
Self-improving of Poincaré-Sobolev type inequalities
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BCAM - Basque Center for Applied Mathematics

May 29, 2023

A. Claros (BCAM) Self-improving of P-S type inequalities May 29, 2023 1 / 11



Begin with

1

|Q|

󰁝

Q
|f(x)− fQ|dx ≤ cnℓ(Q)
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󰁕
Q f .
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1

|Q|
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|∇f(x)|dx

where fQ = 1
|Q|

󰁕
Q f . This implies:

(1, p) Poincaré inequality

1

|Q|

󰁝

Q
|f(x)− fQ|dx ≤ cnℓ(Q)

󰀕
1

|Q|

󰁝

Q
|∇f(x)|pdx

󰀖 1
p

(p, p) Poincaré inequality
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1

|Q|

󰁝

Q
|f(x)− fQ|pdx

󰀖 1
p

≤ cnℓ(Q)

󰀕
1

|Q|

󰁝

Q
|∇f(x)|pdx

󰀖 1
p

Poincaré-Sobolev inequality
󰀕

1

|Q|

󰁝

Q
|f(x)− fQ|p

∗
dx

󰀖 1
p∗

≤ cnℓ(Q)

󰀕
1

|Q|

󰁝

Q
|∇f(x)|pdx

󰀖 1
p

where p∗ = pn
n−p (1p − 1

p∗ = 1
n) for 1 ≤ p < n.
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Let w ∈ Ap, for each cube Q,

1

|Q|

󰁝

Q
|f(x)− fQ|dx ≤cnℓ(Q)

1

|Q|

󰁝

Q
|∇f(x)|dx

≤cn[w]
1
p

Ap
ℓ(Q)

󰀕
1

w(Q)

󰁝

Q
|∇f(x)|pw(x)dx

󰀖 1
p
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Definition

a ∈ Dp(w) if for any cube Q and each pairwise disjoint family {Qi}i ⊂ Q,

󰀣
󰁛

i

a(Qi)
pw(Qi)

w(Q)

󰀤 1
p

≤ 󰀂a󰀂Dp
a(Q).
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Definition

a ∈ Dp(w) if for any cube Q and each pairwise disjoint family {Qi}i ⊂ Q,

󰀣
󰁛

i

a(Qi)
pw(Qi)

w(Q)

󰀤 1
p

≤ 󰀂a󰀂Dp
a(Q).

The model example is aµ(Q) = λℓ(Q)α
󰀓

µ(Q)
w(Q)

󰀔 1
p
where µ is a

measure and p,α > 0.
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The model example

Let {Qi}i ⊂ Q be a disjoint family.

󰁛

i

aµ(Qi)
pw(Qi) =λp

󰁛

i

ℓ(Qi)
αp µ(Qi)

w(Qi)
w(Qi)
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The model example

Let {Qi}i ⊂ Q be a disjoint family.

󰁛

i

aµ(Qi)
pw(Qi) =λp

󰁛

i

ℓ(Qi)
αp µ(Qi)

w(Qi)
w(Qi)

≤λpℓ(Q)αp
󰁛

i

µ(Qi)

≤λpℓ(Q)αp
µ(Q)

w(Q)
w(Q)

=a(Q)pw(Q)

aµ ∈ Dp(w) with 󰀂a󰀂Dp
= 1.

If w ∈ A∞, then aµ ∈ Dq(w) for some q > p.

A. Claros (BCAM) Self-improving of P-S type inequalities May 29, 2023 4 / 11



First self-improving result

Theorem (Franchi, Pérez, Wheeden 98; Canto, Pérez 21)

Let a ∈ Dp(w) with w ∈ A∞. Let f ∈ L1
loc such that

1

|Q|

󰁝

Q
|f(x)− fQ|dx ≤ a(Q), for all cube Q.

Then for each cube Q,

󰀂f − fQ󰀂Lp,∞
󰀓
Q, wdx

w(Q)

󰀔 ≤ cnp[w]A∞ 󰀂a󰀂Dp
a(Q).
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󰀂f󰀂Lp,∞(X,µ) = supt>0 tµ({x ∈ X : |f(x)| > t})
1
p .
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The model example: revisited

Let {Qi}i ⊂ Q be a disjoint family.

󰁛

i

aµ(Qi)
pw(Qi) =λp

󰁛

i

ℓ(Qi)
αpµ(Qi)
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Definition

a ∈ SDs
p(w) if for any cube Q and each pairwise disjoint family

{Qi}i ⊂ Q,

󰀣
󰁛

i

a(Qi)
pw(Qi)

w(Q)

󰀤 1
p

≤ 󰀂a󰀂SDs
p

󰀕
|∪iQi|
|Q|

󰀖 1
s

a(Q).
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󰀤 1
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Theorem (Pérez, Rela 19)

Let a ∈ SDs
p(w) with w ∈ A∞. Let f ∈ L1

loc such that

1

|Q|

󰁝

Q
|f(x)− fQ|dx ≤ a(Q), for all cube Q.

Then for each cube Q,

󰀂f − fQ󰀂Lp
󰀓
Q, wdx

w(Q)

󰀔 ≤ cns 󰀂a󰀂sSDs
p
a(Q).
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Remarks

Pérez and Rela conjectured that the result is true without the A∞
condition.
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Remarks

Pérez and Rela conjectured that the result is true without the A∞
condition.

Recently, the conjecture has been proved true using sparse
domination.

Theorem (Lerner, Lorist, Ombrosi 22)

Let a ∈ SDs
p(w). Let f ∈ L1

loc such that

1

|Q|

󰁝

Q
|f(x)− fQ|dx ≤ a(Q), for all cube Q.

Then for each cube Q,

󰀂f − fQ󰀂Lp
󰀓
Q, wdx

w(Q)

󰀔 ≤ cn(1 + s) 󰀂a󰀂SDs
p
a(Q).
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Main theorem

Theorem (C., Pérez)

Let a ∈ SDs
p(w) with w ∈ A∞. Let f ∈ L1

loc such that

1

|Q|

󰁝

Q
|f(x)− fQ|dx ≤ a(Q), for all cube Q.

Then for each cube Q,

󰀂f − fQ󰀂
L
p(1+1

s ),∞
󰀓
Q, wdx

w(Q)

󰀔 ≤ cnp

󰀕
1 +

1

s

󰀖
󰀂a󰀂

s
s+1

SDs
p
[w]A∞a(Q).
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1
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p
[w]A∞a(Q).

We recover the theorem of [FPW98, CP21] (Idea: SD∞
p = Dp).
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󰀕
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1

s
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s
s+1

SDs
p
[w]A∞a(Q).

We recover the theorem of [FPW98, CP21] (Idea: SD∞
p = Dp).

We have two different proofs of the theorem.

The result is true without the A∞ condition.
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Self-improving in Lorentz spaces

Using Kolmogorov inequality, we have for all 0 < q < ∞,

󰀂f − fQ󰀂Lp,q
󰀓
Q, wdx

w(Q)

󰀔 ≤
󰀕
p

q

󰀖 1
q

(1 + s)
1
q 󰀂f − fQ󰀂

L
p(1+1

s ),∞
󰀓
Q, wdx

w(Q)

󰀔 .
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Corollary (C., Pérez)
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Thank you!
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