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Abstract
We study local weighted Poincaré and Poincaré-Sobolev type inequalities with

Lorentz quasi-norm LP4 on the left hand side, where 1 < p < coand 0 < g < c0. We
obtain those inequalities as a consequence of a general self-improving property shared
by functions satistying the generalized Poincaré inequality

f@ . 1f = Foldx < a(Q)

for all cubes Q C IR”, where fo = H@ | o and ais some functional over cubes that satisty
the SD},(w) condition.

Preliminaries and known results

Weighted Lorentz spaces

e Let w be a weight function, i.e., a locally integrable nonnegative function. We will use the
following notation for the weighted Lorentz average over a cube Q, given1 < p < oo,

w({x € Q:|f(x)] > t})\7dt
I

whenever g < 00, and
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« We have the relation ||| e < |fllow = fllp < p | fll o1

The SDj(w) condition

e Let w be any weight in R”, and let s > 0. We say that the functional a € SD}(w) for

0 < p < oo if there is a constant C such that, for any cube Q and any family {Q;}; of
pairwise disjoint subcubes of Q, the following inequality holds:
p
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The best possible constant C above is denoted by |a]|.

Za(Qj)pw(Qj) < CP a(Q)Pw(Q).
]

e This conditions was introduced in [PR19]. It is very versatile and applicable to dif-

ferent contexts such as rectangles [CMPR22] or fractional Poincaré-Sobolev inequalities
|[HSMPPV?22].

e The model examples of functionals satisfying this condition are a(Q) = ¢(Q)"* (
where v is a locally finite measure.

Theorem([PR19,LLO22])

Let 1 < p < oo. Consider a functional a satisfying the SD},(w) condition with s > 0 and
constant ||a||. Let f be a locally integrable function such that

,1@ . 1£) = foldx < a(Q)

for every cube Q. Then there exist a dimensional constant C,, such that, for any cube Q,
1

(g [0 = FalPao(dx ) < Cu(1 +5) a] a(Q).

Main self-improving result

Theorem (work in preparation)

Let1 < p < oo and w any weight. Consider a functional a € SDj(w) with s > 0 and constant
|al]|. Let f be a locally integrable function such that

ﬁ [ 1£G0) = foldx < a(Q (1)

and,
() w(x)dx <_ K[/Z Y} 2.
Hf f H[p,OO(Q, (())) (Q) ( )

for every cube Q, where K is a uniform constant on Q. Then, for any 0 < g < oo,

If = ol oty < e (£) (K1) (1 +5)7a(@), 5)

q
for all cube Q.

Sketch of the proof

1.Fix t > 1, using (1) we can consider the local Calderén-Zygmund decomposition of the
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Q
disjoint subcubes { Q;}; with respect to Q.

function relative to the cube Q at height t. Then, there is a family of dyadic pairwise

2. As a consequence of the properties that satisties the C-Z cubes, we prove the following
inclusion, except for a set of measure zero,
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3. Taking the weight measure, using the weak Poincaré inequality (2) and the SD},(w) condi-
tion we obtain the key estimate,

/

w ({x cQ: ‘f(azQ)fQ’ > cnt}>1 < K|a|| t~ 1 (Q)%, forall t > 1. (4)

4. For each L > 1, we split the integral of the L norm,
f—fa|" / *
= -dt + ¢ /
a(Q) [lra(gueay ~ " g

5. The first term can be estimated tr1v1a11y. For the second term we use the estimate obtained
in (4). The proof concludes minimizing over L > 1.

Remark

1
The constant (g) "(K HLZH)S+1 (1+ s) is not sharp.

Applications to Poincaré-Sobolev inequalities

Corollary 1 (work in preparation)

Letl < p < n,letw € A, be anontrivial weight ([w]4, > 1) with 1 < r < p, and let p}, be
the weighted Sobolev exponent defined by
1 1 1

p P n(r+loglwla,)

Then, there exist a dimensional constant C,; such that,
1

f=f nary < Culw])y Bu, £(Q) V] w(x)dx (5)
If = felluia(q Q%) A Lo ( Q5T )
for any cube Q, and if [w] 4, — 17 the constant B, , blows up in the following way

1
B, ,~ :
S ([w)a, — 1)?

Remark

The result is false for constant weights, but it is true for weights with some degeneracy, we
think that this is a new phenomenon. To see that the result is false for constant weights, we
can argue as follows. If the result was true for » = 1 and the Lebesgue measure, then that
implies the global Sobolev inequality, and as a consequence we would prove the following

Sobolev embedding W?(R") c LP"1(R"), which is false since LP 1 (R") C LP"P(R") and
LP"P(R") is de smallest rearrangement invariant space that contains W7 (IR").

Corollary 2 (work in preparation)

Let0<éd<landletl < p < 5. Letw € Aq be a nontrivial weight ((w]4, > 1), and let pjgiw

be the weighted fractional Sobolev exponent, defined by
11 0
P Psen n(1+loglwla)

Then, there exist a dimensional constant C,, > 0 such that

| = fall b0 (giai) SCﬂBw(l_& V1) (; /Q Q‘f\(xx)_ —y’jggypdyw(x)dx)p (6)

"w(Q) w(Q)
for each cube Q, and if [w] 4, — 17 the constant B, blows up in the following way
1
By ~ :
T wla, -1

Remark

This result is in the spirit of [HSMPPV22, Theorem 2.1], with the larger norm L* sl on the
1

left hand side. We also obtain the interesting extra gain factor (1 — J)?.
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