, € D with O, € 3P, and such that
{(Py)® ||f||B p. g > CL, where ¢ = ¢(n, 8) > 0. Hence, P, C L. and

E;c|)ovc| 3P cBP:PeDandPC L}

xeE; xeE;

For each P € D with P C L., we can write 3P = U?:l 7; P for appropriate translation operators

{7 ?:1 Hence, using the subadditivity and translation invariance of 7—(5, we have

HE(E) <HP ({(3P:PeDandP C L.,})
=HP ({UsnlriP :PePDand P C Lct})

i
3}1

<Y HE({r;P:PeDandP C L.,})
i=1

=3"HE ((P:PeDand P C L.,})
=3n7.(£ (Lct) .

Definition 6.56. Given a Young function B, we define the function /g by

3 B(st)
h(5) = Sup T

foreach 0 < s < oo.

Remark 6.57. As shown in [CF03, Lemma 3.11], the function s is submultiplicative, increasing on

[0, 00), and strictly increasing on [0, 1], with hg(1) = 1.
We also use the following lemma, whose proof can be found in [HLP88].
Lemma 6.58. Suppose that the function t — ®(t)/t is decreasing. Then, for any sequence of positive

Z xk) < Z D(xp).
k

k

numbers {x; }, we have

o

With the preceding results at hand, we can now establish the following theorem, which will be

essential for deriving the modular weak-type endpoint estimate stated in Theorem 6.69.

Theorem 6.59. Let 0 < B < nand 0 < a < B. Let B be a Young function such that t — B(t)/tP® is
decreasing on (0, ). Then, there exists a constant C = C(n, B, a, B) > 0 such that for all t > 0, the

operator M satisfies the modular weak-type inequality

a,B,‘Hg

O (HE({x € R": M, p oo () > 1)) < C/Rn B (@) dH?,
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for all non-negative functions f € LB(R", ?(oﬁo). Here, ® denotes any function satisfying

0 ifs=0
S

hp(s¥/B)

Remark 6.60. The function @, is well defined; indeed, by [CF03, Lemma 3.12], since B(t)/ Ple g
decreasing, it follows that 0 < hg(s*/F) < oo for all s > 0. Furthermore, the function ®; is increasing

DO(s) < C1 D (s) = f 0
iys > 0.

and @ (r)/t is decreasing. Moreover, there exists an invertible function @ such that ®(s) < C;®((s).
Proof. Fix t > 0, and define the sets
E, ={x eR": Ma/,Bﬂ—(g,f(x) > 1},

and
L, = {x eR": MﬁB,HQ,QOf(x) > t} .

By Corollary 6.55 we have
HE (E) < 3"HE (Lao).

_ 1
where A = L

@) (HE(E)) < @1(CpnHE (Lar)).
We may write

La = UPj,
J

where {P;}; is the maximal collection of disjoint dyadic cubes contained in L 4;. Observe that each
P; satisfies

PN ISy gpcn > AL
By the definition of the Luxemburg norm, this implies

1A EP) Flly 0 > 1.

for each j. Consequently,

<o [ () g
Py

(PP At
he(A~1E(Pj)®) F)\ 0800
< W/ B(—)‘”‘”

< hg(A~'CP)

B 1 -alp J(x) £.00.
=hs(AC )cbmcﬁf(P)ﬁ)/ ( )7{

where Cp is the constant from (6.4). Thus,

hp((Cpl(Pj)P)a/B) f(x) B.Q0
(PP , B( )dﬂ

®1(Cpl(P;)F) < h(A™'C,"P) /P | (f (x)) dHE, (6.60)
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for each j. Invoking Lemma 6.7, we obtain a subfamily {P;, }, of {P;} and a family of non-overlapping

ancestors P,, satisfying:

1.
La =P | Pi|V (UF
J v v
2.
Z t(Pj, Y2 <2¢(P)P, for each dyadic cube P (with respect to Dy).
PijP
3.

HE2 (U P_,-) <Y UPLP+ Y P
j v v
WIS

Therefore, combining Lemma 6.58 and (6.60), we deduce that

D1 (CpHE D (Lar)) = 1 (CoHE X (U;P)))

S|

< D ®I(Cpl(P,)P)
< hB(A_lcﬁ_a/B) Z/ (f(x)) (}_{B ,Qo
v Pj,

< 2hB(A—1C[;(Y/ﬁ) (f(x)) dﬂﬁ QO
R

< Py

where the last inequality follows from the packing condition satisfied by {P; }, (see (6.8)). We
conclude:

1 (HE(E,)) < @1 (CpnHE P (Lar))

<2 hB(A‘ICB_“/ﬂ) (f(")) dHB2
Rn

< Cphp(A~'C,F) (f(x))dwﬁ
Rn

6.7 Characterization of BMO?” in terms of commutator of fractional
integrals

The classical theorem of Coifman, Rochberg, and Weiss [CRW76] asserts that for any Calderén—

Zygmund operator T and any locally integrable function b, the commutator

[6,T)f :=bTf-T(bf)



6.7. CHARACTERIZATION OF BMOP IN TERMS OF COMMUTATOR OF FRACTIONAL INTEGRALS 179

is bounded on LP (R") for 1 < p < oo if and only if 5 € BMO(R"). This result not only characterizes
the BMO space but also reveals its intrinsic connection with the structure of singular integrals. A
natural extension of this problem concerns commutators of fractional integral operators. Chanillo

[Cha82] proved that the corresponding Riesz commutator

[balrl]f:blaf_la(bf)

is bounded from L” (R") to LY(R"), with 1 < p < = and

’

a
n

S |-
Q| =

if and only if b € BMO(R"). Moreover,
b, 1a] : LP(R") — LY(R™)|| = [|bllBMORn) -

Motivated by this result, the aim of this section is to extend the classical Riesz commutator
characterization of Chanillo [Cha82] to the capacitary setting. Specifically, we prove that membership
of the symbol b in BMO?(R") is equivalent to the boundedness of the Riesz commutator [b, I,]
between suitable capacitary Lebesgue spaces associated with the Hausdorff content 7—(5,. This recovers

the Euclidean theory when 8 = n.

B .
Theorem 6.61. Let0 < <nand0 < a <. For1 < p <=, define the exponent q by the relation

C

1 1 @

p q B

Let b be a measurable function such that the commutator [b, 1,] is well defined. Then, the following

statements are equivalent:
(i) b € BMOPA(RM).

(ii) There exists a constant C = C(a, B, n, p) > 0 such that

(/ I[b,la]flqdﬂf,)qSC(/ Ifl”d?fﬁ)P, 6.61)
n Rn,

for all bounded functions f with compact support.

Furthermore, the norms satisfy the equivalence

I[b,1a] H(p,q) =n,a,B,p ”bHBMoﬁ(Rn)’
where ||[b, o]l (p,q) is the best possible constant C in (6.61).
Remark 6.62. Let 1 < p < oo and consider the capacitary Lebesgue space
LP(?{OBO) = {f . f is HP-quasicontinuous and WA Lo g

<ol

where

g I/p
ey = { [ 7 ase)
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In the implication (i) = (if) in Theorem 6.61, the commutator estimate is proved for the dense
subspace L” (7—(5,) N C.(R™). More precisely, there exists C > 0 such that

S|=

1
(R 1[5, 1119 dHE )" < Cllbllgyos s ( /R |f|1°dw£) : (6.62)

for every f € LP (?{f,) N C.(R™). Since this subspace is dense in L” (?{f,) (see [Ada98] and [BCR25,
p- 6]), the inequality (6.62) extends to all f € LP (7{5))

Our main ingredient to prove the previous result is a pointwise estimate for the S-dimensional sharp
maximal function of the commutator. This result can be viewed as an extension of Theorem 1.3 in

[CF03] to the setting of the Choquet integral with respect to Hausdorff content.

Theorem 6.63. Ler B(t) = tlog(e +1). Fix0 < B <nand 0 < a < B. Let b be a measurable
function in BMOP (R™) and let f be a nonnegative measurable function. Then there exists a constant

C = C(a, B,n) > 0 such that, for every s > 1 and every x € R",

ME(15. 161 1)) < Clbllpyion ey (Mg (Lo )Y@ + My f(0) . (663
Moreover, if B € (n — a, n], then there exists C = C(a, 8,n) > 0 such that, for HP g.e x e R",
ME([5. 1a1 1)) < Cllbllyios sy (e f () + M, g 4 F)) (6.64)

Remark 6.64. By adapting the proof of Theorem 6.63, we can avoid the use of Orlicz maximal
functions at the expense of obtaining a weaker inequality (see Remark 6.65). Specifically, for every

s,t > 1, there exists a constant C = C(a, B, n, s,t) > 0 such that for all x € R",

NN 1
ME([5. 121 ) < Cllbllgyaon sy (Mg (LI ®T + My 4o (F)07)
Proof of Theorem 6.63. By homogeneity, it suffices to establish (6.63) for x = 0. Fix a cube Q centered

at the origin. We must show that there exists a constant ¢ € R such that

T /Q 16, 1) f = cldHE < Cllbllgyion ) (Mgs (L /)N + M, s 40 F(O))

forall s > 1.
We decompose f = fi + f>, where fi = fxo+ and Q" = 2Q. Since b+ is constant, we observe that
[b,1,]f = [b—bg+,1,]f. Consequently, for a constant cp € R to be chosen later, we have

; _ g1 o ~ 5
f(Q)ﬁ/QHb’Ia]f CQld?{‘x’ _f(Q):B/QHb bQ ’Ia]f CQldﬂw

1
:f(Qw / (b(x) = bo M af () = Ia((b - bo ) £)(x) - coldHE

/ [(b(x) = bo-) o f (x)|dHE

f(Q)ﬁ
B
f(Q)ﬁ/ [1a((b = bo-) f1) (x)|dH
B
f(Q)B/ o ((b = bo+) f2)(x) + coldH

211 +12 +I3.
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We estimate each term separately. Let s > 1. By applying Holder’s inequality (iii) from Theorem
6.5 and Theorem 6.16, we obtain

s B B
h <2 g o cm) (K(Q)ﬁ/ laf @ dW)

148 1 b5 B v s jaqB ;
! (f . /Q 16 = bo| d%x,) ( o /Q o f (0 dww)

1

B 1 s

<2"*ves'|b)| n (—/ I f(x)|“'d7-{o'3(,)
BMO# (R") f(Q)ﬁ o a

B s 1
<2147 €5 Bllyto8 oy Mygs (L)) (). (6.65)

To estimate /,, we apply Lemma 6.35 to the function (b — bg-+) f1, followed by Holder’s inequality
(6.58) with B(z) = tlog(e + 1):

1
()P
1
((Q)P
<C5tQ) IS5 ey 10 = b0l oyt

<CsM,, .y FONID = ol g o o

<Cs M, .48 S (O 1bllgpmos ()

I <C(Q")”

/ (b = boo) fildHE
”

=CL(Q"*

/ (b - boo) fldHE
”

where in the last inequality we have used Remark 6.50, Theorem 6.18 and Remark 6.49.
We now choose cg = —c, where ¢ € R is the constant obtained by applying Lemma 6.36 to the
function (b — bo-) f>. Using Lemma 6.36, we have
I3 =

/ (b = o) ) (x) — cldHE

1
_— b —bo+ d(l'{f,
ST /2 (b= baF

f(Q)ﬁ
<C Z 2—k(2k+l£(Q))(l
k=0

— N —k (yk+1 @ 1 .
_C,;)z (7 40) W/zkﬂQl(b_bzkHQ)fz-"(b2k+1Q—bQ*)f2|d7—[w
Nk (ot Q;/ ~ 5
SCB;)Z QMO GETgE fyy P P2l IHe
N 1
+C 27K bk — bo | (2K (Z—/ dﬂoﬂo
B;) o210 = bor (200" e [ 11
=131 + I3.

To estimate I3, we repeat the argument used for /5:

131 SCB Z 2_k(2k+1€(Q))a“f”B,zkHQ,r]-[g ”b - bZkHQllé’zkHQ’q{g
k=0
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<CaM 1 S OB llgos iy D27
k=0

=CM,, .38 SO Ibllgmos gr)-

To estimate I3, we invoke Lemma 6.17 and Remark 6.53:

_ N -k _ k+1 a 1 / B
I32—CﬁkZ:(:)2 Ibarg: = borl 2 Q) GrTr gy o, F19HE
N -k k+1 a 1 / B
scﬁkz;)z k1Bl gy (zry (271 €(0)) O 2k+1Q|f|de0<,

<Cpllbllpon ) My pee (0) D 275k
k=0

<CplIbllgmos zryM g .48 f(0).

This concludes the proof of the first statement. Now assume that 8 € (n — @, n]. By Lemma 6.37,
we have I, f € AP and hence Mﬂg (Iof)(x) £ Clyf(x) for HP-ae. x € R". Fix such a point and,
by translation invariance, assume that it is 0. Returning to (6.65), we choose s > 1 to be the exponent
provided by the reverse Holder inequality (Theorem 6.38). We then obtain

1
B, s
I 2"V Cs'||bllgyos ( / |1af(x)|sd7{£)
Qo

1
Q)P
B 1
<25 5 Wllwiop s 7oy | M N
BMO# (R )K(Q)ﬁ 0 Y
B
52”"' Cs Hb”BMOB(Rn)I(zf(O),
where in the last inequality we have used Lemma 6.37 again. This establishes (6.64). |

Remark 6.65. We indicate how the argument in the proof of Theorem 6.63 also yields the pointwise
estimate stated in Remark 6.64, without appealing to the Orlicz fractional maximal function. Using the
notation of the proof of Theorem 6.63, it suffices to revisit the terms /, and /3. Fix ¢ > 1. Replacing the
use of Lemma 6.51 by the Holder inequality stated in Theorem 6.5 (iii) with exponent ¢, and combining

it with Theorem 6.16, we obtain

L+ 1 5 [1bllgyos @ny My g6 (F @

Together with the estimate for /; already established in the proof of Theorem 6.63, this yields that for
every s,t > 1,

ME([5 121 D) < 1B llgyaon sy (Mg (LaDVET + My, 4 (F07).
which is precisely the desired bound.

Remark 6.66. The previous proof can be extended naturally to iterated commutators. For m € N and

b locally integrable, we define

(Ia)llgf = [b,1a]f, (Ia)le = [b’ (Ia)zn_l]f’ m 2.
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Equivalently, (b(x) = b(y)™
x)—0o(y

|x — y|"—@

(= [ F)dy.

In particular, (/) is invariant under the addition of constants to b. The proof of Theorem 6.63 adapts

to (14)}' by using the binomial expansion

m
m m . . .
Ty @)= (j)(_l), b 1o (b7 f) (),
j=0
applied with bg := b — b+, and treating each summand as in the case m = 1 after splitting f = fi + f>
where fi = fxo-. This yields the analogue of (6.63) with the natural dependence ||b||g1M oF (&) and

with the Young function B replaced by B, () := t(log(e + t))™. Consequently, the corresponding
analogue of Theorem 6.67 follows by the same argument. We do not pursue these extensions here.

We now present the proof of Theorem 6.61. For clarity, we divide the characterization into two
separate results: first, we show that the condition b € BMO? is sufficient for the boundedness of the

commutator [b, [, ], and later we prove that this condition is also necessary.

B

;)

Theorem 6.67. Let 0 < 8 <n, 0 < @ < 8 and let b be a measurable function. For each 1 < p <

we define the exponent q by
1 1 «a

p a4 B
If b € BMOP (R™), then there exists C = C(a, 8,n, p) > 0 such that

1

([ toutadsie anl)” < clbls [ 1717 a2 (6.66)

for every bounded measurable function f with compact support.

Proof. Let b € BMO?(R") and let f be a bounded measurable function with compact support. We
may assume without loss of generality that ||5||gy0s # 0. For k > 0, we define the truncated function
by as in Lemma 6.20, hence

1Dkllgmor < Cpllbllgmos-

1 _1_ag;
" T B Since f has compact support and

by is bounded, ||bkf||L,,0(7{g) < oo and by Theorem 6.33 we have ||Ia(bkf)||qu(7{g) < oo, Also, since

Fix some pg € (1, p), and define g by the relation
||f||L,,O(W§o) < o0, again by Theorem 6.33 we get ”I“f”L%(wﬁ) < oo and hence ||bk1(,f||qu(ﬂ£) < oo.
Therefore, [by, 1] f is well defined and we have

”[bks]a]f”qu(ng) = brlaf - I(x(bkf)”qu(q-(g) < .

In particular, the weak-type estimate (6.17) needed to apply Theorem 6.22 is satisfied by [bg, o] f.
Using the Lebesgue differentiation theorem [CC25, Theorem 2.9] and Theorem 6.22, we deduce
that there exists a constant C > 0 depending only on g, n, 5 such that

(/ bt Lal F1° dwf,)‘l’ (/

<c (/R M bk 121 1| d%(ff,); .

IA

q B ql
My (b ol )| dwm)
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Now, by using the pointwise inequality given in Theorem 6.63 (concretely the inequality given in
Remark 6.64) with 1 < 5,1 < g, we obtain

(/R M bk 121 1) d(Hf,); < Cllbillpaos (/R My (10 % dw‘f’);
+ Cllbelgpos ( /R M W)’? ”’7{5’)é

< ClIblyios ( | Mt dwﬁ)"

1
?dﬂﬁ)q

+ Cllbllpor ( /IR MO

=1+ D

We will estimate each term separately. Firstly, (choosing s such that % > 1), using the boundedness
of M(}_{ﬁ proved in [COS24, Theorem 1.2], we have

1

q
I < Clbllgpos (/R 1o f14 d?‘(f))

< Cllbllgyos ( /R Iflpd"Hf,) ,

where in the last inequality we have used Theorem 6.33. We estimate the second term using Theorem

6.34, where we use the relation

~

F’

S~
Q| ~

therefore

[~
~|—

L =Cllbi|lgpos (/R ‘Mm,r/-(g(ft)(x)‘? dﬂf,)

2
<Cllbllgros ( /R I dwf,)

1
t

1

—Clblpros ( /R |f|Pdw£,) |

Hence, we have proved

L 1
q P
(R |[bk,za]f|qdw£) scnanMoﬁ(/R nlflpd”Hﬁ) ,

for every k > 0 with constant C independent of k.
To conclude the proof for the general symbol b we take the limit as k — oco. Since f is bounded and

has compact support, let us denote K = suppf. By the monotone convergence theorem, we have

(/ D) f (x) = b(x)f(x)ﬁd%‘i)“ - ( [ e - b(x)|5|f<x>|sczw£)“ S,
R” K
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as k — oo. Applying Theorem 6.33,

( [ atbin) )= Lato 1 dwﬁ)r = ( | Vatbit ~bpeor dwf,)r

1

<c ([ 1000 - b sp art) —o

as k — oo, where r is the corresponding exponent given by Theorem 6.33. This norm convergence
implies that there exists a subsequence {by, } jen such that by, — b and I (bg, f) — Lo (Df) ?{g—a.e.
(see, for example, [PS23, Proposition 2.5]). Consequently, [by;, Io]f(x) = [b, 1] f(x) for Wo'Bo—a.e.
x € R"™. Therefore, by Fatou’s lemma, we conclude

( 5 |[b,la]f|°Idw£)‘l’ = ( | tim]ten,, 11 dwﬁ)‘l’

nj—)OO

J—)OO

1
< liminf ( / by Lol 14 dwﬁ)"
Rn
1

P
<C lijnl)igf”b”BMOB(R") (/R |f1P d(]_{oﬁo)

5 »
= Cllbllpos ey | [ 1717 dHE)"
O

We now prove the converse implication, namely that the boundedness of the commutator implies
that the symbol b belongs to BMOF. This establishes the necessity of the condition and completes the

characterization.

Theorem 6.68. Let0 <8 <n O0<a <Bandletb e L' (R"). Foreachl < p < g, we define the

loc

exponent q by
1 1 «a

p qa B
If the commutator | b, 1] satisfies the inequality

( I[b,la]flqdﬂg)qSC(/ |f|PdW£,)”, 6.67)
R R

for some C > 0 and for every bounded measurable function f with compact support, then b €
BMOA(R"). Specifically, if we denote by ||[b, 1] l(p.q) the best possible constant in the inequality
(6.67), there exists a constant C = C(a, 8,n) > 0 such that ||b||gypos gn) < ClID, La]ll(p.q)-

The proof follows the lines of the proof of Lemma 5.1 in [HRS16], with slight modifications to
adapt it to our nonlinear context. We also refer to [Jan78] and [Chal6], where similar proofs are done

for Calder6n—Zygmund singular integrals in the scalar and bilinear case, respectively.
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Proof. Fix a cube Q. Let us consider the cube P with £(P) = 4£(Q), with the same bottom left corner.
Let Pg be the upper right half of P. We observe that £(Pgr) = 2£(Q). Givenx € Q and y € Pg, we
have the following trivial estimates,

-yl _ Vnt(Q) _1

2Nnt(P) ~ 2\/‘ (P) 8

and,

-yl _ mP) 1
IRL(P) = 2yut(P) 2

There exists a function K (x), that is smooth on [—1, 1]", has a smooth periodic extension to R”, and is

equal to |x|" ¢ for < |x| < 5. Therefore, for x € Q and y € Pg, we have

(Ix yl) :K( X—y )
2y/nt(P) 2vnt(P) )
We can express the function K as an absolutely convergent Fourier series.
Now, we define cp = ﬁ fPR b(y)dy and o (x) = sgn(b(x) — cp). Then, we have

/ b —coldHE = /
Q

_ ~ 5
_f(PR)n/Q /PR(b(x) b()’))o'(x)dy‘dﬂm(x)

b(x) - —— b(y)dy‘ dHE ()
|PR|

__ b(x) =b(y) ( =yl \"* 5
_f(PR)"/Q /PR ( |x=yl )"_“ (2\/55(10)) o (x)dy| dH (x)

2Vnl (P)
_ 1 b(x) = b(y) x-y B
_C"’Q—K(P)Q/Q /PR = e K(zﬁg(P))U(x)dy‘dﬂw(x)

We expand K as an absolutely convergent Fourier series,

X—=Yy X ik
K are 2W<P>e 2Vl (P)
(M f(P)) 2,4

k

where we remark that 3, |ax| = Co.n < 0. Using the absolute convergence of the Fourier series of K,
the monotonicity of the Choquet integral, and (6.5), we obtain

1 b(x) - b(y) B
I <Craprs O larl / / 20 = DY) ik saica o K o (x)dly| dHE (x)
Pe(P) T o |/ pg

|x — y|"—@

Ly D) = b(Y) ik o
- - S it (P) 2ynt(P)
Cn,(l,ﬂg(P)(l - |ak| /Q /R XPR (y)dy € O_(X)

n |X y|n a

dHE (x)

=Croo b1, i o (x)| dHE
BK(P)Q Zk: |Clk| /Q [ ]fk(x)e U_(X) ()C)

1
~Con 37w ; el /Q 15, Lol fi ()] dHE ()

=D,
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i —
where fi(y) = e Ko XPr(y). We can estimate each integral using Holder’s inequality and (6.67),

/ 1[5, Lol fi ()] dHE (x) = / 1[5, Lol i ()] o (x)dHE (x)
(@) Rn
<Cg ( / 1B, L] fic (x)|9 d%’i(x))q (o)
(o)

!
<Callb- Lalllp.a) ( /]R Afil” d%’i) (Q)7

B B
<Cll[b. 1a]ll(p.g)E(PR) P E(Q)

BB
SCn,,BH [b’ I(t] ||(p,q)£(Q) poa
:Cn,,BH [b’ I(t] H (p,q)f(Q)(H'B’

L = 2 4 1 Then, we have
p B
1 +
B
na BTy ; lailllTb. Zalll .y €O

where we have used the relation % +

I, <C
1
<Cp.ap——|[b,14 20)*F Y a
s 70y 10 Ll £(Q) ;| fl

= n,a,,BH [b, Ia] ”(p,q)f(Q)B-

Therefore, we have proved that for each cube Q there exist cp € R such that

1
b—coldH? <C b1 ,
TG 1~ colHE < Cuplb el
for all cubes Q, and this implies ”b”BMOB(Rn) < Cnaplllb: Lalll(p.qg)- O

This completes the proof of Theorem 6.61, upon combining Theorems 6.67 and 6.68.

6.8 Endpoint modular weak-type inequality

In the classical Euclidean setting, the endpoint estimates for the commutator of the Riesz potential,
[b, 1], were established by Cruz-Uribe and Fiorenza [CF03] (see also [DL.Z01]) and by Adams and
Xiao [AX12] for the critical cases p = 1 and p = %, respectively. In particular, for the lower endpoint

p =1, Cruz-Uribe and Fiorenza obtained a modular weak-type estimate of the form

X
#1017 > 1< €% ([ 8 {1otwo 55 ax).
Rn
for all r > 0, where B(r) = tlog(e + ) and ¥(7) = [rlog(e + t*/™")]"/("=@)  We extend this classical
inequality to the capacitary framework by replacing the underlying Lebesgue measure with the
Hausdorff content ?{f, and considering symbols in BMO? (R™). A key ingredient in our proof is the

boundedness of the capacitary fractional maximal operator M stated in Theorem 6.59.

«a,B, 7{5, ’
‘We now state the main result of this section.
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Theorem 6.69. Let 0 < 8 <n, 0 < a < B, and assume that B € (n — a,n]. Let b be a measurable
function in BMOP (R™). Define B(t) = tlog(e + t) and W(1) = [t1log(e + t2/P)|B/B=@)  Then, there
exists a constant C = C(a, B,n) > 0 such that for every bounded measurable function f with compact

support, we have

HE (<% 10,1101 > 1) < ¥ [ 8 (Iohop o T ). 69
forallt > 0.

Remark 6.70. The restriction 8 € (n — @, n] is the same dimensional constraint discussed in Remark
6.41. Tt reflects the lack of Choquet integrability of the kernel |x|*~" with respect to ?{g when
B<n-—a.

Remark 6.71. When 8 = n, Theorem 6.69 reduces to the endpoint modular estimate of Cruz-Uribe
and Fiorenza, who proved that the corresponding inequality is sharp: if it holds with ¥ replaced by
an increasing function ¥y, then necessarily W(z/y) < K Wy(z) for all ¢+ > 0 and suitable constants
v, K > 0. In particular, the logarithmic growth encoded in ¥ cannot be improved even in the Lebesgue

case.

To prove the modular weak-type inequality stated in Theorem 6.69, we require the following

modification of our Fefferman—Stein inequality.

Lemma 6.72. Let ¢ : (0,00) — (0, 00) be a doubling function, that is, there exists Cy, > 0 such that
@©(2t) < Cyp(t) for every t > 0. Then, there exists a constant C = C(B, ¢) > 0 such that

sup p(UHE((x - Mygnan () > A1) < Csup COHE(Lx - MEF() > 1)), (669

for all functions f such that the left-hand side is finite.

The proof adapts the arguments of [Pér95, Lemma 2.1], relying on the good-lambda inequality
established in Theorem 6.24.

Proof. In view of the equivalence (6.4), it suffices to establish (6.69) for the dyadic Hausdorff content
Wg’QO. By the good-lambda inequality proved in Theorem 6.24, there exists a constant Cg > 0 such
that

HEO ((x € R : Mpo f(x) > ) <HE® ({x e R" - MEF(x) > £))
+ e CpHE P ({x € R" : M, 00 f(x) > cpd)),

forall > 0 and & > 0, where cg = ﬁ Using the doubling property of ¢, there exists a constant
Ci = Ci(B,¢) > 0 such that p(1) = ¢(2P*2cgd) < Cip(cpgd) for all 1 > 0. We choose & > 0
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sufficiently small so that eCgCy = % Invoking the doubling property again, there exists a constant
Cy = C(B, ) > 0 such that () = tp(é&/l) < Crp(ed). Consequently, we have

e(DHEZ ({x 1 Moy f(x) > A}) <Cop(e)YHE (1 : MEF(x) > £A))

+ l‘:"(cﬁ/l)ﬂg’go({x P Myp.oy f(x) > cpd})

<Crsup (s HE X ({x : M (x) > £4))
>0

1
+ 53U p(epUHL (v : My o0 f (x) > cpa})

=Ca sup P(DHEL (fx : MEf(x) > 4})

1
+ 330 p(HE (s Mypon f ) > A)).

Taking the supremum over A > 0 on the left-hand side and assuming it is finite, we may absorb the
second term on the right-hand side to conclude the proof of (6.69) with C = 2C;. |

By combining the pointwise estimate (6.64) and the capacitary Fefferman—Stein inequality (6.69)
with the boundedness properties of the Riesz potential and the fractional maximal operator, we obtain

the desired endpoint control.

Proof of Theorem 6.69. The proof follows the lines of the proof of Theorem 1.2 in [CF03]. We refer
to that paper for more details. We may assume that ||b|gyos zn) # 0 and that f is non-negative. By
homogeneity it is enough to prove (6.68) when ¢ = 1. We have

HE((x: 11, al F(] > 1) ‘P<B<1>>T(B(1))wﬁ({x b L] F0] > 1)

B .
<SP(B() sup s HE (1B L) £ ()] > 1)

1
<¥(B(1))su —7{5, x:M_g b, 1, x) >1t}).
(B(1) sup s HE (- My (16, 1a] () > 1)
Since ¢(t) = W is doubling [CF03, p. 123], we can apply the modular Fefferman—Stein
inequality (6.69). Thus, by (6.69) and Theorem 6.63, we have

HE({x 2 |[b, L] f(x)] > 1}) <C sup

1 B Y
P i) (b ME (6. La N () > 1))

t
<CSUP BT ({x laf(x)> cnbuBMoﬁ})
B t
O By ({ *Mosae! (x)>cnb||BMoﬁ})
=1+ 1.

We need to use the weak-type estimate for the Riesz potential in the capacitary context to estimate

I,. More precisely, we will use Theorem 6.33 in the case p = 1,

(/ Lo f(x)|P-= wdwﬁ) <C / |f o) |dHE.
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Note that for 0 < 8 < n the previous inequality is not the endpoint, p = g However, foreachO < 8 <n
we have the following weak-type inequality,

B

Ho({r e R Lo f (1) > 1}) < C (} ( / |f<x>|d7f£))“ ,
R"

for every ¢ > 0. Using the previous estimate, we have

B
T ﬁ)ﬂ-w
I <Csup B ( r /R F e,

1 1
e
SUP W (B(1/1) Bl G-)

B
1 1 B B-a
<Csup gzt e |, B Wor 7001 7

<cv ( /R B (Ibllpyiorl f ) dwf,)

B
([, sl a )

since t < B(r) and t#/F~®) < ¥(r) for all t > 0, and in the last inequality we have used

C,

1 |
<
SUP G B (1)) BI-a) =

we refer the reader to [CF03, p. 124] for more details.
To estimate I, we use the weak-type estimate for the capacitary Orlicz maximal function MQ, B.HE

established in Theorem 6.59, obtaining

I 1bllos £ ()] ﬁ)
b=Csu B (/R g ( : ) A

<Csup w1 /0¥ | [ B 10lporls ) aE

1
U G(B(1)1))
<cw ( / B(||b||BMoﬁ|f<x>|)dw£),
Rn

where we have used that B and ¥ are submultiplicative functions. This concludes the proof. O
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