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Poincaré-Sobolev inequalities

Theorem (Poincaré-Sobolev Inequality)

Let n=2 and 1< p<n. There exist a constant cy,, >0 such that for all ball
BcR" and all function f € WYP(B), the following inequality holds

(lBlfIf(x) fsl” dx)_*<cnpr(B)(|B|fIVf(x)I”dx) ;

WherefB—lBlfoandp "p ; #:%).
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Fractional integrals and Poincaré-Sobolev inequalities

Definition (Riesz potential)

The Riesz potential of a function f:R" — R is defined by

fy
Lfw=| —L12X _ay
af () fRn -y Y

for each x € R", where a € (0, n).
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for each x € R", where a € (0, n).

o In:LP(R") — LIR") for 1< p <2 where g=-"F (%—%:%).

n-ap
@ I LP(R") — LI°[R") for 1< p< g
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Fractional integrals and Poincaré-Sobolev inequalities

Definition (Riesz potential)

The Riesz potential of a function f:R" — R is defined by

Lof(0) = f S/

R [x—y|""@

)

for each x € R", where a € (0, n).

o In:LP(R") — LIR") for 1< p <2 where g=-"F (%—%:%).

n-ap
@ I LP(R") — LI°[R") for 1< p< %

Theorem (Subrepresentation formula)

There exists ¢, >0 such that for each ball B,

|f(x) = fBl = cn L (IV flxB) (%), X€B.
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Poincaré-Sobolev inequalities

Let 1= p<n,

”f fB”Lp %0 (B, <Cn ||Il(|VfIXB) ||Lp %0 (B, \B)

it

r(B
:C"_l ||11(|Vf|XB) "LP*W(B,dx)
|B|»

scn,pr(B)( f IVf(x)I”dx)

|B|
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Poincaré-Sobolev inequalities

Let 1= p<n,

”f_fB”LP*W(B,d—X‘) <cn [V Fixs) ||LP*’°°(B,d—’i)

B 18
r(B)
:C"_l ||11(|Vf|XB) "LP*W(B,dx)
|B|»
1

1 1
<cn,pr(B) (ﬁfBIVf(x)l”dx)p .

Using the truncation method, we obtain

1 1
(ﬁmex)_wa dx) SCn,pr(B)(ﬁfBWf(x)de) .
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Motivation: Degenerate elliptic operators

Lu=div(A(x)-Vu), Lu=0

clélPw(x) < AE-€ < ClEPw ()
where w is a weight with some singularity.
Goal: To prove local Holder continuity of the solutions of the equation.

Moser iteration method: Fabes, Kenig, Serapioni (1982).
Let we Ay,

@ Weighted Poincaré-Sobolev inequality, for some 27, > 2:

(Lflf—f Izszdx)$<c r(B)(LIIVflzwdx)%
w(B) Jp B - w(B) Jp :
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Weighted Poincaré-Sobolev inequalities

To prove

E3

1
(—WEB)Llf(x)—fBIPLw(x)dx)”w str(B)( (B)/ IVf(x)I’”w(x)dx)

for an appropriate class of weights, where p}, > p.

.
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Weighted Poincaré-Sobolev inequalities

To prove

E3

1
1 * w
(—/If(x)—fBI’”Ww(x)dx)p str(B)( /IVf(x)I’”w(x)dx)
w(B) Jp

w(B)

for an appropriate class of weights, where p}, > p. )

Good bounds for C,, and pj,.
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Fractional integrals and A, weights

Motivated by the work of Alberico, Cianchi, and Sbordone (2009).
Theorem (C.)

Let n=1, a€(0,n) and 1<p< 7. Let we A, with 1<r<p. Consider g, defined
by the relation

1 1 «a Tnlola,

P oqr Zl+r(rn[auw—1)’

where 0 = w'™"" and 7, =2"" ifr>1 and qL=pi= Then, there exists a

constant C >0 such that

nap

1 1

* 1
| Map o weoax rsc%[w]ﬁr[a]j; ) [ Ifwrema),

( w(B) ( w(B)

for any ball B<R" and every function f € L (B, w).
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Fractional integrals and A, weights

Theorem (C.)

Let n=1, @€ (0,n) and1=p< 7. Let we A, with1<r<p. Consider q, defined
by the relation

1 1 «a Tnlola,

p q n 1+r(rn[olAm—1)’

where o = w'™" if r>1 and g, = p: = Then, there exists a dimensional

constant ¢, >0 such that

nap

1 1
||Iaf||Lq,m(B,%)S%p(’;[w]zrr(B) ( f If(x)l”w(x)dx) :

w(B)

for any ball B<R" and every function f € L (B, w).
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Weighted Hedberg's inequality

Lemma (C.)

Let n=1, a€(0,n), let 1 <p<§ and let w be a weight. Let 1<r<p and
consider q defined by the relation

1 1 «al

p g nr

Then, there exists a dimensional constant c, >0 such that for any ball B such
that 0< [, w(y)!"" dy < oo and every function f € LP (B, w), we have

L
7

C o P =2 o nr
o f(X)] < EnpaMf(x)‘? ”f“Ln(‘jg,w) (fB wy'~’ dJ/) )

for any x € B.

e
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Applications to Poincaré-Sobolev inequalities

Theorem (C.)

Let n=2 and let 1<p<n. Let we A, for some 1 <r < p and consider q, defined
by the relation

1 1 1  Talola,

p g nl+r@ulola,—1)

where 0 = w'™" if r>1 and g, = p* = n"Tpp. Then, there exists a dimensional
constant ¢, >0 such that,

1

1
flf(x) folTwdx|" < cop® [w]A (B)( fIVf(x)l”w(x)dx

( w(B) w(B)

for any ball B, and the exponent % on the A, constant is sharp.
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Let n=2 and let 1<p<n. Let we A, for some 1 <r < p and consider q, defined
by the relation

1 1 1  Talola,

p g nl+r@ulola,—1)

where 0 = w'™" if r>1 and g, = p* = n"Tpp. Then, there exists a dimensional
constant ¢, >0 such that,

1

1
flf(x) folTwdx|" < cop® [w]A (B)( fIVf(x)l”w(x)dx

( w(B) w(B)

for any ball B, and the exponent % on the A, constant is sharp.

@ The case r=1 (we€ A;) of the theorem answers positively to a conjecture of
Pérez-Rela (2019) about the sharp exponent in the A; constant.
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Applications to Fractional Poincaré-Sobolev inequalities

@ Let 1=p<ooand let §€(0,1). Then, for all ball BcR" and all function
fe W9P(B), the following inequality holds

5 If(0) = fFOIP )%
|B|f|f(x) feldx < c,r(B) (lBlf Sy dydx| .
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@ Let 1=p<ooand let §€(0,1). Then, for all ball BcR" and all function
fe W9P(B), the following inequality holds

5 If(0) = fFOIP )%
|B|f|f(x) feldx < c,r(B) (lBlf Sy dydx| .

@ Bourgain-Brezis-Mironescu (2001)

» 1 1
lim(l—a)%(ff S =P dyd) —Kn,p(f IVf(x)I”dx)p
611 R" R"

|x— y|n+§p
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Applications to Fractional Poincaré-Sobolev inequalities

@ Let 1=p<ooand let §€(0,1). Then, for all ball BcR" and all function
fe W9P(B), the following inequality holds

5 If(0) = fFOIP )%
|B|f|f(x) feldx < c,r(B) (lBlf Sy dydx| .

@ Bourgain-Brezis-Mironescu (2001)

» 1 1
gﬁm—aﬁ(ff )~ Fp dyd) —Kn,p(f |Vf<x)|”dx)p
R” R

|x— y|n+§p

@ Bourgain-Brezis-Mironescu (2001), Milman (2005)

1
p 1
If(x)=fl dydx)p
B |x— y|n+5p

1)
|B|f|f(x) faldx<cn(1-8)7 r(B) (|B|f
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Applications to Fractional Poincaré-Sobolev inequalities

Theorem (C.)

Let n=2,6€(0,1), 1<sp< % and let we A;. Then, there exists a dimensional
constant ¢, >0 such that,

() o(2) (1—6) » 5
(w(B)flf() bj: 1 W(x)dx) ) =cp jeE=s (w]y, r(B)

1 If(x) = fFIP L
(w(B) jl; B |x_y|n+5p dy W(X)dx

for any ball B.
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Applications to Poincaré-Sobolev inequalities for high-order
derivatives

Theorem (C.)

Let n=2, m=1andlet l<p<... Let we A, for some 1<r<p and consider q,
defined by the relation

p qr_

1 1 m Tnlola,
nl+r(ylola, -1

where o = w'™" if r>1 and g, = p*, =
C =C(n,m) >0 such that,

— mp Then, there exists a constant

_ L4 1 7
| f-Pg 1f||Lqrm(B'%)sCpm[w]er(B)m(MfBIV’”f(x)I”w(x)dx

for any ball B.
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Applications to Poincaré-Sobolev inequalities for high-order
derivatives

Theorem (C.)

Let n=2, m=1andlet l<p<... Let we A, for some 1<r<p and consider q,
defined by the relation

p qr_

1 1 m Tnlola,
nl+r(ylola, -1

where o = w'™" if r>1 and g, = p*, =
C =C(n,m) >0 such that,

— mp Then, there exists a constant

_ L4 1 7
| f-Pg 1f||Lqrm(B'%)sCpm[w]er(B)m(MfBIV’”f(x)I”w(x)dx

for any ball B.

@ The Truncation method is not available in this context!
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Applications to Poincaré-Sobolev inequalities for high-order
derivatives

Theorem (C.)

Let n=2, m=1andlet 1<p<-.. Let we A, for some 1<r < p and consider q,
defined by the relation

P qr

1 1 m Tulola,,
nl+rylola,—1)

where o = w'™" ifr>1 and g, = P =
C =C(n,m) >0 such that,

= mp Then, there exists a constant

1 1

m—1 arw ar m f p )
(w(B)f'f PR 1 <Cpm[W]A [U] r(B) ( 2 (B) V" fIPw

for any ball B.
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Weighted Sobolev exponent

Let we A, we define

I(w):={p=1:we Ap}
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Let we A, we define

I(w):z{pEl:wEAp}:{ Loo) if we
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Weighted Sobolev exponent

Let we A, we define

[1,00) if LUEAl

I(w);:{p21:w€Ap}:{ ([w,oo) lfwero\Al ,

where ¢, :=infI(w).
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Weighted Sobolev exponent

Let we A, we define

[1,00) if LUEAl

I(W);:{pzlzweAp}Z{ (ly,00) if weAo\A

where ¢, :=infI(w).

Let n=2, 1=sp<n and let we Ay. We define the weighted Sobolev exponent
p;, by the relation

D—

1 1 11

*

p pw_ntpw'
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Weighted Sobolev exponent

Corollary (C.)

Let 1sp<nfly and let we Ayp. Then, for each 1< q < pj,, we have

(—w(lB)/Blf(x)—fBI"w(x)dx)q Ser(B)( (B)[ |Vf(x)|”w(x)dx)

<=

1
for any ball B, where Cy, is of the form c,p* [w][’;r for some r=r(q) > ¥y,
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Weighted Sobolev exponent

Corollary (C.)

Let 1sp<nfly and let we Ayp. Then, for each 1< q < pj,, we have

(ﬁflglf(x)—fgl"wu)dx)q < er(B)(

<=

) f IVf(x)I”w(x)dx)

1
for any ball B, where Cy, is of the form ¢, p* [w][’; for some r =r(q) > ¥€y.

Theorem (C.)
We can find a weight w € Ap such that if the inequality

1
(—w(lB)fBIf(x)—fBIqw(x)dx)q 5er(B)(ﬁfBWf(X)I”w(x)dx)p

holds for all Lipschitz function f, then q < p;,.

Alejandro Claros (BCAM) June 3, 2024 16 / 17



Weighted Sobolev exponent

Corollary (C.)

Let 1sp<nfly and let we Ayp. Then, for each 1< q < pj,, we have

(ﬁflglf(x)—fgl"wmdx)q < er(B)(

<=

) f IVf(x)I”w(x)dx)

1
for any ball B, where Cy, is of the form ¢, p* [w][’; for some r =r(q) > ¥€y.

Theorem (C.)
We can find a weight w € Ap such that if the inequality

(—w(lB)fB|f(x)—fB|qw(x)dx)“ Ser(B)( fIVf(x)V’w(x)dx)

(B)

holds for all Lipschitz function f, then q < p;,.

@ We do not know if the inequality is true at the endpoint g = p},.

Alejandro Claros (BCAM) June 3, 2024 16 / 17



Thank youl
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