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@ Introduction and historic background

© New self-improving result

6 Applications
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Begin with
1 1
ol /Q ) = folds < ea(@ 5 /Q V£ ()| da

where fo = ﬁfQ f.
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Begin with

1 1
@/QV(QC) — foldz < CHE(Q)@/Q‘VJC(@")‘CW

where fo = ﬁ fQ f. This implies:
@ (1,p) Poincaré inequality

@11/62\.7”(96) — foldz < c,t(Q) (@1|/Q!Vf(:g)ypdx>%

@ (p,p) Poincaré inequality

<|Q’/‘f fQ|pd”5> < cal(Q) <|51|/Q|Vf(x)|pdx>;
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@/QV(QC) — foldz < CHE(Q)@/Q‘Vf(x)‘dx

where fo = ﬁ fQ f. This implies:
@ (1,p) Poincaré inequality

@11/62\.7”(90) — foldz < c,t(Q) (@1|/Q!Vf(:g)ypdx>%

@ (p,p) Poincaré inequality

<|Q’/ I fQ|pd”5>1 < cal(Q) <|51|/Q|Vf(x)|pdx>;

@ Poincaré-Sobolev inequality

(o fr-s’ =t G e

1
F
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where p* = P (1 — L = 1) for L <p <n.



Let w € Ay, for each cube Q,

1 1
@/Q|f(:r)—fQ|dfc gcnﬁ(Q)@/QIVf(fv)ldff

<eulul, 1Q) (577 | I97@Pu(e)ir)’
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Let w € Ay, for each cube Q,

1 1
@/Q|f(:r)—fg|dfc gcnf(Q)@/QIVf(fv)ldff

<eulul}, Q) (575 /. IVf(x)Ipw(w)d:v>;

=:a(Q), ar:Q — (0,00)

Definition
a € D,(w) if for any cube @ and each pairwise disjoint family {Q;}; C @,

(chz»ﬁ%}) " < lalp, o(@).

2
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Let w € A, for each cube @,

1 1
@/Q|f(x)—fQ|dfc gcnf(Q)@/QIVf(ff)ldff

<eulul, 1Q) (577 | I97@Pu(e)ir)’

=:a(Q), ar:Q — (0,00)

Definition
a € D,(w) if for any cube @ and each pairwise disjoint family {Q;}; C @,

(Za@i)ﬁ%}) " < Jallp, a(@).

2

=

@ The model example is a,(Q) = M(Q)* (%) " where p is a

measure and p, a > 0.
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The model example

Let {Q:}i C Q be a disjoint family.

Z%(Qi) APZ£ aP“ ))(Qz)
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The model example

Let {Q:}i C Q be a disjoint family.

3 o (QupPw(@n) =¥ Zm)ap%w@o

S/\pﬁ(Q)"‘pZ#(Qi)
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The model example

Let {Q:}i C Q be a disjoint family.
5 0@ (@) =¥ X Q) 2w
S/\pﬁ(Q)"‘pZ#(Qi)

SNUQ)™ f:(( ))w@)

=a,(Q)"w(Q)

® ay € Dp(w) with |[al|, =1.
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The model example

Let {Q:}i C Q be a disjoint family.

3 o (QupPw(@n) =¥ Zm)ap%w@o

S/\pﬁ(Q)"‘pZ#(Qi)

SNUQ)™ f:(( ))w@)

=a,(Q)"w(Q)

® ay € Dp(w) with |[al|, =1.
o If we Ay, then ay, € Dy(w) for some ¢ > p.
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First self-improving result

Theorem (Franchi, Pérez, Wheeden 98; Canto, Pérez 21)

Let a € Dy(w) with w € A. Let f € L, such that

ﬁ /Q |f(z) — foldx < a(Q), for all cube Q.

Then for each cube @,

1 = Jall e (g sy < ol el (@)
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First self-improving result

Theorem (Franchi, Pérez, Wheeden 98; Canto, Pérez 21)

Let a € Dy(w) with w € A. Let f € L, such that

ﬁ /Q |f(z) — foldx < a(Q), for all cube Q.

Then for each cube @,

1 = Jall e (g sy < ol el (@)

T =

O [[fllpooexpy = supPeso tn({z € X+ [f(2)] > 1})7.
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First self-improving result

Theorem (Franchi, Pérez, Wheeden 98; Canto, Pérez 21)

Let a € Dy(w) with w € A. Let f € L, such that

ﬁ /Q |f(z) — foldx < a(Q), for all cube Q.

Then for each cube @,

1 = Jall e (g sy < ol el (@)

T =

O [[fllpooexpy = supPeso tn({z € X+ [f(2)] > 1})7.

O 1F = fall e (g ) < enplilan [l Q) (sigy Jo |V 1Pz )™

P
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The model example: revisited

Let {Q:}i C Q be a disjoint family.

D Qe w(@Qi) =N DR Qi)
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The model example: revisited

Let {Q:}i C Q be a disjoint family.

D (@i w(Q) =) Z«é(@i)”’u(@i)

<N\P Sup€ )P Zu Q)

P <sup|czi|> ' 3 u(@
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The model example: revisited

Let {Q:}i C Q be a disjoint family.

Za,u Q'L 'L —)\ng(@) p:u(Q)

<N\P Sup€ )P Zu Q)

:VG?@D >(@

<N UiQs ng@>
UiQil\ P
(55) " au@rui@
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a € SD,(w) if for any cube @ and each pairwise disjoint family

{Qi}i CQ,

Y=

Lw(Qi)\7 " Ui Qi %a
<ZG(Q1) w(Q)> SH HSD;( ’Q‘ ) (Q)

(2

Alejandro Claros (BCAM) November 16, 2023 8 /12



Definition

a € SD,(w) if for any cube @ and each pairwise disjoint family

{Qi}i CQ,

(@) z . U; Qs %a
<ZQ(Q1) w(Q)> SH HSD;( ’Q‘ > (Q)

2

Theorem (Pérez, Rela 19)

Let a € SD5(w) withw € A. Let f € L}, such that

loc
1
_/ |f(z) = foldr < a(@), for all cube Q.
Ql Jg
Then for each cube Q,

||f - fQH[ﬁ(Q,%) S Cns ”CLHSSDI% G(Q)
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@ Pérez and Rela conjectured that the result is true without the A
condition.
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@ Pérez and Rela conjectured that the result is true without the A
condition.

@ Recently, the conjecture has been proved true using sparse
domination.

Theorem (Lerner, Lorist, Ombrosi 22)

Let a € SD5(w). Let f € L, such that
ﬁ/ F(@) — folde < a(@), for all cube Q.
Q

Then for each cube Q,

I = fallp (g s y < enl1+9) lallsp; a(@Q)

V.
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Main theorem

Theorem (C., Pérez)

Let a € SDj(w) with w € Aos. Let f € L

loc

such that

ﬁ /Q |f(z) — foldx < a(Q), for all cube Q.

Then for each cube Q,

1 s
1 =l m g ) <P (1+3) 1l lana(@,

>w(Q)

.
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Main theorem

Theorem (C., Pérez)

Let a € SDj(w) with w € Aos. Let f € L

loc

such that

ﬁ /Q |f(z) — foldx < a(Q), for all cube Q.

Then for each cube Q,

1 s
1 =l m g ) <P (1+3) 1l lana(@,

>w(Q)

.

o We recover the theorem of [FPW98, CP21] (Idea: SD;° = D).
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Main theorem

Theorem (C., Pérez)

Let a € SDj(w) with w € Aos. Let f € L

loc

such that

ﬁ /Q |f(z) — foldx < a(Q), for all cube Q.

Then for each cube Q,

1 s
1 =l m g ) <P (1+3) 1l lana(@,

>w(Q)

A

o We recover the theorem of [FPW98, CP21] (Idea: SD;° = D).
@ We have two different proofs of the theorem.

@ The result is true without the A, condition.
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Self-improving in Lorentz spaces

Using Kolmogorov inequality, we have for all 0 < ¢ < oo,

17 = el tg) = (5) " 09817 = el )

Qut)
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Self-improving in Lorentz spaces

Using Kolmogorov inequality, we have for all 0 < ¢ < oo,

1

17 = el tg) = (5) " 09817 = el )

Q%)
Corollary (C., Pérez)
Let a € SD,(w) withw € Ax. Let f € L} such that

ﬁ /Q £(x) - foldz < a(Q),  for all cube Q.

Then for all 0 < g < oo and for each cube Q,

1F = Sl g ) < v (1+5) (2)" 1+ 9)% ol ful (@)

v
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Thank you!
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