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@ Introduction and motivation

© Self-improving of Poincaré-type inequalities

© Subrepresentation formula and fractional integrals
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Poincaré inequalities

Theorem ((1,1) Poincaré Inequality)

There exist a constant c,, > 0 such that for all cube Q C R™ and all function
f € WhH(Q), the following inequality holds

1 1
ol /Q @) = falds < cnll@) /Q IV § (@) dz,

where fg = ﬁ Jo f-
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Poincaré inequalities

Theorem ((1,1) Poincaré Inequality)

There exist a constant c,, > 0 such that for all cube Q C R™ and all function
f € WhH(Q), the following inequality holds

1 1
ol /Q @) = falds < cnll@) /Q IV § (@) dz,

where fg = ﬁ Jo f-

@ Subrepresentation formula: |f(z) — fo| < en 1 (|V flxo) ().
o I,f(x) = / &dy, for each z € R™.
R

n |z =yl
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Poincaré inequalities

1. 1) = faltr <eniar [ 1V 7iva) @)

=cnﬁ /Q V£ (@)1 (xe) (@) de

gcna@ﬁ /Q V£ (2)ldx
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Poincaré inequalities

(1,1) Poincaré inequality implies:
e (1,p) Poincaré inequality

ﬁ /Q |f(z) — foldzx < c,(Q) (ﬁ /Q IVf(x)|pdx>%
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Poincaré inequalities

(1,1) Poincaré inequality implies:
e (1,p) Poincaré inequality

ﬁ /Q |f(z) — foldzx < c,(Q) (ﬁ /Q |Vf(x)|de>%

e (p,p) Poincaré inequality

1

(& / |f<x>—fQ|pdx)’1’ <et@ (i [ st Pas)’
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Poincaré inequalities

(1,1) Poincaré inequality implies:
e (1,p) Poincaré inequality

ﬁ /Q |f(z) — foldzx < c,(Q) (ﬁ /Q |Vf(x)|de>%

e (p,p) Poincaré inequality

1

(& / |f<x>—fQ|pdx)’1’ <et@ (i [ st Pas)’

@ Poincaré-Sobolev inequality

(e leVdg;)# < el (ﬁ/QIVf(x)mx)%

where p* = _p(%—i:%)for1§p<n.
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Motivation: Elliptic operators

0? 0? 0? )

Elliptic operators:

L

Lu = div(A(z) - Vu) =0,

where A(x) is a n X n matrix such that
clgf® < A()e - € < Clef*,

Goal: To prove local Holder continuity of the solutions of the equation.
e Di Giorgi (1957), Nash (1957).
@ Moser (1960) (Moser iteration method)

e (2,2) Poincaré inquality.
e Poincaré-Sobolev inequality.

L
¥

(5 / @)= fal ) <@ (i / IVf(w)Izdw);-
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Motivation: Degenerate elliptic operators

Lu =div(A(z) - Vu) =0,

cl¢fPw(z) < A(@)€ - € < Cl¢PPw(z)
where w is weight with some singularity.
Goal: To prove local Holder continuity of the solutions of the equation.

Moser iteration method: Fabes, Kenig, Serapioni (1982).

Let w € AQ,
@ (2,2) Poincaré inequality

<UJ(1Q)/Q|ffc,g%udse>é < e, Q) (ng)/QIszwdw)%-

@ Poincaré-Sobolev inequality, for some 2 > 2:

(G /. f—fQ|2:”IUdl‘>% <@ (57 /. IVflzwdw)%-
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Weighted Poincaré-Sobolev inequalities

To prove

a1
b 1

(5555 / @) - folPtu(es) ™ < 0ut@) (i / |Vf<x>|pw<w>dx)’l’

for an appropriate class of weights, where p}, > p.
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Weighted Poincaré-Sobolev inequalities

To prove

for an appropriate class of weights, where p¥ > p.

Goal

To prove

If = foll Lz 0(Q,uteey < < Cul(@Q )”Vf”Lp,r(Q’%)

for an appropriate class of weights, where p¥ > p, 1 < g,r < 0.
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Weighted Poincaré-Sobolev inequalities

Goal

To prove

1 1

(5555 / @) - folPtu(es) ™ < 0ut@) (i / Vi@l o))

for an appropriate class of weights, where p¥ > p.

Goal

To prove

||.f - fQHLPZ,,q(Q’W(I)dI) < Cwé(Q) ||Vf||LDvT(Q’%)

w(Q)

for an appropriate class of weights, where p¥ > p, 1 < g,r < 0.

Goal
Good bounds for C,, and p},.
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Self-improving of Poincaré-type inequalities

Let w € A, for each cube @,

1 1
el /Q 0) = falde <e,(Q) 5y /Q IV f(2)lde

4 (1 / IVf(x)Ipw(w)dx)%

S

<cp[w]
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Self-improving of Poincaré-type inequalities

Let w € A, for each cube @,

1 1
el /Q 0) = falde <e,(Q) 5y /Q IV f(2)lde

1 ) v
4 (1 [ 95 wle)is)
=:was(Q), ay:Q— (0,00)

S

<cp[w]
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Self-improving of Poincaré-type inequalities

Let w € A, for each cube @,

1 1
el /Q 0) = falde <e,(Q) 5y /Q IV f(2)lde

1 » ’
4 (1 I wle)is)
=:ar(Q), aj:Q — (0,00)

S

<cp[w]

Definition
a € D,(w) if for any cube @) and each pairwise disjoint family {@Q;}; C @,
> a(@)Pw(@:) < |lalp, a(@)Pw(Q).

K2
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Self-improving of Poincaré-type inequalities

Let w € A, for each cube @,

1 1
el /Q 0) = falde <e,(Q) 5y /Q IV f(2)lde

Scn[w]i,,f(c?) (ﬁ /Q |Vf(x)|pw(x)dx)5
=a5(Q), ap:Q— (0,00)

Definition
a € D,(w) if for any cube @) and each pairwise disjoint family {@Q;}; C @,

S (@) w(@s) < [lall?y, a(@)Pw(@Q).

K2

1
@ The model example is a,(Q) = M(Q)* (%) " where j is a measure and

p,a> 0.
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The model example

Let {@;}: C Q be a disjoint family.

Zau Qi)"w(Qs) )‘ng apﬂ )) (Qi)
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The model example

Let {@;}: C Q be a disjoint family.

5 au(Qu(@) =3 @) 2wl

<NPU(Q)°7 Z 1(Q;)
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The model example

Let {@;}: C Q be a disjoint family.

5 au(Qu(@) =3 @) 2wl

<NPU(Q)°7 Z 1(Q;)

sW(Q)“pw((%w@)

=a,(Q) w(Q).

® ay € Dp(w) with [la], =1.
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The model example

Let {@;}: C Q be a disjoint family.

5 au(Qu(@) =3 @) 2wl

SNUQ)™ Y Qi)

K2

SR )

=a,(Q) w(Q).

® ay € Dp(w) with [la], =1.
o If we Ay, then a, € Dy(w) for some g > p.
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First self-improving result

Theorem (Franchi, Pérez, Wheeden 98; Canto, Pérez 21)

Let a € D,(w) withw € A. Let f € L}, . such that

loc

ﬁ /Q |f(z) — foldz < a(@Q), for all cube Q.

Then for each cube Q,

1 = foll oo (g, 210y < enpl]a llallp, a(@)-
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First self-improving result

Theorem (Franchi, Pérez, Wheeden 98; Canto, Pérez 21)

Let a € D,(w) withw € A. Let f € L}, . such that

loc

ﬁ /Q |f(z) — foldz < a(@Q), for all cube Q.

Then for each cube Q,

1 = foll oo (g, 210y < enpl]a llallp, a(@)-

o 1 = allin o, < eorlila 015, 4@ (5 / v fpuda)
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First self-improving result

Theorem (Franchi, Pérez, Wheeden 98; Canto, Pérez 21)

Let a € D,(w) withw € A. Let f € L}, . such that

loc

ﬁ /Q |f(z) — foldz < a(@Q), for all cube Q.

Then for each cube Q,

1 = foll oo (g, 210y < enpl]a llallp, a(@)-

o 1 = allin o, < eorlila 015, 4@ (5 / v fpuda)

@ Truncation method:

15 = Sallus (o) < denplilalulh, @) (5 / ViPuds).
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The model example: revisited

Let {@;}: C Q be a disjoint family.

Dl Qi)' w(Q) =AY Q)" (Q:)

Alejandro Claros (BCAM) December 14, 2023



The model example: revisited

Let {@;}: C Q be a disjoint family.

Z au(Qi)Pw(Qi) =\? ZE(Q

<N sup ((Q “pZu Qi)
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The model example: revisited

Let {@;}: C Q be a disjoint family.

Za” Pu(Q;) =AP ZE(Q

<N sup ((Q “pZu Qi)

=\P (sgp|Qi|> ’ ;“(Qi)
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The model example: revisited

Let {@;}: C Q be a disjoint family.

Za” Pu(Q;) =AP ZE(Q

<N sup ((Q “pZu Qi)

=\P (sgp |Qi|> 21: #(Qi)

wQ)
w(Q)w(Q)

= ('ﬁgi')% 0 (QPw(Q)

ap
<A U Q4]
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Self-improving of Poincaré-type inequalities

a € SD;(w) if for any cube @ and each pairwise disjoint family {Q;}; C Q,

3 a(@uPu(@:) < llalltp, ('ﬁg"')gaww(@).

[
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Self-improving of Poincaré-type inequalities

a € SD;(w) if for any cube @ and each pairwise disjoint family {Q;}; C Q,

3 a(QuPw(@) < llallsn, ('ﬁg"')ga@)ﬁw@).

Theorem (Pérez, Rela 19)

Let a € SD(w) withw € As. Let f € L}, such that

loc

ﬁ /Q |f(z) — foldz < a(Q), for all cube Q.

Then for each cube Q,

(@ /Q (@) - f@l”w(fﬂ)dévy < ens flallsp; a(Q)-
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@ Pérez and Rela conjectured that the result is true without the A, condition.
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RENEIS

@ Pérez and Rela conjectured that the result is true without the A, condition.

@ Recently, the conjecture has been proved true using sparse domination.

Theorem (Lerner, Lorist, Ombrosi 22)

Let a € SDj(w). Let f € Lj,, such that

loc

ﬁ /Q £(2) = foldz < a(Q), for all cube Q.

Then for each cube Q,
1

(ﬁ /Q |f(z) — prw(l‘)da;) v <en(l1+s) ||a||SD; a(Q).
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Main theorem

Theorem (C., Pérez)

Let a € SD(w) withw € As. Let f € L}, such that

loc

ﬁ/@u@;) ol £ 6@ e el cube @

Then for each cube Q,

1 _s
19 = Sl p2) gty < 57 (1+3) a3 lalao@

7 w(Q)

.
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Main theorem

Theorem (C., Pérez)

Let a € SD(w) withw € As. Let f € L}, such that

loc

ﬁ/@u@;) ol £ 6@ e el cube @

Then for each cube Q,

1 _s_
19 = Foll p111) g me) < o0 (14 3 ) W35} bl a.a@).

w(Q)

.

@ We recover the theorem of [FPW98, CP21] (Idea: SD;° = D,).
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Main theorem

Theorem (C., Pérez)

Let a € SD(w) withw € As. Let f € L}, such that

loc

ﬁ/@u@;) ol £ 6@ e el cube @

Then for each cube Q,

1 _s
19 = Foll p111) g me) < o0 (14 3 ) W35} bl a.a@).

w(Q)

.

@ We recover the theorem of [FPW98, CP21] (Idea: SD;° = D,).
@ This is a Poincaré-Sobolev inequality.
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Self-improving result without the A, condition

Theorem (C., Pérez)

Let a € SD;(w). Let f € L}, such that

1
ol /Q (@) - foldz < a(Q)

and,
f— fQ”Lp,w( e < Ka(Q),
for every cube (), where K is a uniform constant on (). Then for each cube @),

||f_fQHLp(l+é),oo }S+1 (Q)

< ¢, max {1, K ||a]

(@*575°)

@ Using [LLO22] we obtain the second inequality with K = ¢, (1 + s) [|al/gp-
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Fix a cube Q, and let t > a(Q), then
1
o /Q () — faldr < a(@) <t.

Consider the Calderén-Zygmund decomposition of |f — fq| relative to the cube @
at height ¢. Then, there is a family of dyadic pairwise disjoint subcubes {Q;};
with respect to @), such that

@ For each j,

1
t < Q_A/Qj () — foldz < 27,

‘Uij‘ )

el - ¢t
o For almost every z € Q \ U, Q;,

|f(z) = fol <t.
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Let ¢, = 2™ + 1, we have,

{ze@:|f(z) - fol > cat} = (U{x €Qj:|f(x) = fol > Cnt})

U{er\UQj Hf(z) - fal >cnt}
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Let ¢, = 2™ + 1, we have,

{re@:[f(z)— fol > cut} = (U{x €Q;:|f(x) - fol > cnt})
U {x € Q\UQj Hf() = fol > cnt}
C (U{w €Q;:|f(z) - fo,| > t})

U{IEQ\UQj:|f(x)fQ|>Cnt}a

and [{z € @\ U;Q; : |f(z) = fol > ent}[ = 0.
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Then,

w({zeQ:|f(z) - fol > cat}) sZw ({zeQ;:If(x) - fo,| > t})
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Then,

w({zeQ:|f(x)— fol > cat}) sZw ({z e [f(x) = fo,l > t})

<K”tp2 a(Q;)Pw(Q;)
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Then,

w({zeQ:|f(x)— fol > cat}) sZw ({z e [f(x) = fo,l > t})

<K”tp2 a(Q;)Pw(Q;)

U; Qj :
<KPtTP ||a||p<‘ 0] ‘) a(@Q)’w(Q)
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Then,

w({zeQ:|f(z) - fol > cat}) sZw ({zeQ;:If(x) - fo,| > t})

<K”th a(Q;)"w(Q;)

Uij ’
<KPtF ||a||”<‘ 0] ‘) a(@)'w(Q)

<o (“2)" ey
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Then,

w({zeQ:|f(z) - fol > cat}) sZw ({zeQ;:If(x) - fo,| > t})

<K”th a(Q;)"w(Q;)

Uij ’
<KPtF ||a||”<‘ 0] ‘) a(@)'w(Q)

<o (“2)" ey

This is,

su Lw xr : xr) — P(l
st (g e € @117~ fol > 1)
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On the other hand,

wp t—w({zeQ: |f(z)— T
2t (gt e @i1s — ol > ) ) <aia
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On the other hand,

wp t—w({zeQ: |f(z)— T
2t (gt e @i1s — ol > ) ) <aia

This concludes the proof,

1

17 = JQll o r+2) g i ‘tﬁlgt(w(lQ (o0 1fe) - fQ|>t})>p(H;)
t<a(Q) t>a(Q)
e {caa( @), 0 ( al) F7 0(Q)}
:cnmax{ (K ||a )sil}a(Q)'
O
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Applications: Self-improving in Lorentz spaces

Using Kolmogorov inequality, we have for all 0 < ¢ < oo,

1

1F = fQll oo w)d)z)ﬁ(g) (L+s)7 [If — fol (1)

(0. 528)
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Applications: Self-improving in Lorentz spaces

Using Kolmogorov inequality, we have for all 0 < ¢ < o0,

1

1F = fQll oo %)g({f) (1+8)7 | f - lel( 1).00

(0. 528)

Corollary (C., Pérez)
Let a € SD3(w) withw € Ay Let f € Ly, such that

|Qi| /Q |f(z) = foldz < a(Q), for all cube Q.

Then for all 0 < q < oo and for each cube Q,

1F = Sallnao.ssey < eop (141 ) () (14 9 ol 7 ] a(@)

4

@ In the case ¢ = p, we improve the exponent of (1 + s) of [LLO22].
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Applications to Poincaré-Sobolev inequalities

Theorem (C., Pérez)

Letl<p<mn,letwe A, withl <r <p and[w]a, > 1, and let p}, be defined
by
11 1

p py n(r+loglwla,)
Then, there exists a dimensional constant C,, such that

Hf - fQHLPZle( w(f)dw) <Cn [ } pBw,rg(Q) ”vf”prpq’jj(Q’%)
for any cube @), where the constant B, , blows up in the following way

1
Byyr~ ————.
([wla, — 1)

when [w]a, — 1T,
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Subrepresentation formula and fractional integrals

@ Subrepresentation formula: |f(z) — fo| < en 1 (|V flxg) ().
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Subrepresentation formula and fractional integrals

@ Subrepresentation formula: |f(z) — fo| < en 1 (|V flxg) ().

° Iaf(m):/ #y'lady, for each z € R" (0 < < m).

® I, : LP(R") — LI(R"™) where 1 < p < % and % —
o I, : L*(R") — La-a*°(R").

o
o

1
q

Alejandro Claros (BCAM) December 14, 2023



Subrepresentation formula and fractional integrals

@ Subrepresentation formula: |f(z) — fo| < en 1 (|V flxg) ().

° Iaf(x):/ %dy, for each z € R" (0 < < m).

® I, : LP(R") — LI(R"™) where 1 < p < % and % -
o I, : L*(R") — La-a*°(R").

o
o

1
q

Theorem (Pérez, Rela 2023)

Let1 <p<mn and letw € Ap,-. Then there exist a constant ¢, , > 0 such that
for any cube Q,

</Q (1f (@) — folw(@))?" d:c> " < cnyp[w];zp* </Q (V1 (@) w(z))? d:z:) 2
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Subrepresentation formula and fractional integrals

@ Subrepresentation formula: |f(z) — fo| < en 1 (|V flxg) ().

° Iaf(x):/ %dy, for each z € R" (0 < < m).

® I, : LP(R") — LI(R"™) where 1 < p < % and % -
o I, : L*(R") — La-a*°(R").

o
o

1
q

Theorem (Pérez, Rela 2023)

Let1 <p<mn and letw € Ap,-. Then there exist a constant ¢, , > 0 such that
for any cube Q,

</Q (1f (@) — folw(@))?" d:c> " < cnyp[w];zp* </Q (V1 (@) w(z))? d:z:) 2

@ These are inequalities of a different nature!
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Theorem (Precise open property, Hytonen, Pérez, Rela 2012)

Let1 < p < oo and let w € A,. We define the quantity

p—1
Tn[U]Am’

where 7, = 2" and o = w'=P". Then, w € Ap—c and [w]a, . < 277wy, .
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A, weights

Theorem (Precise open property, Hytonen, Pérez, Rela 2012)
Let1 < p < oo and let w € A,. We define the quantity

p—1

E=———
Tn[U]Am’

where 7, = 2"*t! and 0 = w'~"". Then, w € A, . and [w]a, . < 2P Hw)y, .

Definition
Let w € A, we define

Iw)y:={p>1:weA,}
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A, weights

Theorem (Precise open property, Hytonen, Pérez, Rela 2012)
Let1 < p < oo and let w € A,. We define the quantity

p—1

E=———
Tn[U]Am’

where 7, = 2"*t! and 0 = w'~"". Then, w € A, . and [w]a, . < 2P Hw)y, .

Definition
Let w € A, we define

I(w)?:{P21:w€Ap}:{[1’oo) if we A

Alejandro Claros (BCAM)

December 14, 2023



A, weights

Theorem (Precise open property, Hytonen, Pérez, Rela 2012)
Let1 < p < oo and let w € A,. We define the quantity

p—1

£ =
Talol Ao

)

where 7, = 2"*t! and 0 = w'~"". Then, w € A, . and [w]a, . < 2P Hw)y, .

Definition

Let w € A, we define

I(w) :={p21:w€A”}:{ EZTOOL) :‘Eggﬁ;\fh ’

where

Ly = inf I(w).
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A, weights

Theorem (Precise open property, Hytonen, Pérez, Rela 2012)
Let1 < p < oo and let w € A,. We define the quantity

p—1

£ =
Talol Ao

)

where 7, = 2"*t! and 0 = w'~"". Then, w € A, . and [w]a, . < 2P Hw)y, .

Definition

Let w € A, we define

I(w) :={p21:w€A”}:{ EZ(TOOL) :‘Eggi;\Al ’

where

Ly = inf I(w).

@ Remark: If w € A \ A1, then w ¢ Ay, .

Alejandro Claros (BCAM)

December 14, 2023



Fractional integrals and A, weights

Motivated by a work of Alberico, Cianchi and Sbordone (2009).

Theorem (C.)

Letn>2,a€(0,n)and 1 <p< Z. Let w € A, and consider the exponent g,
defined by the relation

2 nr
where r € I(w). Then, there exist a positive constant C' = C(«, p,n) such that

(ﬁ /| IIafIqrwdrc)é < Clul} 14 r(B)” (ﬁ / Ifl‘”wdfv>%,

for any ball B C R™ of radius r(B) and every function f € LP(B,w).
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Fractional integrals and A, weights

Theorem (C.)

Letn>2, a€(0,n)and1 <p< Let w € A, and consider the exponent g,
defined by the relation

1 1

(07

p qr nr
where r € I(w). Then, there exist a positive constant C' = C(a, p,n) such that

& (o0 /. |f|pwdx)’l’,

for any ball B C R™ of radius r(B) and every function f € LP(B,w)

||I0£fHerr,00( M) < C[ ]

dycw
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Fractional integrals and A, weights

Sketch of the proof.

@ Weighted Hedberg's inequality: Let 1 <p < = and let w be a weight. Let
1 < r < p and consider ¢ defined by

Then, there exist a constant C' = C(n,«,r,p) > 0 such that

o
nr’

1o @) < CMFD U150 0 ([ w0 ~ay)

for any ball B such that 0 < [, w(y)' =" dy < oo, and every function
f € LP(B,w).
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Fractional integrals and A, weights

Sketch of the proof.

@ Weighted Hedberg's inequality: Let 1 <p < = and let w be a weight. Let
1 < r < p and consider ¢ defined by

Then, there exist a constant C' = C(n,«,r,p) > 0 such that

o
nr’

1o @) < CMFD U150 0 ([ w0 ~ay)

for any ball B such that 0 < [, w(y)' =" dy < oo, and every function
f € LP(B,w).

@ Weighted norm inequalities for the Hardy-Littlewood maximal operator.
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Applications to Poincaré-Sobolev inequalities

Theorem (C.)

Letn > 2 and let1 <p <n. Let w € A, and consider the exponent g, defined
by the relation

1 1 1

p ¢ nr
where r € I(w). Then, there exists a constant C = C(p,n) > 0 such that,

. " L 1 v
(w(B) /B |f = fB|qTU’d$> < Clw]},r(B) (m/B|Vf|pwdx>
for any ball B.
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Applications to Poincaré-Sobolev inequalities

Theorem (C.)

Letn > 2 and let1 <p <n. Let w € A, and consider the exponent g, defined
by the relation

1 1 1

p ¢ nr
where r € I(w). Then, there exists a constant C = C(p,n) > 0 such that,

(o3 /. If—fqu’wd$># < ctulh. 8 (5 /. IVfI”wdxf

for any ball B.

° IwaApWith1<p<oothenp—€:%]]:§_l)ef(w).

o The inequality is true with g = g, . defined by 1 — 1 = & __mlflae
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Applications to Poincaré-Sobolev inequalities

Theorem (C.)

Letn > 2 and let1 <p <n. Let w € A, and consider the exponent g, defined
by the relation

1 1 1

p ¢ nr
where r € I(w). Then, there exists a constant C = C(p,n) > 0 such that,

. " L 1 v
(w(B) /B |f = fB|qTU’d$> < Clw]},r(B) (m/B|Vf|pwdx>
for any ball B.

o If we A, with 1<p<oothenp—5:W€I(w).

o The inequality is true with g = g,_. defined by 1 — 1 = %Wm.

@ The case r =1 € I(w) (this means w € A;) of the theorem solves a
conjecture of [PR19] about the sharp exponent in the A; constant.
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iMuchas gracias!
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