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Poincaré-Sobolev inequalities

Theorem (Poincaré-Sobolev Inequality)

Let n=2 and 1< p<n. There exist a constant cy,, >0 such that for all ball
BcR" and all function f € WYP(B), the following inequality holds

If ) — falP" dx L*<cn,gr(B) Vfx)IPdx| ,
(@), ) (3 eseoras)

|BI

where fg = [3 f and p* = "’” ’17 #:%).
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Fractional integrals and Poincaré-Sobolev inequalities

Definition (Riesz potential)

The Riesz potential of a function f:R"” — R is defined by

_ )
Io f(x) _fw —Ix—yln“" dy,

for each x € R", where a € (0,n).
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Io f(x) _fw —Ix—yln“" dy,

for each x € R", where a € (0,n).

® Ip:LP(R") — LIR") for 1 < p <% where g= 72 (
o Ig:LP(R") — L9®°R") for 1= p< 2.
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Fractional integrals and Poincaré-Sobolev inequalities

Definition (Riesz potential)

The Riesz potential of a function f:R"” — R is defined by

_ Ui6%)
Io f(x) _fw —Ix—yln“" dy,

for each x € R", where a € (0,n).

® Ip:LP(R") — LIR") for 1 < p <% where g= 72 (
o Ig:LP(R") — L9®°R") for 1= p< 2.

Theorem (Subrepresentation formula)

There exists ¢, >0 such that for each ball B,

|f(x) = fBl = cn L (IV flxB) (%), X€B.
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Poincaré-Sobolev inequalities

Let 1= p<n,

“f_fB”LP*m(B,%“) =Cn ”Il(|vf|XB)HLP*v°°(B,%’T)

r(B)
1AV F1xs) | 1o+ o5, a9

I
B|»

:Cn

1
1 1
SCn,pr(B) (ﬁfB|Vf(x)|pdx)p .
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Poincaré-Sobolev inequalities

Let 1= p<n,

“f_fB”Lp*,m(B"d?x‘) =Cp ”Il('Vf'XB)“Lp*,OO(B,%)

r(B)
1AV F1xs) | 1o+ o5, a9

1
Bl»

:Cn

1
1 1
SCn,pr(B) (ﬁfB|Vf(x)|pdx)p .

Using the truncation method, we obtain

1 1
1 e . .
(ﬁmex)-wa dx) Scn,pr(B)(ﬁfBIVf(x)l”dx) .
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Weighted Poincaré-Sobolev inequalities

To prove

1 1
1 * _*w
(—flf(x)—fsl”Ww(x)dx)p Ser(B)( fIVf(x)I”w(x)dx)
w(B) Jp

w(B)

for an appropriate class of weights, where p}, > p.
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Weighted Poincaré-Sobolev inequalities

To prove

1

1
(w_zB)/;?|f(x)—fB|pfuw(x)dx) v SCWT(B)( flvf(X)I”w(x)dx)

w(B)

for an appropriate class of weights, where p}, > p.

Good bounds for C,, and pj,.
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Motivation: Degenerate elliptic operators

Lu=div(A(x)-Vu), Lu=0
cléPw(x) < A()E-E < ClEPw(x)

where w is a weight with some singularity.
Goal: To prove local Holder continuity of the solutions of the equation.
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Motivation: Degenerate elliptic operators

Lu=div(A(x)-Vu), Lu=0

clélPw(x) < AE-€ < ClEPw ()
where w is a weight with some singularity.

Goal: To prove local Holder continuity of the solutions of the equation.

Moser iteration method: Fabes, Kenig, Serapioni (1982).
Let we Ay,

@ Weighted Poincaré-Sobolev inequality:

(w(B)f'f i w”’dx) <C‘”r(3)( (B)f'vf' “’dx) ’

where 27, > 2.
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Fractional integrals and A, weights

Motivated by the work of T. Alberico, A. Cianchi, and C. Sbordone (2009).

Let n=1, a€(0,n) and 1<p< 7. Let we A, with 1<r<p. Consider g, defined
by the relation

1 1 «a Tnlola,

p qr nl+r@ulola, -1

where o = w'™" and T, =2"*' ifr>1 and q1 = Then, there exists a

constant C >0 such that

nap

a1 . 1 N 1
fIIaf(x)I"’W(x)dx " sC%[W]ﬁr[U]Z;r(B) flf(x)l”W(x)dx) ,

( w(B) ( w(B)

for any ball B<cR" and every function f € L (B, w).

A\
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Fractional integrals and A, weights

Theorem (C.)

Let n=1, a€(0,n) and 1< p<%. Let we A, with 1<r<p. Consider g, defined
by the relation
1 1 «a Tnlo]l Ay,

p G nltr@nlola. -1’

np
n-ap’

where 0 = w'™" if r>1 and g = p’ = Then, there exists a dimensional

constant ¢, >0 such that

Cn . 1 b
||1af||Lq,,m(B,%)s;”pa[wlzrr(m“(w fB If(x)l”w(x)dx) :

for any ball B<cR" and every function f € L”(B, w).
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Weighted Hedberg's inequality

Lemma (C.)

Let n=1, @€ (0,n), let 1< p<7 and let w be a weight. Let 1<r<p and
consider q defined by the relation

1 1 «al

p qznr

Then, there exists a dimensional constant c, >0 such that for any ball B such
that 0< [ w(y)'"" dy < oo and every function f € L (B, w), we have

a
nr!

C e P 1-2 o
e f 01 = 2 MG oty [ w0 ay)

for any x € B.
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Applications to Poincaré-Sobolev inequalities

Let n=2 and let 1< p<n. Let we A, for some 1<r < p and consider q, defined
by the relation
1 1 1 Tnlola,,

p g nl+r@ulola, -1

where 0 = w'~" ifr>1 and qL=p*= nnfpp. Then, there exists a dimensional
constant ¢, >0 such that,

L 1
(w(B)flf(x) fol wxdx| " < cup* [wlA (B)( fIVf(x)l’”w(x)dx

w(B)

for any ball B, and the exponent % on the A, constant is sharp.
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Applications to Poincaré-Sobolev inequalities

Let n=2 and let 1< p<n. Let we A, for some 1<r < p and consider q, defined
by the relation
1 1 1 Tnlola,,

p g nl+r@ulola, -1

where 0 = w'~" ifr>1 and qL=p*= nnT’;. Then, there exists a dimensional
constant ¢, >0 such that,

L 1
(w(B)flf(x) fol wxdx| " < cup* [wlA (B)( fIVf(x)l’”w(x)dx

w(B)

for any ball B, and the exponent % on the A, constant is sharp.

@ The case r =1 (w € A;) of the theorem answers positively to a conjecture of
Pérez-Rela (2019) about the sharp exponent in the A; constant.
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Applications to Fractional Poincaré-Sobolev inequalities

@ Let 1=p<ooand let §€(0,1). Then, for all ball B<R" and all function
f e WOP(B), the following inequality holds

<=

5 lf) = fmIP )
|B|f|f(x) fBldx_Cnr(B) (|B|f B |x_y|n+5l7 dydx
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Applications to Fractional Poincaré-Sobolev inequalities

@ Let 1=p<ooand let §€(0,1). Then, for all ball B<R" and all function
f e WOP(B), the following inequality holds

<=

5 lf) = fmIP )
|B|f|f(x) fBldx_Cnr(B) (|B|f B |x_y|n+5l7 dydx

@ Bourgain-Brezis-Mironescu (2001)

p ¥ 7
1im(1—5)%(ff AR LSO1i dx)":Kn,,,(f IVf(x)I’”dx)p
611 R" R

|x— y|n+6p
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Applications to Fractional Poincaré-Sobolev inequalities

@ Let 1=p<ooand let §€(0,1). Then, for all ball B<R" and all function
f e WOP(B), the following inequality holds

1
P |f(x) = fIP )5
IBlflf(x) fsldx < c,r(B) (IBIf Marmerra dydx| .

@ Bourgain-Brezis-Mironescu (2001)

p ¥ 7
1im(1—5)%(ff AR LSO1i dx)":Kn,,,(f IVf(x)I’”dx)p
611 R" R

|x— y|n+6p

@ Bourgain-Brezis-Mironescu (2001), Milman (2005)

1f ) — FIP )é
- dvyd
B |x_y|n+6p yax

|Blflf(x) feldx=c,(1- 6)”r(B) (|B|f
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Applications to Fractional Poincaré-Sobolev inequalities

Theorem (C.)

Let n=2,6€(0,1), 1=p<7% and let we Ay. Then, there exists a dimensional
constant ¢, >0 such that,

—

(2) n) 1 1
(w(B)f £ = f51P8) w(x)dx)”[ﬂ <ca(1-8)7 [w]?, r(B)°

1
_ P 7
( ! f FD =TV 4, dx)”
w(B) JJp |x—y|n+op

for any ball B.
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Weighted Sobolev exponent

Definition
Let we Ao, we define

I(w):={p=1:we Ap}
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Weighted Sobolev exponent

Definition
Let we Ao, we define

I(w):z{pzlzweAp}z{ 1,000 if weA;
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Weighted Sobolev exponent

Definition
Let we Ao, we define

[1,00) if we Ay

I(w)::{pzlzweAp}z{ (l00) if we A\ A;

where £, :=infI(w).
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Weighted Sobolev exponent

Let we Ao, we define

[1,00) if we Ay

I(w)::{pzl:weAp}z{ (Cur00) if we Ag\Ap

where £, :=infI(w).

Definition

Let n=2, 1<sp<n and let we A,. We define the weighted Sobolev exponent
p;, by the relation

1 1 11

*

p P nly
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Weighted Sobolev exponent

Corollary (C.)

Let 1<sp<nfly, and let we Ayp. Then, for each 1< q < py,, we have

1
1 7
(W(B)fBlf(X) /8l w(x)dx) str(B)( (B)f|Vf(x)| w(x)dx)

1
for any ball B, where C,, is of the form c,p* [w]ﬁr for some r =r(q) > ¢
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Weighted Sobolev exponent

Corollary (C.)

Let 1<sp<nfly, and let we Ayp. Then, for each 1< q < py,, we have

(ﬁ[glf(ﬂ—fgl"u}(x)dx)a < er(B)(

5 f IVf(x)I”W(x)dx)

1
for any ball B, where C,, is of the form c,p* [wl,’i, for some r=r(q) > €.

We can find a weight w € Ap such that if the inequality

(ﬁfBlf(x)—fBIqw(x)dx)q < er(B)(

<=

) f IVf(x)I”w(x)dx)

holds for all Lipschitz function f, then q < p;,.
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Weighted Sobolev exponent

Corollary (C.)

Let 1<sp<nfly, and let we Ayp. Then, for each 1< q < py,, we have

(ﬁ[glf(ﬂ—fgl"u}(x)dx)a < er(B)(

5 f IVf(x)I”u)(x)dx)

1
for any ball B, where C,, is of the form c,p* [wl,’i, for some r=r(q) > €.

We can find a weight w € Ap such that if the inequality

(ﬁfBlf(x)—fBIqw(x)dx)q < er(B)(

<=

) f IVf(x)I”w(x)dx)

holds for all Lipschitz function f, then q < p;,.

@ We do not know if the inequality holds at the endpoint_g = pj,.

Alejandro Claros (BCAM) El Escorial, June 12, 2025 14 /18



iGracias!

Alejandro Claros (BCAM) ial, June 12, 2025 15/




	Introduction and motivation

